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In the present work the dynamical equation for the early-period decay of
most general form of turbulence in the transformed (energy) space has been
obtained by using Millionshtchikov’s hypothesis of quasi-normality in the
fluctuating components of velocities at several points within the turbulent
fluid. Two lernmas have been established to obtain the limiting forms of
spectrum tensors and of Millionshtchikov’s hypothesis when two or more
points under reference coincide. These lemmas have been freely used to
derive the final equation for early-period decay of general form of turbulence.
The above equation has been firstly simplified for the case of homogeneous
turbulence and subsequently for the case of isotropic turbulence obtaining
thereby the well-known decay equation due to Reid and Proudman (1954).

1. INTRODUCTION

It is known that even in the simple case of isotropic turbulence, one
cannot straightway solve Karman-Howarth equation without any additional
assumption. This is due to the fact that one arrives at this single equation
with two unknown functions at the expense of all of the fundamental equations,
viz. equations of motion and equations of continuity. If'one tries to form an
equation with moments one order higher than those which appear in Karman-
Howarth equation, one obtains an equation with third and fourth order
velocity moments. It is to be noted that Karman-Howarth equation con-
tains second and third order moments while this new equation will contain
third and fourth order moments. Thus two equations are obtained with
three unknowns and so problem of indeterminacy remains. Constructions of
still higher order moments and derivation of equations relating them cannot
remove this indeterminacy as, in each successive stage, the number of unknown
functions will be greater than the number of equations by one.

To overcome the above indeterminacy, one has to introduce a certain
hypothesis which, in its turn, is consistent with the physical picture of tur-
bulence. Accordingly, we find that in the works of Obukhov (1941), Heisen-
berg (1948b), Karman (1948) the respective author has put forward forms for
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the transfer term in the equation of decay of turbulent energy in case of iso-
tropic turbulence. Besides this, Millionshtchikov (1941a, b) advances his
hypothesis of quasi-normality in velocity distributions of turbulent fluid.
Millionshtchikov’s hypothesis states that the fourth order velocity correla-
tions are related to the second order velocity correlations as in a normal
distribution. There are experimental evidences both in favour of and against
this hypothesis. It is useful to take note of the experiments conducted by
Uberoi (1953) which confirm the complete validity of this hypothesis in
case of multiple-point correlations (except for the particular case of two-
point correlations). The applications of Millionshtchikov’s hypothesis in the
present work is confined to multiple-point correlations and the validity of
this hypothesis in the problem considered here may be acceptable.

2. VErvociry CORRELATIONS AND THEIR TRANSFORMS
Consider a turbulent fluid medium extending to infinity in all directions.
Let u,(i, t) and u’j()—f ’, t) be the fluctuating components of velocities at the
points P()-E ) and P’(:Y) ') respectively at time £ in this medium, the positions of

P and P’ being specified by the position vectors X and X' respectively with
reference to a fixed coordinate frame inside the medium. Resolve the velocity
components to obtain respective space-Fourier expansions as

u‘(f, t) = J e“’z-}dzi(]}), t) .. .. o2

(Zt)= (e @ FafB) .. .. . ey
where the integrations are taken over the whole of respective wavenumber
spaces. Here ng(E , t) and dz,-(I_f ’ t) are not differentiable with respect to E
and K’ respectively, but are differentiable with respect to ¢. Similarly,

considering a third point P” with position vector ;I ”, one may write
- - -
w(X, 1) = [l Fa(Bre) . L L @9
where " k(X . t) is the kth component of the fluctuating part of the velocity at

P” and dzk(K”, t) is the same type of function as dzt(l—f, t) or de(E,, t}. In-
troduce the two-point second order velocity correlations as

m= F;,j(f, E’, t)
—— - -
u'fu”;c = Fj, Fc(X’, X”, t) ‘e .. .. (2.4)

’uiu”k = F,, ,,(X, X”, t)



