ON THE VIBRATORY BEHAVIOUR OF FLUID IN A
PARABOLIC CONTAINER

by S. R. MAJUMDAR, Associate Professor, Division of Applied Mathematics,
Department of Mathematics, Statistics and Computing Science,
- The University of Calgary, Calgary 44, Alberta, Canada

(Communicated by B. Sen, F.N.A.)

(Recetved 15 February 1971)

The advent of liquid propellent launch vehicles has led to comsiderations of
problems involving vibratory behaviour of fluids in rigid containers. Pre-
diction of the dynarmic behaviour of tanks, partially filled with liquid, is of
paramount importance in the design of liquid-rocket-powered aerospace
vehicles. Because of the development of kick stages and interplanetary
vehicles, new and unusual container configurations need to be considered in
the design of present-day missiles and aerospace vehicles. With this object in
mind, the hehaviour of liquid in & cylinder whose cross-section is bounded by
four confocal parabolas is investigated in this paper. The main object is to
determine the eigenvalues and eigenfunctions associated with the problem.
An approximate range of eigenvalues is given by using the maximum.
minimum principle. Also by solving a system of transcendental equations,
some exact values of the eigenvalues are determined. Curves of lowest
natural frequencies are plotted as a function of a non-dimensional tank para-
meter.

1. INTRODUCTION

This study is concerned with the vibratory behaviour of fluids in a rigid
cylindrical vessel. We shall consider a parabolic cylinder £ whose walls are
bounded by four confocal orthogonal parabolas. The cross-section of such a
cylindrical container is shown in Fig. 1. We shall consider a mass of liquid
which is contained in the cylinder . The cylinder is closed by a horizontal
plane at a depth A below the undisturbed free surface (Fig. 2). The vessel is
subjected to a prescribed vertical acceleration. We take Cartesian axes
(«, y, 2) moving with the vessel, such that the equation of the undisturbed
free surface is z = 0, and the equation of the base of the vessel is z = —%.
Curve C is the boundary of the free surface at the rigid wall and 7 is the volume
which the fluid occupies. We shall consider the fluid to be ideal, homo-
geneous and incompressible making a constant angle of contact of 90° with
the walls of the vessel and assume that the amplitudes of the irrotational
fluid motion are small. The behaviour of the resulting surface wave system is
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Fie. 1. Cross-section bounded by four
confocal orthogonal parabolas.

fej——2 (Surface of
container )

———S (Surface of liquid)

 ———T (Volume of liquid)

Fie. 2. Parabolic cylindrical container.
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governed by the solution of the following linearized boundary value problem

¢, ¢ 0°¢

aetaiTaE=0 e
%:Oonthewa]ls .. .. .. .. .. .. (2
%=Oonthebase,z=—77 .. .. . .. e (3)
é:—%%at the free surface (z = 0) .. .. .. . @)
y |92 o 395

;[% ) = +(g+ F)Z at the free surface (z = 0). )

The derivation of (1) through (5) is given in detail in Lamb (1962) and by

Benjamin and Ursell (1954). Here 6%, denotes the normal derivative, g the

gravitational acceleration, F the arbitrary vertical acceleration, p the density,
y the surface tension and ¢ the velocity potential. The free surface of the
fluid is described by z = {(z, y,t). The curvature of the free surface is approxi-
mated by {,,+{yy. The approximation used here for the curvature is
familiar in membrane theory given by Rayleigh (1894). For cylinders of
constant cross-section it has been shown by Benjamin and Ursell (1954) that

L 9%
¢, ¢ and [6 = +— o
of eigenfunctions. Our object is then to obtain these eigenfunctions and
the eigenvalues associated with this problem. The eigenvalues and eigen-
functions for a similar and much simpler problem have been given in a recent
paper by Lomen and Fontenot (1967). In this paper we wish to discuss the
problem for a more general cylinder. This problem is more general in nature
and as expected is more complicated. Similar problems in electronmagnetic
propagation through wave guides of orthogonal parabolic cross-section have
been discussed by a number of authors (Spence and Wells 1942, Tung 1950,
Tung and Higgins 1955).

