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An investigation is made into anisotropic and axisymmetric wave motions
generated by an arbitrary harmonic pressure distribution acting on the
free surface of an inviseid, incompressible and electrically conducting fluid
in the presence of uniform magnetic and current fields. The problem is
formulated as an initial value problem which is then solved by the joint
Laplace and the generalized Hankel transforms treatment in conjunction
with asymptotic methods. An integral as well as asymptotic solution of the
problem related to certain pressure distributions of physical interest is pre-
sented. It is shown that the wave motions are anisotropic and dispersive
and the anisotropy is entirely due to the inclusion of the magnetohydro-
dynamic body force. A detailed discussion of the axisymmetric wave motions
including the effects of the imposed magnetic and current fields on the flow has
been presented. In addition, it is shown that the present method of solution
provides an interesting illustration of the applicability of generalized functions
in hydromagnetic wave problems.

1. INTRODUCTION

The study of an electrically conducting fluid in the presence of a magnetic,
field was first initiated by Alfvén in 1942 and continued by many others avail-
able in the current literature on the subject. One of the striking features of a
conducting flow under a magnetic field is that it is sometimes totally alike
a non-conducting fluid. A careful observation reveals that on many occasions
the magnetohydrodynamic effects on the classical problems of fluid dynamics
are really interesting and have useful physical applications. From a mathe-
matical and physical point of view, surface wave phenomena in an electrically
conducting fluid in the presence of a magnetic field are very fascinating, and
such wave problems in general deserve consideration on their own merit.

In recent years, Debnath (1968, 1969a—c) and Debnath and Rosenblat
(1969) have made investigations into two-dimensional and axisymmetric wave
motions produced by harmonically oscillating pressure distributions acting on
the free surface of an inviseid, incompressible, non-rotating fluid (initially at
rest or flows with uniform speed) of limited, unlimited and shallow depth. A
rigorous mathematical and physical treatment of the problems in various
situations is given with the aid of generalized function method together with
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asymptotic techniques. The characteristic features of these wave phenomena
have been explored in detail.

The corresponding surface wave phenomena in two as well as in three
dimensions in an electrically conducting fluid in the presence of a uniform
magnetic and current field might be a little more complicated, but at the
same time much more interesting from the mathematical and physical point
of view. Furthermore, it is likely that they have important and useful appli-
cability to magnetohydrodynamics.

In the case of an incompressible, electrically conducting fluid in the pres-
ence of uniform horizontal magnetic and current fields, anisotropic and disper-
sive wave motions can be generated by disturbances acting on the free surface of
the fluid. This kind of situation is likely to occur due to the combined action
of gravity and the vertical component of the imposed magnetohydrodynamic
body force. The characteristic properties of the resulting wave motions are
likely to be qualitatively and quantitatively modified presumably due to the
imposed magnetic and current fields. \

The present analysis is concerned with an extension of the axisymmetric
wave problem to the magnetohydrodynamic situation in which the fluid is
assumed to be electrically conducting with imposed magnetic and current
fields. A linearized theory of transient development of anisotropic and
axisymmetric surface waves generated by an oscillating pressure distribution
acting on the free surface of a fluid of finite, infinite and shallow depth
is developed in considerable detail. The problem is solved with the aid of
generalized function technique in conjunction with asymptotic methods. An
explicit and asymptotic solution of physical interest related to an arbitrary
pressure distribution is presented so that the principal features of the flow
can be explored. Careful attention has been given to examine the limiting
behaviour of the asymptotic solution as time ¢ tends to infinity. A detailed
discussion of the axisymmetric wave motions including the effects of the
imposed magnetic and current fields on the flow has been presented. It is
shown that the wave motions are anisotropic as well as dispersive and the
anisotropy is entirely due to the inclusion of the MHD body force. The
solution of the corresponding wave problem in a non-conducting fluid has
been recovered as a special case. In addition, it is shown that the present
method of solution provides an interesting illustration of the applicability of
the generalized function theory (Lighthill 1958, Jones 1966, Zemanian 1968) in
wave problems of magnetohydrodynamics.