SOME CONSEQUENCES OF MILLIONSHTCHIKOV’S HYPOTHESIS 159

where the bar over any expression means ensemble average or expectation of
the quantities involved and comma in the suffix distinguishes components
associated with different points. In the same manner, introduce the three-
point third order velocity correlation as

uiu',u"k=F,-,;,k(X, X, X", 1}. e (25)

Using relations (2.1) and (2.2) in the first one of the correlation functions
defined in (2.4), one obtains

m = Fi,j(i)’ },’ t)
[ [ AF R E )

=ffe“‘ ?-7‘)@-;']@,,,(}{‘, K, t) ce ... (28)

where

b (K, K t) = e K. 1) d (K 1), @)
Similarly, two such relations can be written for F, k(i ’ 3(”’, t) and

F, k()_f, 5(”’, t). Applying the relations (2.1), (2.2) and (2.3) in the correlation
function defined by (2.5), one obtains

- — - )

uu'u”y = Fy k(X, X', X"t

= [ [ [elB el T Fan (K, 1) ae( K, 1) deu K7, 1)

==i[[]f o8 ik a0 Fl gy, (B BV KD L 28)
where
—idpo, B BB 1) = da(E, ) daKn ) am(Bn D). .. 29

Assume the Fourier inverses of d¢; ,(K K, t) and ddy, 5, k(K K', K K t)
and of such other functions appea,rmg in (2.6) and (2.8) respectively as

dés, 7( (2u)ﬁff 'rENEY dFs,;(X, X, t) .. (2.10)
dK dK’
and
K K K' t e s s s - = -
dés, 5, k( (2")9f jfe; K. X+K X 45 %) dF, ,,(X, X, X", t)
dK dK’ dK"
. {21)

where the integrations are considered over the whole of real spaces dxr(} ) d-r(;Y> ’)
(six-fold) in (2.10), and d-r( ) d-r(X ') d'r(X ”) (nine-fold) in (2.11) respectively.
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It may be noted that there will be two other relations like (2.10J correspond-
“ing to F; k(;{’, 5(”’, t) and F; k(i 55”, t)respectively.

3. Two EsseNTIAL LEMMAS

In what follows, two lemmas have been stated and proved. These
lemmas will be necessary for subsequent calculations. These lemmas are in
regard to

(i) the behaviour of the correlation tensors in the energy space when
two or more points under consideration coincide; and

(ii) the representation of the hypothesis of Millionshtchikov in the energy
space.

Lemma 1-—1f one puts

i (K, B t) =g (B K 4)aBdk .. .. @1
and
di, 1, (B, K, K", t) = o ol K, K, B2, o) dB aE aB .. (3.2)

where dK, dl—é', and dK” represent the elements of volume in the three res-

pective wavenumber spaces K, K’ and K”, and ¢, ;; 4 ; 5 are suitable spectrum
tensors, then

f¢i, 4, k(/:K”, K', K", t) dK" = s, 1(7\: K, t). .. (3.3)
In fact, the relation (3.3) follows when the third point merges with the first
point.

Proof: Rewrite the Fourier inverse of the relation (2.8) and use the
relation (3 2) to obtain

‘l’l I A(I\- K, 1{” 2 )gfffﬁ’l i,k ’ —>I) —i”, t)ei }?}4.2 ?":‘I;’ X']d} df’ df”

- s f f f Foy XX, XX+ X, ol Goi) 348 20% (R3] gF 4% aF
(34)
where dX dX X’ are respective volume elements of three real spaces
T(E ), r(f ’), -r()—f ”). Now, for the asymptotic case, when the point P” coincides

with P, X"—X tends to zero.

Replacing X”"—X by Y, otie may write the
Fourier inverse of (3.4) as

P X, X, 74X t) = —i | [ [0 dExE—Fr, B, B, )l G5). 3487023 5 B i
(3.6)



SOME CONSEQUENCES OF MILLIONSHTCHIKOV’S HYPOTHESIS 161

where

- -

A= K4+EK".
“Thus, for the asymptotic case ¥ — 0, one obtains
o (X, X, 0) = =i [ [ [ s d=K", B, B2, ¢)o-7.3% 3] qaak aic-

Now taking the two-fold Fourier inverse of the integrand involving iK"
(underlined above), one derives

f‘/’t, 5 rc()‘—K", E" E”> t) dK" = (2%7)75.[ J Fik,j(g, E', t)ei[T';Jf;‘;';'] dX dX’

= i, ,(—):, }’, t), (from definition).