] can be expanded in terms of the complete orthogonal set

2. Tag Parasoric COORDINATES

Introduce new real variables w, v defined by the complex equation

z 41y = (1/2)(u-+1)? so that the parabolic cylinder coordinates (u, v, z) are
given by

% = (1/2)(u®—~o?), y=u, 2 =2z .. .. .. (6)

The curves on which u or v is constant are parabolas confocal with the bound-

ary (Fig. 3). The lines w = ¢, where ¢ is an arbitrary positive constant,

comprise a family of parabolas symmetrical about the z-axis and concave to



THE VIBRATORY BEHAVIOUR OF FLUID IN A PARABOLIC CONTAINER 195

the left; the lines v = ¢’ comprise a family of parabolas, also symmetrical
about the x-axis, but concave to the right. The two families are both confocal
ahd orthogonal. Their common focus is the origin z = y = 0.

Fia. 3. Parabolic cylindrical coordinates.

While the function §(u+-9)? is analytic everywhere except at infinity,
u+iv = 0 is nevertheless a critical point because the scale factor |u-iv|
goes to zero there. To eliminate double values in the inverse function, we
require that » > 0 and —oo < v < . The detailed analysis is given by
Morse and Feshback (1953) and Lebedev (1965). The line ¢ = 0, which is the
map of the negative half of the 2-axis, thus is made the map of the branch cut,
positive values if v being above this line and negative values below it. We
shall study the most general case in which the cross-section of the cylinder is
formed of four confocal orthogonal parabolas as in Fig. 1. Let the bounding
parabolas be defined as u = a, b; v = ¢, d.

3. Basic EqQuATioNs 1IN ParaBoric COORDINATES

Using the coordinate transformation as given in eqn. (6), Laplace’s
eqn. (1) may be written as ‘

1 [, 0%], 2 '
m[m-l-ﬁ]‘f-é—z?—vo. . .. . (7)

Let us put ¢(u, v, z, ) = (u, v, ) f(2) in (7). We obtain

2, 12, .
%+gg+ks(u2+w)¢=o S )
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and

f(z) = cosh k(z+A4). .. . .. )
The function f(z) has been chosen so that the boundary condition (3)
is satisfied. The separation constant k? which occurs in (8) has been shown
to be real and positive (Courant and Hilbert 1953). The substitution of
¢ = U(u). V(v). T(t) in (8) and subsequent separation yields

%g+(k2u2+m)U=0 e e (1)
and o
(%vl:+(kzvz_m)17=0 .. .. .. .. (11)

where m is the separation constant, arbitrary at this point.

The boundary conditions associated with these differential equations
may be obtained by introducing (6) into (2). This yields

av
?l?/,=0 (at u=a, b) . .. o (12)
av
35:0 (atv=c¢, d). .. .. .. (13)

Since the boundary value problem, defined by (10) or (11) subject to the
Neumann conditions (12) or (13), comprises a Sturm-Liouville system, it
can be shown that m is also real (Sommerfeld 1949). The differential equa-
tions for both » and v factors are identical except for the sign of m. Thus the
solutions for U(u) and V(v) may be expressed in terms of the functions

H(x, uk'®) and H(—a, vk'2), where H(x, A) is a solution of the differential
equation

2

%g+(a+)@)ﬂ=o ¢ )

with A% = ku? or kv? and « = m/k.

4. Ox THE SoLvTION OF EQUATION (14)

Solutions of (14) were obtained originally in definite integral form by
Weber (1869). The everw and odd solutions of (14) were discussed by Spence
and Wells (1942) in connection with electromagnetic wave propagation in
parabolic pipe where the separation constant is restricted to positive integral
value. In our problem « is any real number. The behaviour of the odd and
even functions and the choice of the form of the linearly independent solutions
is discussed by Darwin (1949), Tung (1950) and Miller (1952). The asymptotic
series for the even and odd solutions of (14) for A or « becoming very large are
given by Tung (1950). Let us designate the even and odd solutions of (14) as

H,(a, ) and Ho(«, A) respectively. These we consider to be the fundamental
set of solutions.