2. MATHEMATICAL FORMULATION

We consider a linearized problem of axisymmetric wave propagation in
an inviscid, incompressible, homogeneous and electrically conducting fluid

with a horizontal-free surface. We take the origin of the cylindrical polar
IB
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coordinates (r, 6, z) with the z-axis vertically upwards and the undisturbed
free surface at z = 0. The problem is investigated under the following
assumptions:

(i) In the undisturbed state, the fluid is of infinite radial extent and is
subjected to a uniform magnetic field B = (0, By, 0) and a uniform current
field of density J = (Jy, 0, 0); and the gravity g. The vertical component
of MHD force J x B along with the gravity constitutes the total body force
acting on the system. If o is the angle between the co-planar vectors
J and B, and the latter makes an angle g with the wave propagation vector
and the r-axis, it readily turns out that J, = J cos («—pB), Jp = J sin (a—p),
By = B cos B and By, = B sin 8.

(ii) All perturbations of the magnetic field due to the imposed and the
induced currents are negligible so that curl E = 0, where E is the electric
field. The wave damping due to Ohmic dissipation is also neglected, that
is the term u X B involved in the generalized Ohm’s law must vanish.

(iii) The assumption of small wave-amplitude is made so that this together
with (ii) leads us to linearize the governing field equations and the boundary
conditions.

(iv) Effects of the surface tension and viscosity of the fluid are neglected.

(v) The problem will be treated as an initial value problem. The wave
motions are generated by a periodic pressure

pr, ) =Ppi et H), 0<r<a

=O , r>a s (21)

acting on the undisturbed free surface z = 0, where P is constant, p(r) is an
arbitrary function of r and H(t) is the Heaviside step function of time ¢ and
w is the fixed frequency of oscillations.

The unsteady flow equations for the conducting fluid (Ferraro and
Plumpton 1966 and Cambel 1961) are

%?—+(u. viu= -—%Vp—gk+—1’;JxB .. o292
diva=0 .. .. .. .. .. o (2.3)
divB =90 . . .. .. .. o (24)
Curl E = — %173 (2.5)
Curl B=puJ .. o . . .. .. (2.6)
J =o(E4uxB) .. .. .. .. .. 29

where u = (u, v, w) is the velocity field, p the density, u the magnetic per-
meability, o is the electrical conductivity of the fluid and p, p, o are all
constants throughout the flow field.
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In view of the assumption that the motion is irrotational, there exists a
wave potential ¢(r, z; t) which is governed by the Laplace equation

0% 1o$ o 28
= ;5;_;-@_, h<e<0,0<r< oo, .. .28

It follows from the linearized equation of motion (2.2) with the above
assumptions that the dynamic condition at the free surface takes the form

?Lﬁ BrJo) __‘E iewt —_
F (+ ; 9= pp(r)e , 2=0,t>0 .. .. (29

where 7(r, t) is the vertical surface elevation function.
The kinematical-free surface condition is

o _on  _
% = z2=0,1>0. . . .o (2.10)
The boundary condition at the rigid bottom surface is
od ;
5—0 on z=—h .. .. .. .. (211)
The initial conditions are
¢=n=0 ati=0 .. .. .. .. (2.12a)
¢t=——§p(7) at z=0,t=0. .. .. .. (2.12p)

In addition, we assume the existence of the Hankel transform of ¢(r, 2; ?),
7n(r, t) and p(r) with respect to r in the generalized sense of Lighthill (1958).
Thus the initial value problem has to be solved for ¢(r, z; £) as well as y(r, {)
subject to the boundary and initial conditions (2.9)-(2.12).

Remarks

(1) The problem could be solved as a steady state by omitting the initial
conditions (2.12) and imposing the radiation condition at infinity or an
equivalent condition (Lamb 1905, Lighthill 1960). However, the present
investigation assumes no such radiation condition or an equivalent device to
derive a unique solution of physical interest.