Lemma 2—Consider the consequences of the assumption that the fourth
order velocity correlations are related to the second order velocity correlations
as in a normal distribution. Taking the Fourier inverse of the respective
velocity correlations, it is easy to rewrite this hypothesis in terms of quantities
of the energy space and then apply lemma 1 to obtain the asymptotic be-
haviour of such relation when some of the points under consideration coincide.

In addition to components of velocities at three points P, P’, P”, let us
introduce the .Ith component of fluctuating velocity at a fourth point

P”’(EE "’) as ul(i"’, t). Then, as required by the present hypothesis,

u‘u',u"ku'”; = u,u', u'ku”/r‘{-uiu”k u,julul'*"uiu,”l u']-/ll/”k. .. (3.6)

In (3.6), the terms like W ; are not shown as they are all zero because
of 4; =0, etc. Let us now introduce the integral forms of Wj, w ',
wu'y, . . . ete. from (2.6) and (3.1) in (3.6). Further, we require the integral
form for ugu'yu"yu’"", which can be easily introduced in analogy to (2.6) and

(2.8), as
— = — - [—-—)—;—t-—-)l—:-)’—bl"—:”] —_ - — —
u,u’,u”,,u”', —_ J‘ J. J.J“l’" . k,l(K, K/, K”, K/”, t)e»i K.X+K' . X'+K" . X"+K" . X1 J & dK' dK"dK'".
(3.7)

Introducing the integral forms (2.6), (2.8), (3.7), etc., in (3.6), we obtain,
for arbitrary volume elements dK dK'dK"dK"",

do s, i K, K K B, )
= 4 K B i, [E7, B 1)
+ o, k(I—E, E”, t)!/!f, I(E', E"’, t)

tho K Kt B ). . L 38

II
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The relation (3.8) is the basic relation of lemma 2 and this result can be
rewritten when two or more points of reference coincide. In analogy to
(3.3), we may rewrite eqn. (3.8) when the point P"’ coincides with the point
P as

e — —

[ KK, B B K o) ai
= [V B K, t)pu (K7, K, 1) aK
+ [ e o EZE" K*, 1), (K K7, 1) aB
[y K=K Kty B B o) dB. L (3.9)
Performing the integration over the whole of K""-space, we obtain
bl K K B2 1) = [0 \KZE 7, K, ) o B2 K, 1) aE
+f¢i,j(l}:}/”, 'a t)zpf, ,(E’, ff z) iK'
+oalK, o (KB e) L L @10)

By a similar procedure, writing K’—K” for K’ throughout in (3.10),

and integrating term by term over the whole of I?”-space, ‘we obtain the
asymptotic form of (3.10) when P” coincides with P’ as

‘/’iz,}k(E, }i:', t) = J.f [gl:,-,j(K———I){'”, IE:—E", t)tﬁk, l(E", ]bé”', t)
TR B g, o )| die ait
+ou(E, (K 1), O X 1)

4. Dy~amicar Equarions
If u¢ be the fluctuating component of velocity and p be the fluctuating

—
part of the pressure at the point P(X), then the equations of motion at P
are given by

aui 0 1 ap 2
t+uza—xlu¢=—;a—x‘+vvxug .. .. o {4])

Wh.ere t is measured from any fixed instant of time, p is the density of the
fluid, v the kinematic viscosity of the fluid,

—

= 2 02
X = {x,, x,, 2;} and v,= 5:?;5+

0 0
Oz, Oyt
If we introduce the incompressibility condition
a’lh
3?,=0 .. . .. .. .o (42

118
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n (4.1), we obtain
%+ 9 U 9
o Tam T T o +VVXu¢ .. .. (43)

Similarly, the equations of motion for the points P'()—E’) and P”(E ”) can
be obtained in the forms

au,z‘ a [P a p/\ 2 7
*at“+m“f”'""a7;(5)+"v’<'“" oo 4
and
a ! ” ” a i ”
Zt'“*'a 7 = —5—(?}“)“7” S

where u; and 4" are the respective components of fluctuating parts of velo-
cities at P’'(x’;) and P"(z";) respectively, while p’, p” are the fluctuating parts
of the pressures at those points, and

2 0° 02 0? 0?