2B
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Representative plots of the functions and their derivatives are given by
Wells and Spence (1945), Tung (1950), Lomen and Fontenot (1967) for various
values of «. For a = 41, 42, £3, and 0 < X < 3, values of the functions
are given by Wells and Spence (1945). For —10 < « < 10 and 0 < A < 5/./2,
values of the functions may be obtained from Abramowitz and Stegun (1964)
provided we make use of the relations

Hia, 2) = HW(—a/2, O)[W(—af2, 2V2)+ W (—a/2, —212)], .. (154)

Ho(a, X) = 2-12W (—a/2, O)[W(—a/2, —2V2\)— W (—0/2, 2U2N)] .. (15b)
where W is the Whittaker function.
The properties of the parabolic cylinder functions D have been extensively
studied by a number of authors during the half century. Consequently,
many properties of H, and H, can be derived from the known properties of D.
Power series expansions for H,(«, A) and Hy(«, A) are obtained by method
of Frobenius (Morse and Feshback 1953) as

H(a, ) =1 —Jar®+ (1/24)(a®—2)A— (1/720) (o? — 14ex)AS .. (16a)
Hy(o, ) = A—Faa®+(1/120) (3 — 6)A°— (1/5040) (23— 26a)A7+ .. (16b)

where the non-zero coefficients c,, of A® are related by
n(n—1)ea+4acn_otCn_g = 0. . .e .o (17)

H,(«, A) and Hy(a, A) may also be expressed in terms of the confluent
hypergeometrie functions

He, ,\)=e—ﬂ2/21«’(i+fz“, % iA’) ce e .. (180)
Hola, ,\)=ae—ml2FG+’Z°‘, g m). .. .. (185)

In our problem we shall need to know the zeros of the functions and their
derivative. So, we shall say something about the zeros of the functions and
their oscillatory behaviours. The graphs indicate (Tung 1950), that when
@ > 0, the even and odd solutions appear somewhat like damped cosine and
sine functions. When a < 0 and z7is small, the even functions somewhat
resemble a hyperbolic cosine and the odd function a hyperbolic sine, but as
increases a point of inflection ocours at z = 4/|«|. When z < 4/|a| the
curve is convex to the z-axis, and when z > 4/|«|, it is concave thereto.
The functions rise to a fairly large value, depending on a, then turns gradually
toward the x-axis, crossing it and thereafter oscillates about the z-axis. When
« becomes large negatively, the zeros of the even and odd functions for the
same a tend to coincide.

The number of zeros of H,(«, A) or H,(—a, A) in any interval cannot differ
by more than one from the number of zeros of Hy(«, A) or Ho(—a, A). This
follows from the well-known separation theorem (Ince 1927) which, in effect,
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states that the zeros of all solutions of the differential equation oscillate with
equal rapidity. For a> 0, it can be shown that H,(«, A) and Hy(x, A) will
always oscillate. A similar statement for a < 0 also holds, provided A% >
|« |; however, for 22 < |« |, the solutions are non-oscillatory.

From Sturm’s fundamental theorem we see that if the solutions of (14)
oscillate in a given interval, they will do so more rapidly when « is increased.
Hence, both H,(x, A) and Hgy(e, A) will oscillate more rapidly than either
H,(—ca, A) or Hy(—a, A). We can also prove that the above statements
regarding the oscillatory nature of the functions are equally true for their
derivatives. In our problem we are more interested in the derivatives of
the functions rather than the functions themselves.