(2) It is interesting to observe that the anisotropic character of the wave
motions is essentially related to the -dependence of the vertical component of
the imposed MHD force

B,Jy = BJ cos 8 sin (x—§). . . .. (2.13)

In engineering applications, two cases (i) « = «/2 and (ii) @ = 0 are of
particular interest.
. (8) Two possible methods, such as (i) power series method and (ii) asymp-
totic method, can be employed to obtain the solution of physical interest of
the problem. With regard to the power series method used by Lamb (1932),
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the following remarks may be worth noting. In connection with a steady
state axisymmetric wave problem due to local disturbances, a series solution
for the surface elevation y(r, t) was obtained by Lamb by expanding the
integrand of the integral solution in a power series together with term-by-term
integration. One such solution for 5(r, ¢) is

i P 12 (g) 13 (gr*\" | 128257 (g2\° ,
‘r)(?’,t)=mgg(—r‘)—‘6—'(7) + o1 (7 +...¢. .. (2.14)

2
This series is convergent for all values of gtT , but, unfortunately, its use is

restricted to small values of the parameter g—f , that is small values of . The
series converges very slowly for large values of the parameter thz and hence it
is not very useful for large ¢.

This leads us to give preference to the asymptotic methods for the in-
vestigation of the problem stated above. The asymptotic methods cannot
only eliminate the deficiencies of the classical series solution but also enables
us to derive a very useful solution valid for large . Moreover, the asymptotic
solution is powerful enough to describe all qualitative features of wave phe-
nomena in addition to its usefulness from the computational point of view. - It
is sometimes also suitable for small values of the parameter involved. Finally,
the power and success of the asymptotic treatment has recently been well

established on its own merit.

3. SoLUTION OF THE PROBLEM

It is convenient to solve the problem by the joint Laplace and generalized
Hankel transforms technique. We introduce the Laplace transforms §, 5 of
¢, 7 respectively with respect to ¢t by an integral (Sen 1969)

=gt z9=[ v mod. .. .. .. @G

We next introduce the generalized Hankel transformations &, % of &, 7
respectively with respect to r by an integral

=k, 28 = j: rJolkr) (r, z; 5) dr .. .. (3.2)

where J,(kr) is the Bessel function of the first kind and order zero.

Making use of the integral transform methods, the solution of (2.8) subject

to the boundary and initial conditions (2.9)-(2.12) can be obtained as
P sp(k) cosh k(z+h)

¢k, 2; 8) = — p (s—iw) (s®4a2) cosh kh ®.3)

where
o = g'k tanh kh, g’ = g+b, b= B;’”. N ¢ ')
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The expression for (%, s) can be written as

< _ P ap(k)
77(](', S) = - ;? (s—z'w)(82+oz2) . . .. . (35)
The inversion theorem of the Laplace and the Hankel transformations
together with the Faltung theorem for the former yields

EJ"” k pk) cosh k(z-+h

=)o =) cosh Fh (iw cos af—u sin af—iweiw?) Jo(kr) dk

$(r, z; t) =
(3.6)

o, £) = 5 f : (k) () o(kr)(a2— o®)Hiw sin al+a cos af—aeter) d,
(3.7)

These integrals represent the integral solution for the wave potential ¢(r, z; )
and the free surface elevation »(r, t). In view of these complicated expressions,
they cannot in general be evaluated exactly. Hence asymptotic methods are
needed for their evaluation in cases of physically realistic pressure distri-
butions,

In the case of an infinitely deep conducting fluid, that is when % — oo,
the integral representation for ¢(r, z; ) and y(r, t) assumes the form

¢(r,z;t)=§fwkﬁ’iﬂ1@)_ﬁ<_k_>

. o i
. (ot (tw cos al—a sin at—iwe™y dk .. (3.8)

) P %k plk) alk) Jolkr) . ‘o
n(r, t) = o fo ——(mfw—z)o—~ (tw sin al+o cos at—aet) dk (3.9)

where a®(k) is to be replaced by its limiting value g’k as % > co.

4. ParTICULAR CASES OF INTEREST

It has already been mentioned that the asymptotic analysis of the solution
can be carried out with an arbitrary form of p(r) involved in (2.1). However,
it would be sufficient for the investigation of the characteristic features of
the wave motions to take the simple form of p(r), such as

)
(a) p(r) = —(:—) (b) p(r) =1, (¢) p(r) = e—12re?, (d) p(r) = (aZ—1%)", 41
(€) p(r) = e=rLa(r*), () p(r) = Jo(dr) and (g) plr) = yr-lg—mr2 ‘

where n > —1, m > 0, 3(r) is the Dirac function of distribution and Lu(2) is
the Laguerre polynomial of degree n.