S T T TR PR
and
: _ 0? 0* & @
VX" = ax”12+aw”22+ax”32 - axniaxui .
Multiplying (4.3) by u’;, (4.4) by u;, and adding we obtain on averaging
0 (~y, 0 (——p\ 0 e
5 (uu ’)+a_x, (wiuyu ’)+875'_ (w's )
7 W 8 p u;

Equation (4.6) can be written in terms of correlation tensors as

0 9 0 0 d 2 2
aFt,f'i*ﬁFu,H'mFt,jm = — a_x‘.PO,J'——a'Ef;P’:"-{_V(VX'*'VX’)F‘,I

4.7
where

M=Fu(§, }’, t); wuw’y; = Fy, 7(5() }' t);
ﬂmzmm&x)2%=P&Xﬁ7T P.J(X, X', ¢).

Again, multiplying (4.3) by «'u"y, (4.4) by w"pu, (4.5) by ww’; and
adding we obtain on averaging

" 7
U

_a__ ur ” i uul ull + a uu’-u, u” + a
a" ’uk+8xu” A "t A

- 2 (P 2 (Ens) 2 (75)
- 8:::; P ] ax’, p ax”k P

+( T+ Vi Vi Yuaut @48




’

pu

Ux

P
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Equation (4.8) can be written in terms of correlation tensors as

where

? 3 g 0
57‘,11",, i k+—£mFu, 5, k'l"m Fi,im, k+5;/;F" 1, kn
F 9 9
= -— a—x;Po,j,k— a'—x—rjPi,":k— *—x-;,";P{,j,o
(VA Vot V) e,
wlty = By | X, X X0, 1) wgosipi®, = By X, X, X0, 0)

u,u',u’,,,u”k = Fl, im, k(

»

=P, k(z, }', E", t) ;

) p,uiuﬂk

- >

(4.9)

>

o
X, X, X0, 1) waiiat, = Fo gl X X, X000

—_— = —> )
’

=Py o (X, X X7,

W ’
L puwu

=Py

e

X, X', X"t

It is to be noted that the correlations that appear in (4.7) are all two-
point correlations whereas those appearing in (4.9) are all three-point correla-
tions. Hence correlation tensors in (4.7) are, in general, functions of

— —

X = {zy, %2, 73}, X' = {&';, @'y, '3} and of time ¢,
and correlation tensors in (4.9) are functions of

- -

X = {w), 2, 03}, X' = {&'y, 25, ¥'5}, X" = {2";, 2”5, "3} and of &.
We note that the suffix at the feet of the tensors have been separated by

commas to distinguish components that relate to different points under
consideration.

0 0
Takeb—m, 7, and o of (4.3), (4.4) and (4.5) respectively and use the
incompressibility conditions '
Qug _ou; _ou'y
X4 ax', ax",, B
to obtain
92 _ 0 (p
Srdm, Uy = — PIN (;) .. (4.10)
a2 , ag p/
a7, W0 =~ 7 ) - &l
and
az v az pn
W‘u nuk=—'m(7) .. (412)

(of. equation (8.3.1), p. 178, of Batchelor 1953). .
Multiplying (4.10) and (4.11) by 'y and u; respectively, we obtain on averaging

& & (o
5,0, Gy, (7)

u;u,'u,’,) = —

).
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and
Gl rrorv e W > (pw
0% iz, (W 'aie) = — o o, (T)

The same relations, in the notation of correlation tensors, are

axaa Fo (X300 = — 2, (. 5,)
and 7
2 2 .
axaax FomlX, X' 1) = a—zcépf,o(x, X',1).