When o = 0, (14) can be reduced to a Bessel’s differential equation.
From this we can at once write the relationship between the functions H,(«, A)
and Hg(x, A) and the Bessel function. The relations are

H,(0, A) = I'3[4)(A12)Y2T _ya(23[2), .. . .. (192)
Ho(0, A) = T(B/4)ENYRT0(0%2). .. .. .. (19b)
By using the properties of the Bessel functions (Watson 1962) we can write
H'((0, ) = —D(3/4)2- 12312 4,,(A2/2), ce .. (200)
H'o(0, A) = I'(5/4)2V203127_g,(X/2). .. - .. .. (200)

From the relationships (20) and Sturm’s fundamental theorem we have the
following result: If Jy(X%/2) or J_g,(X%/2) has n zeros in a given interval,
then both H'e(a, A) or H'y(a, 2) and H',(—a, A) or H'o(—a, A) have at least »
zeros in the same interval. Also, the nth zero of H'y(«, A) or H'g(x, A) is less
than the nth zero of Jy3,(A%/2) or J_g,(A%/2) respectively. Similarly, the

nth zero of H'y(—a, A) or H'y(—a, A) is greater than the nth zero of J514(A%/2)
or J_z,(A2/2).

5. EIGENVALUES AND EIGENFUNCTIONS
We can now write the solutions of (10) as
Uw) = AHJ(«, Jkw+BHyx, Jku). .. .. .. (1)
To satisfy the boundary conditions (12) it is necessary that the determinant

H:,(d, \/k d) HIO(“: ~/k a) - O . .. .. (22)
H' oo, JEb) H'o(e, JED)
Similarly, from (11), we get
V(v) = A'H(—~a, Jbv)+B'Hy(—~a, Jkv) L. (28

and the boundary conditions (13) are satisfied if the determinant
1H'8(‘°" Jke) H'o(—g, Jke)

=0. .. (2
H'(—a, Jkd) H'y—ea, Jkd) 0 )
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Equations (22) and (24) are the required characteristic equations in o and & as
variables. The solutions of this simultaneous, transcendental system will
determine the eigenvalues of our problem. If k is the eigenvalue of the
problem, it must satisfy (22) and (24) simultaneously. In other words, we
have to obtain « and k satisfying

H'oa, Jka) _ H'a, Jkb)

T oo, Jka) =H’o(“a Jib) .. . .. (25a)

H'(—a, Jko) _H'o(—a, Jkd)

H'y(—a, Jko)  H'o(—a, JEd)
Suppose that k¥ and « can be determined, and that the determinant is of rank
one; that is not all elements vanish for a particular k£ and m. We must have
then 4 and B be proportional to cofactors of the determinant of (22), and A’,
B’ be proportional to cofactors of the determinant of (24). Hence, we take the
solutions of (10) and (11) as

Uu) = H'o(x, Jha)He(e, Jku)—H'o{a, Jhka)Ho(x, Jbu) .. .. (26a)
| V(o) = H'o(—a, JhO)Hd—a, Jkv)—H'o(—a, Jko)Ho(—a, JEv). .. (26b)
Therefore,
Plu, v) = [H'o(a, Jk a)He(x, Jlou)—H'o(@, Jka)Holx, V& u)]
X[H' (=, JE OV Ho(—a, JEv)—H'o(—a, Jh)Ho(—a, JEV)].  (27)
In the case of cylinder bounded by two symmetrical confocal orthogonal
parabolas one has to take proper care of the continuity along v = 0. To
avoid discontinuities (Morse and Feshback 1953), one has to take the product
U(u) V() in the potential as the sum of two independent solutions
H(o, Jkuw)H(—a, JEkv) and Hy(«, JEu)Hy(—o, JEkv).
The other product pair
Hy(a, JEuWHy(~a, Jkv) and H(—a, JEkv)Hy(x, Jbu)
has to be discarded. But it does not occur in our case. Because, the con-
tinuity requirements are satisfied everywhere inside the cylinder since we
are now concerned with a region free from branch cuts, whence all points in
the region correspond to points lying in the same sheet of the Riemann surface.

.. (25b)

6. EST]MATION oF EIGENVALUES

The problem reduces to one of solving eqns. (25a, b) for « and k. Exact
solutions have been proved intractable. Rewriting (14) and putting z, =
JE @, xy = Jk b in the boundary conditions yields

e
] U'(@a) = 0
Uey) =0

{ TU + @ +a)U =0
(28)
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where z = Jk u.