WAVE MOTIONS UNDER MAGNETIC AND CURRENT FIELDS 185

Making reference to Erdélyi (1954) and Sneddon (1951), the Hankel
transforms (k) related to (a)-(g), respectively, are
o2

1, %Jl(ak), W@*”’“(’“Z), 20 D(n+1) a2+ (ak)~+D oo (ak),

o a
(n )72 2=t f2n exp (— %—), jo x Jo{Ax) Jo(kx) d, and

n+41 k? k®
._.ﬂ/ —1 - —_—— n —_
m="2 k I‘( 5 ) exp ( Sm)M /2’0(4m)

where J,(z) is the Bessel function of the first kind and order n, M, 5(z) is
the Whittaker function (Whittaker and Watson 1965) and the above integral
is a standard one (Watson 1922).

5. ASYMPTOTIC ANALYSIS

To investigate the principal features of the axisymmetric wave motions
in the conducting fluid, it is necessary to make an asymptotic approximation
to (3.7) which is very much similar to that of the corresponding result in a
non-conducting flow obtained by Debnath (1969a—c). This indicates that a
similar asymptotic analysis with a slight modification can be made without
any difficulty.

To avoid duplication, it may probably be fair to refer to the earlier work
of the author where the details of the asymptotic analysis are available. So
it would be of some help to the readers to have some familiarity with the
papers mentioned above. However, in order to make the present discussion
self-contained to some extent, we shall quote the necessary results from
those papers without further proof and outline the asymptotic analysis with
notations used earlier.

Thus it would be convenient to recall (3.7) and mention some of its prop-
erties. Integral solution (3.7) for y(r, ¢) is convergent for all values of &
in the range of integration (0, co) provided the function p(k) is well behaved
in (0, w); which is really the case according to the choice of p(r) stated
in § 4.

Thus integral (3.7) can be written in a convenient form

nir, t) = I,—1I, .. B 1 % B
where the transient and steady state wave integrals are given by
fwt @ 2 2
1, =< f koath) pR) Jolk)dk (59
PI Jo o

I, = _11' j” k a(k) (k) Jo(kr)(iw sin at+a cos at) dlc. 53

0 (0®—w?)
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It is important to indicate that the nature both of the ultimate wave
system and of the asymptotic approach to it is determined by the singularities
of the integrands in (5.2) and (5.3). The remainder of this section, therefore,
is concerned with locating and characterizing these singularities.

It can be easily verified by the graphical method as used by Debnath
and Rosenblat (1969) that the singularities of (5.2) and (5.3) are given by the
roots of the transcendental equation

a?me? = 0. R 7))

A careful consideration suggests that eqn. (5.4) has only one positive real root

at k = k, which is obtained as the point of intersection of the curves
w
N/

The dominant contribution to I as r — oo comes from the simple pole of

the integrand at &k = k;,. To obtain the contribution, it is convenient to

replace Jy(kr) by the pair of Hankel funections H((,l) (fr) and Hf,z) (kr). Then

the method of evaluation as used by Debnath and Rosenblat (1969) or by
Debnath (1969a—c) enables us to write down

_Pi 27\ 1} ﬁ(ko)koflz(]"o)$ ‘(“’t“ﬂco"'f) (1.
I~ ,z;;(ﬁ) %”’DTI«T“ ° oo ;) - 69

{=4ktanh ki and { = (5.5)

where the function D(k) is given by
D) =ot—w® .. .. .. .. (81)

The integral I;, can be evaluated asymptotically for large values of ¢
with the aid of the same technique as used by Debnath and Rosenblat (1969) or
Debnath (1969a¢—c). It may be observed that the stationary and/or saddle
points of (5.3) can be obtained by solving the equations

do r
A consideration similar to that made earlier readily turns out that the
eqns. (5.8ab) have a real root which represents the stationary point and may
be denoted by &k = ;.