‘165

. (4.13)

. (4.14)

Similarly, multiplying (4.10), (4.11) and (4.12) by %"y, wu"y and uw';

respectively, we get on averaging

a-g:*—;%ﬁ'at, 7, k(g, E', E", t) = — az; o, 9, k(}, }', E", t)
g Fom sl XX X ) = = Top (XX 30)
and
2 oL . L
W%EF"' X, X X ) = — 5;:21’,-, Lo X X, X7, 1)

.. (4.15)

. (4.16)

. (417)

Let us now introduce the following integrals to obtain the Fourier in-

verses of the correlation functions that appear in (4.7) as

— —> > >

b K B t) = )fo P\ X, X, 1)l €. 34F Tl ax’

—> > — —

g oK, K, 8) = % _”F”, X, X, t)el & 345 3] g% X'

e i

mo (B, Kryt) = P, (X, X', o)l ¥ 345 %) qx ax:

m, o K, K, t) e f f P, (X, X', o)l € 4% T gX ax

\

(4.18)

where the integrations are performed over the whole of X, X’-spaces and their

respective volume elements are
dX = drydusde, and dX' = do'yda’odas,
The direct Fourier transform relations of the above are

[ [slE, %, ol 348 ¥ a

i [ [ mo K, B, )% 547 3] 4 a:

- >

PolX X 1) = =i [ [m oK. K, ) (& 3% %) 4k ak

) =
Fy, k(—’, »', t) —_ f J. Py, k(E E' t)e"[} '-}"’;&';’] dE d:é'
(%.%4) =

S—

4.19)
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where the integrations are performed over the whole of K and K'-spaces,
and their respective volume elements are dK,;dK;dK; and dK'\dK’',dK's.
Similarly, we may introduce the Fourier transforms of three-point correlations
that appear in (4.9) as

e ey 7? —>—+/ -—)-” — = > —> . " —-»—»/ —->'
sb,,,,k(K,K',K”,t)=Q7)sfffFi,f,k(X,X,X, )il & X4k 54k %) gX X' aX

. (4.20)
ba, s, k(E; K, K" t Fuj e ’ )ei[K FAK Tk 5] did)?’ dXx”
. @21

and two other similar relations for y; s, » and ¢y ; r,. Proceeding in the
same manner, we can have

Mo, 5, k(K K’ K" Jff o ik E’ 3()/ X" )ei[; ;-;I? ;+K X]dXdigldE"
. (4.22)

and two other similar expressions for =; ,; and =, ;, The integrations
appearing in (4.20), (4.21), (4.22) are to be performed over the whole of the

— - —
real spaces X, X', X", where their respective volume elements are dx,dx,dx,,
da'(da’ odx’ 5, da” d”"oda”3.  The Fourier inverses of the above relations are

Fi 5, lc()_f, )_(", E”, t) = — f‘h . k(I_f E ]?” t)e-l[; }+; X4E". X"] dEdI_E’ dE"

.. (4.23)
Fu, 7, k(i, )_E', z", t) = fffx/:“’ 5, E(I—{: E', E”’ t)e—i z.}+;’.;’+;”.;’] dEdE’ di{"’
. (4.24)

and two other similar expressions for F; 4,  and Fy ; z,, together with
PoniE 5, %) = [ [ [ B B B, o B2 545 5 4R e ai
. (4.25)

and two similar expressions for P; , , and Py, The integrations appearing

in (4.23), (4.24), (4.25) are taken over the whole ofK K K -spaces.