Solution of (28) comprises a typical eigenvalue problem. From the theory
of differential equation we know there exists infinitely many discrete sets of
values of a. Several well-known methods are available for estimating these
values. Thus Rayleigh’s minimum principle for determining an upper-bound
of a, the integral equation method for determining a lower bound, the pertur-
bation method for determining intermediate values and so forth. However,
actual application of any of these methods rapidly increases in complexity as
the order of the mode increases. Thus Rayleigh’s method can be used to
estimate higher eigenvalues if we properly restrict the comparison functions
used, but in turn this restriction involves knowledge of lower eigenfunctions,
which in general, are much more difficult to determine than the eigenvalues
themselves.

If we write

M{U] = —(HLU) +foU
N[U] = gU

where f1, fo and g, are functions of #, M is a self-adjoint operator, then the
eigenvalue problem is

M[U] = AN[U]
U'(@s) = U'(s) = 0.
Rayleigh’s quotient is defined as
b
Y Myl de
£
2 y N[y] dz
where y is a comparison function which has the following properties:

(@) It is twice differentiable.
(b) It satisfies the boundary conditions.

Rly] =

) j::yM[y] dz > 0, f:"yN[y] iz >0

(d) J':ZyN[U.(z)] de=0,i=12 ...s
where Uy is the ith eigenfunction of the problem. Then

Ass1 < R[yl.

In other words the minimum of Rly] is the (s++1)th eigenvalue of the problem.

We observe that the determination of As41 depends upon the determina-
tion of s lower eigenfunctions. To overcome this difficulty, Courant devised a
method in which the minimum property of Agy; can be determined inde-

pendently of the lower modes. We quote the following theorem (Courant and
Hilbert 1953):
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Theorem—Let w;, wy, ..., wy be s linearly independent integrable func-
tions and let the comparison function y be so chosen that they are orthogonal
to these s chosen functions, i.e.

f::yw.,dx= 0, 0=1,2...s
The maximum of Rayleigh’s quotient for these y has a value which also de-
pends on the chosen functions w;, wy, ..., ws. Call this M. Then

min, Rly] = M(w;, s, ..., w).
Then it can be proved that

Appr = m:x M(wiy, wg, ..., w,).

This is known as maximum-minimum principle.
Applying this principle to (10) and boundary condition (12) we have

. \2 . \2
LY Ty %7 T e =
(b_a) kb <m¢<(b_a) ka2, i=0,1,23. .. (29)
Similarly, (11) and boundary condition (13) give
F2c2— (il)2<m < kede— (—’11)2 j=0,1,2,3 (30)
d—e /) d—c) ’ y 1y &y O .

Equations (29) and (30) give the approximate range of (my, ky) numbered
according to the following scheme:

Equation (29) defines a family of curves, plotting m as a function of k.
The curve nearest k-axis is labelled ¢ == 0, the next ¢ = 1, and so on. The
equation (30) produces another set of curves on the (m, k) plane, the lowest of
which is called j = 0, the next j = 1, and so on. Whenever the two families
of curves intersect defines an allowed value of m, designated my;, and an
allowed value of k, designated ki;.

If we put @ = ¢, b = d, then the curves of (30) are the images of the
curves of (29) in the k-axis, i.e. k-axis becomes the axis of symmetry. From
the image symmetry of these two groups of characteristic curves, the following
properties can be easily derived:

1. The sth curve of the first group intersects with the ith curve of the
second group on the axis of symmetry, ie. the k-axis. These modes are
characterized by the fact that m = 0.

2. [ meg| = [mul, ko= ks.
In other words the two different modes of oscillations Uy and Uy(s £ j) are
degenerated modes which have the same cut-off frequencies. The values of
(myy, ky) are plotted in Fig. 4. As k becomes larger and larger the area of

uncertainty becomes proportionally larger, consequently little information can
be obtained.
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However, when % is small and ¢ and j are very large the above inequalities
do give a good estimate of m and k. Thus when & = 0

. 2
m;=(£—) R - 3
. a
m,=—(dll’—c) O -7
These results are exact.