With the aid of the asymptotic technique as used by Debnath (1969a—c) or

by Debnath and Rosenblat (1969), it readily turns out that the asymptotic
representation of I, for large ¢ has the form

I, ~ L Fapley) [eXp i{rk,—ta(k,)} | exp (—i){rk,—ta(k,)} 59
P TR ) e P &9

where

f”_(kl)s(a—glc). R - T1)
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It remains to calculate the contribution to I, from its polar singularity
which is the same as the pole of I;;. By a precisely similar argument made
for the evaluation of Iy, it can be shown that the contribution to I, from the
simple pole at k = ky is

2 ot T
I,r(potary ~ i (rko) _______(k;;fr(,,]:’)(ko) ei(wt rk°+4). . .. (511
The asymptotic form of the surface elevation 7(r, t) is therefore obtained
as :

(7, t) = ng,(r, )+ qulr, 1) .. oL (812
where 74, ny represent the steady state and the transient components of
n(r, t) respectively.

It may be of interest to point out that the steady state solution y4(r, ) is
actually made up of the contributions to I and I,y from their simple pole
at k = ko; whereas the transient component of 5(r, t) comes from the stationary
point at k = k;. Therefore, the final form of 74(r, £) is given by

iP (277) Plko) ko 22(ko) ei(wt—rk0+§)

g'p\rk D'(ko) '

The transient solution m(r, t) is exactly identical with I,, and hence it is
represented by the asymptotic result obtained in (5.9) with (5.10).

Remark: It should be pointed out that solution (5.12) breaks down at
ko = k. However, a special device advanced by Debnath can be adopted to
obtain a valid solution near ko = k;. Since our principal interest is in large
values of £, so it seems reasonable to omit the derivation of thé solution at the
critical point in the present analysis.

NsilTs £) = . (5.18)

6. Asymproric SoLUTION IN Drrp Coxpucring Fruip

In the limit A — oo (kh > 1), it can be easily verified that the simple pole
at k = ko and the stationary point at k = k; have the explicit form

2

h=" (6.1)
’tz
k= %ﬁ. (6.2)

Therefore the asymptotic solution for the surface elevation 75(r, ) in the present
case has the following form:

. s 15 w rw2 o
1Pw J2ﬂp( ) i( b~ g L gt 2ur
7{(r, t) ~ PgEN 19 " \g'

0 , g't <€ 2wr

Rl
Pgtsp(—)
492 ’ 149 7,2
gt (1) 1 s g_t_} 1). 6.3
+wp2w4(9"t 1)32rw°°s(4r)+”’m(4r) +0(t2 ¢

PR
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Once again, it may be remarked that the point ko = k;, at which solution (5.12)
was invalid, becomes in this case the point ¢'t = 2rw, where the solution stated
above also breaks down. However, a special method devised by Debnath
can be employed to compute a solution for »(r, t) valid at the critical point.
Following the procedure discussed in detail by the author as stated above, a
solution valid at gt = 2rw can be obtained in the form

3 Pw® (w\} _[o? wlr . wPr
nr,t) ~ — 5 o7 (;) p(?) (cos —g—,+ gin 7 ) .. (6.4)

Thus the problem is completely solved for an arbitrary pressure distribution
p(r). The solution related to the particular form of p(r) mentioned in (4.1a~g)
can readily be written down.

7. SovvutioN 1N SmAarrow Conpuvcring FLuiD

In the case of a very shallow condueting fluid, long wave approximation
kh <1 can be made. Consequently, it follows readily that o?(k) ~ g’ k%h to the
w
Vgh
Further, it may be noted that there is no stationary point of the transient
wave integrals in a shallow fluid. This enables us to obtain an explicit
solution for »{(r, t) as

; o Pt T

p(r, t) ~ P A/irkﬁ(-—w:) (—-(i_:) et( ' x/ﬁ+4). .. (1L
PN T TR Wk

This solution is in perfect agreement with that of a non-conducting shallow

fluid obtained by Debnath in the limit 56— 0. Thus the corresponding solution

in a shallow fluid related to a particular pressure distribution stated in (4.1)
can easily be obtained from (7.1).

first approximation; and the simple pole at k = k, takes the form %, =

8. Discusstons axp CONCLUSIONS

From the above axisymmetric analysis, it is clear that the problem has
been explicitly and completely solved in a conducting fluid of an arbitrary
depth with an arbitrary oscillating pressure distribution. Further an asymp-
totic solution for the free surface elevation n(r, £) related to some physically
realistic pressure distributions given in (4.1) can easily be obtained.