( Let us now rewrite (4.7), (4.13), (4. 14) using the relations given in
4.19) as

%3”':7@: 1})” t) = Kl'/’ild(_) )+K mib, ,m(K K t) +K;n,, 7( ', t)
+E o B, Ky )i kg (B KV ) . a26)

KK Ky, —_), 9'» 7
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and -
KKK g, o K, K, 1) = —K'ym, (K, K, 1), . (4.28)

K2
Similarly, applying the forms of three-point correlations from (4.23) t
(4.25) in equs. (4.9), (4.15), (4.16) and (4.17), we obtain
K, K, K", t) =K', m, o K, K,

-a—aizlli, i, k(f{: I_f)', E", t) = —Kzgl!il 1, k(
B & 20 )=k ofE, 2

K5 | K, K7, K,
K, K,K -Akmj,,(f?
) -

_K/j‘l’i, o, k(K: K’; K,
KK K, o K, K B 8

K K, K1) . (4.30)

—

KK Ky, J'»;{(ZI{’ K, K7, t) = —K;m, ;, k(

KldK’mK,q‘/'t, qm, k(i:, I—é', I—E”, t) _
K2 -

— Km0 K, K", K", 1)

K, K K", 1) .. (4.32)

and
K, K, K"t

K”kK”r-K”n‘pi, i 7n(I—{), El’ K”, t) ,
V& =—-K T, 1, 0(
Substituting for =, ,(K, K, t) and m; O(K, K, t) from (4.27) and (4.28) in

(4.26), we finally obtain the equation

2 ‘/’i,!(E: E’: t) = Kzl/liz,j(l}), E', t)
+K' i, 1,,.(1—5, I_E’, t)— IC}_II({,’r;Kh'q‘/”, qm(E’ I_it’, t)

K;KK, b, ;(K ' )

. (4.33)

—v(K2+K'2)'/1i,i(E» I—{)/’ t)'
o - I}, ]_é', E", t) and

Similarly substituting for s, M.(K ,K', K" ), oo k(
K, K', K, t) from (4.30) to (4.32) in (4.29), we get
— - B ) KK Kllﬁsl - (K, K/, " t)

+

K, K, K", t)+ K, o K, K,
KKKy

+ K’ nis, jm, k( K, K", t) T KT (
£, B t) =Ky (B KK

Wijo(

at¢' hE (

S[" am, k

+-K”n¢€, Js kn(Ks K’: ”: K”z
B2 K Ky, (K K, K7, 2). L (434
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Here (4.33) is an equation connecting two-point second order correlations
with two-point third order correlations in the wavenumber space and (4.34) is
an equation which connects three-point third order correlations with three-
point fourth order correlations in the wavenumber space. Further, (3.8) is a
relation which connects a four-point fourth order correlation with products of
two-point second order correlations, the final form of the said equation being
written in the wavenumber space.

Now using Lemma 1 for merger of suitable sets of points in real space, we
can obtain the reduced versions of eqns. (4.34) and (3.8) containing only two-
point correlations of different orders. Thus (4.33) relates two-point second
order velocity correlations to two-point third order velocity correlations in
wavenumber space and reduced form of (4.34) relates two-point third order
velocity correlations to two-point fourth order velocity correlations in wave-
number space. Further, reduced form of eqn. (3.8) connects two-point fourth
order velocity correlations to products of two-point second order velocity
correlations in wavenumber space. So by the process of elimination, out of
these three equations, we obtain an equation containing only transforms of
two-point second order velocity correlations in the wavenumber space. Since
we are here considering the early-period decay process of turbulence, so we
can readily neglect the terms containing viscosity effects. Thus, we finally
obtain the guiding equation for early-period decay process of turbulence as

_aa_; %bw(E» K, t) = 11(12 E', t) +12(E, K, t) . .. (4.35)
where »
LK, K1) = 2k, [355— K]‘{I: ] K. [Kéfgq _ 8,,_,]
[ [ =R, =, e, )

——

+¢‘s, m(m’”, E”, t}l/‘q,l(Kl-—K”: _K”” t)} dE"dl_%"'
N A= TR B i (R, B )
+¢4,l(m", _E"’ t)glrj,t(l_f", E'", t)} dE"l) dEu