123 =3

10+ -

(=2 j=2

. |
1 ml “""mllln. j
s T el

| . | il

= ! N je2
B il | A
[ z <[]

Sl

Fie. 4. Estimation of m and k by maximum-minimum prineiple.

To obtain some quantitative estimates, let us take

m‘_—_(gi_i’a) _kz(bzg'“z) e e (39

The solution of (33) and (34) gives
1 - 2 . 2
T POt E [(b@fa) <02+d2>—(;{—_’5;,) <a2+62)] .. (39)

2(_L)2+2(_j_)2 e
k‘ = b—a' d-—G
’ FrErotE |

mye3

(36)



THE VIBRATORY BEHAVIOUR OF FLUID IN A PARABOLIC CONTAINER 203

In particular when the boundaries are symmetrical

b—a=d—c=1
a=c,
b=d.
Equations (35) and (36) reduce to
m,,=2"722(i2—j2), N €.
k,,=;—'(%)ll2. R )]
Then when ¢ =j we have my = 0. Further |my| = |myu| and ky = ky.

7. PBYSICAL INTERPRETATION OF EQUATIONS (35) AND (36)

The physical interpretation of eqn. (36) is obvious. We notice from our
Fig. 3 that when b and @, and d and ¢ become large, while b—a and d—c¢
remain small, thus

b—a<b=qa
and

d—c<&d=c¢c
the four sides of the cylinder are practically straight and the cross-section
approaches a rectangle. The linear lengths of the sides are

fz VuE4v? du along v =c¢ and v =d, and j‘: \/fu,2+v2 dv along u=a and
w=0b.

Since @ = b, ¢ = d, the variation of % and v are small in the region
considered. It is, therefore, reasonable to assume that

VTR = J“2;b2+“2“;d2= J“__”+b”;r°2+d2.

Here the lengths of the sides of the approximate rectangle become

PN RN ] PEEN RS EN ]
A/aﬁ_b_z.-_;_(fﬂ_ (b_a,) and Jai;itf (d_c)

The values of k of such a rectangular cylinder are well known (Benjamin and
Ursell 1954), namely

22 R 25 12
fo=r [(a2+b2+c2+d‘-’>(b—a)2 T<a=+b*+cz+d’><d—c>’]

which is-exactly (36).
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8. Exact DETERMINATION OF KIGENVALUES

We now sketch a theoretical method for determining the eigenvalues
exactly. In what follows, we shall consider the symmetrical case by putting
a=c and b = d. Referring to (26, b) we rewrite U and V as follows:

H'o(a, JE
Ula, Jlu) = Helx, Jku)— H——————IOE\Z’ ://k Z; Hy(a, Jhw), .. .+ (39a)
_ , H'o(—a, JEa)
V(—oc, Jk 2)) = H,(—oc, Jk ’U)—mﬂo(—u, ka) . (39b)

We see at once that the boundary conditions at u = a and v = a are satisfied
for all values of « and k. To satisfy the other boundary conditions at w = b
and v = b we must have
U'(a, JEB) =0
which gives
(o, JED)H o(et, JE o) —H' o, J] a)H o(at, JED) =0 .. (40a)
and
V'(—a, JEb) =0
yielding
H'(—a, JEb)H o(~a, Jla)—H'o(—a, Jhka)H o(—a, JEb) =0. .. (40b)
It is useful to write the power series expansion in % for the left-hand sides of
(40a) and (40b). Differentiation of (16a, b) and after some algebraic mani-
pulations we obtain the power series expansion as

H'o(a, JEOH of0, Jk a)—H'o(e, /b @) H' o, /D)
- (b—a)k3/2[-oc+§ {03(b— ) — 2(a? + BP— ab)} — T’;io (ad(at b

+6a%h? —4ab —4ab®) — 2a(Tat+ To* + 202b% — 8a®h—8ab®)} + . . ] 4la)

and
H' (~a, JEOH (—a, Jka)—H'o(—a, Jhka)H o(—a, JEb)
= (b—q)k3/2 [m+§ {a¥(b—a)2~2(a2 4+ b2 —ab)} — -1% {—ad(at-4-bt

+6a%0* —4a%b—4ab%) 4 2u(Tat+ 704 20%b%— 8a®b—8alb®)} + . . ] . (41h)

The solutions of the simultaneous, transcendental system of eqns. (40a) and
(40b) are obtained using the method outlined in Morse and Feshback (1953), as
described below.