It is interesting to notice that the agymptotic solution (5.12) for the free
surface elevation n(r, t) contains a transient term nr(r, t) in addition to the
steady state component u(r, t) which is the solution of physical interest
of the corresponding steady state wave problem. As it has been indicated
before, the steady state problem cannot, in general, be solved without the
use of the radiation condition or its equivalent. Thus one of the significant
conclusions of the present initial value investigation is that a unique solution of
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physical interest is achieved without having to resort to the use of the radia-
tion condition or an equivalent device.

A careful examination of solution (5.12) as well as (6.3) for y(r, &)
reveals that the transient component does tend to zero in the limit t— oo
for fixed #, in all the cases (4.1b—g). This indicates clearly that the ultimate
steady state is established in the limit. And the steady state solution x(r, f)
in the case of finite depth is given by '

Pi Qw)* Plho) ko a2(ky) §(wimrio+])
o) A i R ALV LA UL i 8.1
0 Pg (ﬂfo D' (ko) &b
In the case of a very deep conducting fluid, the steady state solution has the
form
tPw? A/Z'r— _(wz) i(wt— rﬁf%—’—'r)
rt) ~ 5 - -, 9 4, .. i R2
O ~—w Py ) (R.2)
Both the solutions (8.1) and (8.2) represent the progressive circular waves
propagating in the conducting medium with the group velocity, 7‘% f—w
2k, 2

aeccording as the fluid is of finite or infinite depth. The amplitude of the wave
motions is proportional to r—* which is irrespective of the depth of the fluid.

It may be recognized that in the presence of the magnetic and current
fields, the phase as well as the group velocity of the progressive waves is much
greater than their corresponding values in a conducting fluid flow. Indeed
this significant modification is solely due to the external fields.

In the case of a very shallow fluid, the solution for 4(r, £) is given by (7.1).
This solution corresponds to the axisymmetric waves travelling with the group
velocity 14/¢'h which is independent of the wavelength, but is affected by
the external magnetic and current fields. This implies that the waves are
evidently non-dispersive in character. The amplitude of the wave-trains
decays like r—+.

Another interesting point is that the solution for x(r, t) related to case
(4.1a) does not tend to the corresponding steady state in the limit ¢ — co for
fixed r. The above analysis reveals a significant difference between the wave
motions produced by oscillating pressure distributions confined over a finite
region, however small, and at a single point on the free surface of the fluid.
Several convincing mathematical and physical reasons similar to those sug-
gested by Debnath (1968, 1969a-c) can be advanced in favour of this analysis.

It is also pertinent to point out that the solution for 7(r, f) associated
with (4.1a) readily follows from that of (4.1b) as a limit P — o a — 0 provided
Pa? is a finite constant.

The most striking feature of the axisymmetric wave-systems in a con-
ducting fluid of finite and infinite depth is that they are anisotropic as well as
dispersive in character. The anisotropic character is essentially introduced
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through the B-dependence of the imposed MHD force as indicated in eqn.
(2.13). Similar conclusions can also be drawn about the waves in a very
shallow conducting fluid except of the fact that these waves are non-dispersive.
This can easily be verified from the phase velocity of the waves.

In the absence of the imposed magnetic and current fields, that is in the
non-conducting limit b — 0, the present analysis shows an excellent agreement
with that of non-conducting fluid congidered earlier by Debnath (1969a—c) and
Debnath and Rosenblat (1969).

Finally, it may be natural to ask some questions about the stability of
the flow when the MHD force and gravity are equal or unequal in both magni-
tude and direction. An axisymmetric stability problem similar to Murty’s
(1961) stability analysis may be investigated to answer these questions. This
will be considered in a subsequent paper.
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