K=
: f (K, E— %, i, (K7, B, 1)
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i (BB, Qo ol R R, B, 1)} aif) a

o s
f {4, K, K=K, t)¢q,8(1{'-1{" K,

i K K ), (K —K7, KK, 1)} d_)”’) iK' .. (4.36)

and

(K, K, 1) = 2K, [sis— I“}‘f] K’,,,[Kj/.gf“ —s,q] bl K. t)pom( K, 1)

n -Ks_-K”s) K '—K” I’Ks
+J (Kt'_'K t) [L_’—(‘I’{—‘_'E‘K—g)’z—ti) —Sgg]Kl[gis_ };2 ]

e EZEr )0 (&, B, ) B
+J K’y [K;{f' 8,,]&[ KiK]«/Js j(K K" K, )¢(K ,) P

/ _K‘// K’t—K’/ , K’,K(
+f K”s){ = (K/ q)$K”) t) —Sqt]K m[afq_ _7;'72“(1]

ool K, B, t)p| K=K, 1) dE7
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The relation (4.35) is the final form of the resultant tensor equation
connecting the second order velocity correlations in the transformed space.
This equation represents the process of transfer of energy represented by
the non-linear terms of Navier-Stokes equation under the assumption of
quasi-normality hypothesis of Millionshtchikov. It is to be noted that eqn.
(4.35) is valid for all types of turbulence and represents the early-period decay
phenomena under the assumption of Millionshtchikov’s hypothesis. It will

be shown in the next article that in case of homogeneous turbulence eqn.
(4.35) reduces to the form

a—a;z/»s,j(f,I—E’,t)'=11(1—i:,1-f',t) ce L. (438)

where II(K, X’ t) is given by (4.36). It is proposed that in section 5, (4.38)
will be further simplified for the case of homogeneous and isotropic turbulence
to give the simple equation that has been obtained by Reid and Proudman
(1954) and also by Tatsumi (1957) in a different but equivalent form.
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5. RepuctioNn oF EqQuaTioN (4.35) ror THE CASE OF
HomogexrEoUus ISoTROPIC TURBULENCE

(i) Homogeneity Condition:

Let us define the velocity correlation of second order by

Ft,j = ’ui(}, t)ulj(X,, t) T . .o (51)
where u; and u'; are the fluctuating parts of the velocity components at

P(X) and P'(E() ') respectively. Then the space-Fourier inverse relation for
F; ,(EE, X/, t) is given by

— h; l [—> — —>, -—;I] — >
F], X’A',t —_ { f e—iLK. . X+K . X d i K,K”t .. 52
AE X = K K1) . (52
where K, K' are the wave-vectors associated with the real space-vectors X
and X' respectively and the integrations are taken over the whole of X and

—

K'-spaces. In case of homogeneous turbulence Fy ; should necessarily be

function of the difference vector X' —X (E §) only and of £. So the form of
déy, ,(K , K, t) must be represented by

dg K K 1) =g (K, B o(B4E) aR ak .. .. (53)
which is quite clear from the form of the integral given in (5.2). In (5.3)
S(K +K ’) is Dirac’s three-dimensional delta function. We may compare the
general form of d¢; j(K, K, t) as given in (3.1) with that of d¢; ; as written
in (5.3) and see that in subsequent calculation whenever e ,(I} , E’, t)
appears in the general type of turbulence, we need substitute ¥, 1(1_1:, E ’ t)
5(K +K') in place of j(K , K, t) in consideration of homogeneous turbu-
lence. Further in place of relation (3.2), viz.

ds s, | K, K, K7, 1) = o, (K, B, K", t) dK aK' aK”
we need consider
A ) (K B B )s(KrK 1£) dE k" dk”

when the turpulence is considered homogeneous. Thus the modified form
of eqn. (4.35) in case of homogeneous turbulence is
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atszgz,“ K K, t)s(E+K')dE ak'
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Val K= B, K", 1)s(K=K)s(K'+ K*) aK 4K’ dE”

+f] f « [K s[5

——y

o K=K, K, 8} K7, 1)8( K=K+ K')5(E") dK K’ dE”

K~ KK ~K, , KK
i = ”Sw]-’fm[%- i

Y, ,,,(K K’ t)¢,,( K'—K’, t)(

£ oK =K
el et

e — ———

o o B K=K, ) K7, )8(E+ B —K")s(K") aK dE dE”. .. (5.4)

dK dK’ dK"