The equation U’(a, /k b) = 0 defines a family of curves, plotting (\/k b)
as a function of «. The curve nearest the -axis is labelled 4 — 0, the next
¢ =1, and so on. Similarly the equation V'(—a, /k b) = 0 produces another
set of curves on the (x, /k b) plane, the lowest of which we call j =0, the next
J=1, and s0o on. Wherever the two families of curves intersect defines an
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allowed value of « designated ay, and an allowed value of (J/k b) designated
7y as shown in Fig. 5 and numbered according to the scheme used before. As
before vy = ¥ and oy = —ay. The numerical calculation has been carried

out for b/a = 2. The corresponding eigenfunctions are given as

8

b
* a
3
2
j=0 i=0
-10 -8 -6 -4 -2 0 2 4 6 8 10
a
F1a. 5. Solutions of U’(x, y) = 0 and V'(—a, y) = 0.
5[/‘!(“’ U) = U(a‘i: Y3 u/b) V(—'Wh Vit 'l)/b), 7:9 = 0: 1; 2: 3’ . (42)
where ’
U (eug, s u[b) = Ho(otsg, vis u[0) H' o5, yus afb)
—H' (o5, yis afb) Ho(esg, y5; u/b) .o (43a)
and
V(—agy, vy 9/b) = Ho(—ay, v 9[b) H'o(—a, vis afb)
—H' o(—y, yy a/b) Ho(—ay, yyv/b). .. (43b)

Some of the values of ay, 74, Ic,,(=‘)’fi/bz) and my;(= a;;k;;) are given in

Table 1.

9. ORTHOGONALITY OF THE EIGENFUNCTIONS

For any two eigenfunctions imy, ¥rs With ¥y, 4 v, we have the ortho-

gonality theorem
f R f Umibre@R = 0

(44)
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TasLe T
Some of the values of a, y, k and m

i J i Yy ki = ij/ 402 my; = oyky
0 0 0:00 0-00 0-00 0-00

1 1 0-00 2-92 2:18/a2 0-00

2 1 315 3-72 3-46/a2 10-90/a2
2 2 0-00 4-15 4-30/a? 0-00

3 1 5-80 4-25 4-51/a? 26-16/a2
3 2 1-80 4-77 5-69/a2 10-24/a2
3 3 0-00 a-17 6-68/a2 0-00

4 1 825 460 5-20/a? 43-64/a2
4 2 2.90 5-32 7-10/a2 20-59/a2
4+ 3 115 568 8-06/a2 9-27/a2
4 4 0-00 595 8-85/a2 0-00

5 2 4-15 570 8:12(a? 33-70/a?
5 3 2:05 6-10 9-30/a2 19-06/a2
3 4 1-10 6-35 10-08/a2 11-09/a2
5 5 0-00 6-66 11-09/a2 0-00

6 2 5-55 596 8-88/a? 49-28/a2
6 3 278 6-45 10-40/a? 28-91/a2
6 4 1-85 668 11-13/a2 20-59/a2
6 5 0-80 695 12-08/a2 9-66/a2
6 6 0-00 7-18 12-89/a2 0-00

as a result of Green’s theorem. Let us set up a Lagrangian identity for the
separated Laplace equation in two variables u, . We arrive at the equation

b b b
f f (u2+”2)¢'mn‘l’ndudv =1 b4““4‘ % J. ['/’mn‘aai‘?;s —¢rs Qg%l] ’ dv

Ymn " Vre a a

b ) mn b
+fa[¢m,,%—¢,,-%v—]adu} .. (45)

where Y, and 4,5 are any two eigenfunctions given by (42), belonging to
the eigenvalues ¥,,, and ¥,, respectively. 'When ¥y, 5 vyg, the line integrals
in (45) vanish because of the boundary conditions (40a, b) and we get

[ J'Z(u2+v2)¢,,,,,¢,,dudv=o. e e .. (46)

But this deduction fails if ¢y, dys belong to the same degenerate state, in
other words if v, = y,, the corresponding expression for ¥, = ¥y is ob-
tained in a similar manner to that used for Bessel functions (Sneddon 1961) by
putting ¥r; = v,,,-+¢, where ¢ is small using Taylor’s theorem and then letting
e tend to zero. The result is the same in (46), and in particular

JZ J: (u2+v2)'/’mu‘/’nmdud’v =0 .. .. .. (47)

for Yimn = Vpm.
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10. NATUBAL FREQUENCIES AND THE STABILITY EQUATION

Because (g £+g l) satisfies the boundary conditions (Benjamin and

Ursell 1954), its expansion may be obtained from the expansion of { by term-
by-term differentiation (Weinstein 1949). It follows from (1), (3) and (4) that
the required expansions are

$(z, 9,2, 1) Z Z o, v) cosh{Y?, (2-4-1)/b2 (48)
where ag(t) is independent of (z, y, 2).
U, 0, 0)= = 2 5 ana(t(Vi/0Womols o) sinh (5, B .. (49)

m#*n=0
In writing (48) we make use of the result that
Agp = 0, yOQ = 0 arnd llloo = 1.

Since the total volume of fluid remains constant, agy(f) is constant, and the
origin of [ is so adjusted that agy(f) = 0. The eigenfunctions which appear in
(48) and (49) are given by (42). Substitution of (48) and (49) into (5) then
gshows that

©

@ o 2
Z (1, v) cosh (72 72/ 2) [d amn+7mﬂ tanh (y:mk/b2) {%/(Zz":_@)z

] n=0

+g+F}amn]=0,m=n;&O .. .. .. (50)

and since the functions ¢pmy,(u, v) are linearly independent, the coefficients
G (t) satisfy

dPam,y
T (V) 1001 (/590 | L O/ 0) 404 F anm=0 . (31)

which can easily be reduced {Benjamin and Ursell 1954) to the standard form
of Mathieu’s equation adopted by McLachlan (1947).

The stability of the resulting surface wave system can be determined by
considering the behaviour of the solutions of (561). The stability conditions
have been discussed for periodic excitation of a cylinder of arbitrary cross-
seotion by Benjamin and Ursell (1954) and for arbitrary excitation of a general
cylinder by Lomen and Fontenot (1964). We shall not discuss the stability
conditions here. To interested readers we refer to the work of Benjamin and
Ursell (1954) and of Lomen and Fontenot (1964). If F is put equal to zero,
(61) becomes an equation of simple harmonic motion relating to free vibrations
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of the liquid. Then the natural frequencies (1/period) of these vibrations are
given by .

wnn 1 Y2 2 2

B On (Yma/b) [{g'}'; (an/bz) } tanh (Ymn h/bz)] : - (82)
Let us introduce a non-dimensional tank parameter 8 defined by the
relation :

S=ht .. .. .. .. .. (53)
Using this parameter eqn. (52) can be rewritten as
mo _ L | '
2o L ) [{ 042 /5/09 | ton (,9)] En
For the purpose of simplicity we define en, by the relation
-1
emn = wmnh*[g+%(y:m/b2)] N )

Substitution of the value of wyy, from equation (54) into equation (55)
yields
emn =75, tanh (2, 8)T. N € 5)
The values of e, are plotted as a function of the tank parameter & in Figs.
6, 7 and 8 for various values of Y.

24
22 F
20 |
,
wl a4
16 f 733
14 714
. %
c
£l 22
7,
12
10 |
"
B -
6 j-
4
2 I /
1 1 ] I 1 i i 1 1 1

¥ie, 6. Plot of natural frequencies versus the tank parameter 8,
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