After two sets of integrations, eqn. (5.4) simplifies to
atzf'ﬁ‘ (K, —K,1)aK
KENK IV KIVK IV > - — -
=2 | [ B o S (R, K, - R
+ho,nl K, =K, t)tpq z(-K &, 1)} d& ak

+_”1g { i }Kl[su KK] (e o(K, K, o) | K", K", 1)

i, z( ~K t)z/xj t(—K K, t)}dK dK’

+ f j K W[K’;(If“’;w - ,,] [siS—KIé{“] SUNCY O IO R &)

o, |~ KL B 1), K, K, 1)} dE dk

S5 e 8] 5 b o
0 K, —E, t)pu o~ %, B,1)} dk @

S e A - Kol ] (g (B~ 1)o7, K1

i K, =K, t)po (K", ~K, 1)} a a6

.. (5.5)
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where the integrations over K” and K'’-spaces have been performed and the

symbol K™ has been introduced by the relation
KV=K+K. .. .. .. .. (58

(il) Homogeneous and Isotropic Turbulence:

Let us now simplify equation (5.5) for the case of homogeneous and
isotropic turbulence by introducing the well-known form for the second rank

spectrum tensor i, q(K , —K, t) as

7)) F(K, 1) ; 5, KKl )

(cf. eqn. (48), Reid and Proudman 1954)
where F(K, ¢) is the energy spectrum function of homogeneous and isotropic
turbulence. Similarly, introducing for i, ,(——K "K', t) the isotropic form

FK', t){s K',,,K’,}
4nK'? ml = K2

Y, z(——K’ K', ) (5.8)
and similar other expressions for all other second rank tensors appearing in
(5.5), we obtain after putting the suffix ¢ = j and summing over all the values of
the indices,

02

5?5_[ 2K2F(K, t)dk

K“’° (K2 +KV2— K'2) @ , . ,

K2 -K2 ¢K.Iva—'-K’2 2 o % ’
+4K?2 [”( e ]+16K1?72K'2' (>+ K™V — K*9)(K*— K"K
+rgpeRT Kme [~ Q2K (K* 4 KNV — K| gragpres - (K*+ KV — K)(K™V°— K2 k%)
2 2 V2 __ K'2\2
+ I [“ e ] s (KA K1V — K3 (EWVg K )
+ogs [(K*+Km—K'*)(K*W—K@—KZ)-—KW%KIW—K?—K’2>l}
K, OF(K, t)

- .dpdE dK’ O )

where the wavenumber space integral dE has been replaced by the line-

[ECY

integral 4sK*dK and the multiple integral dK dK’' has been replaced by
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4nK?dK2aK'? dK'dp, p being the cosine of the angle between the wave-vectors

— E_ E’ . -> -
K, K' represented by |—(IT—|_[_1?)—| and @ is a symmetric function of K, K’
given by
Q = K¢+ K'* 4 KV4—2K?K"*—2K"*K™V*—~2KTV2 K2, .. (6.10)
After integrations, (5.9) reduces to the simple form
82 © 2
7 "K F(K,t)dK = . K*F(K, ) dK] . .. (811)

If @2 denotes the mean square variation in one component of vorticity in
case of homogeneous and isotropic turbulence, then we can write the usual
expression

g@2=f:K2F(K,t)dK.. (312

[ef. Batchelor 1953, eqn. (3.2.4), p. 39].
Introdueing the relation (5.12) in the equation (5.11), we obtain

d2
FE = (@) R 1% £
which is the same as the decay equation given by Reid and Proudman (1954).
It may be noted that Tatsumi (1957) also obtained the same relation as (5.13)
but in a different although equivalent form.

The equation (5.5) has got potentialities. If any special type of symmetry

in homogeneous turbulence be conceived and the corresponding z[:M(K K t)
for this special type of turbulence can be written down, then it will be possible
to effect the summations involved in the integrals in (5.5). This equation

may thus be much simplified and give us the decay equation of the
specific type of turbulence in simple form.
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