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The thermo-elastic stresses and displacements in an infinite elastic slab due
to the sudden application of a transient temperature field have been obtained.
One face of the slab is assumed stress-free and the other face is rigidly con-
strained. To the stress-free face, a spatially varying temperature is suddenly
applied while the other face is held at constant temperature. The solution
of the quasi-static thermo-elastic field equation is obtained by means of
‘gymbolic method’ in terms of differential operators. The general solutions
are expressed as functions of the applied temperature and the temperature,
displacement and stresses in the slab are numerically evaluated at successive
times.

1. INTRODUCTION

In this paper, the effect of sudden application of transient temperature
distribution on the elastic field in an infinite slab bounded by two parallel
planes has been discussed. The slab is rigidly constrained and at constant
temperature on one face while the other face is assumed to be stress-free and
the temperature field is applied at this face. The thermo-elastic field equa-
tions in the quasi-static case are solved by means of ‘symbolic method’ (Lurye
1955, Lekhnitskii 1963) when the applied surface temperature is a con-
tinuous function of length and time. Numerical results for the temperature
in the slab are obtained for a particular material of the slab by taking a parti-
cular surface temperature function.

Thermo-elastic stresses in a slab under similar boundary conditions have’
been considered by Martin (1966) and Martin and Payton (1964) when the
applied surface temperature is a discontinuous step function. In this case,
they made use of the theory of complex variables and the Fourier transforms.
That model was generated by them to approximate the elastic field in bonding
materials used in missiles and space vehicles. The steady-state thermo-
elastic stresses in such a slab were considered by taking the applied tempera-
ture function as a continuous function of distance and the solution was ob-
tained by the method of differential operators (Wadhawan and Singh 1968).

In the present case, exact numerical solution can be obtained by the
method of differential operators when the surface temperature is a continuous
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function. The method used here is easier to apply for getting numerical
results than the usual method of integral transforms and complex variables.

2, FORMULATION OF THE PROBLEM

Using the rectangular Cartesian system of coordinates z, y, 2, let the
infinite slab be bounded by two parallel planes ¥y =0 and y =4 and be
infinite in extent in  and 2 directions. The face y = 0 is maintained at zero
temperature while the face y =h is exposed to a continuous surface tem-
perature which varies with z and the time £. Also, the face ¥ = 0 is rigidly
constrained and the face y = & is held stress-free.

The temperature 7' in the slab satisfies the linear heat conduction equation
(Carslaw and Jaeger 1959)

o*r o7 ¢ 0T

P ’;G T ¢
where p, ¢, and k are respectively the density, specific heat and the thermal
conductivity of the solid.

The thermal boundary conditions are

T(z, 0,1) =0 forall z and ¢ .. .. .o (2a)
T(z, h,t) = H(z,t) .. .. .. .. .. (2b)

where H(x, t) is a prescribed function of # and ¢ which is continuous and con-
tinuously differentiable.
The linear elastic, quasi-static plane strain field equations are as follows:

Equilibrium equations

00,  OToy 074y aaw
ax.;.ay_o, ax+ . - (3
Stress-displacement relations
_ E ou, Ov
or = Tz (1= e 5y~
A 6
o= <1+v><1—2v>[ Bt ot @
E (ou oz
=20+ (ay+av)’ TS Te=0
Tog = V("zz‘i'a'w)"'E‘lT

where (cu, Oyys 922) and (7zy, Tyz, Tzz) are the components of normal and shear
stresses respectively. (u, v) are the components of the displacement in « and y
direction respectively.

As usual E, v and « are the Young’s modulus, Poisson’s ratio and the
coefficient of linear thermal expansion respectively.
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The appropriate boundary and initial conditions in the present case are

w(x, 0,1) =v(z,0,t) =0, { >0 .. .. ‘e .. (ba)
0',”,(:17, h, t) =T;w(w: k, t) =0,t2>0 . .. . . (5b)
a'zz=o'”"=o',z=7'1”=u=’v=0fOI‘i(O. .. (be)

Defining dimensionless quantities

! ft W=, v
pch?’ T B’

z' = 4

_?_/ — ’
y"h’t

, . .. (6)

ol

z

k H
the heat conduction equation (1) and the thermal boundary conditions given
by eqns. (2a) and (2b) take the form

2T o7 oT

WE_*.-a—y-'—é == gt—, . . . .o (7)

T(', 0, #) =0 } )

T, 1,t)=H@, )
The form of eqns. (3) to (5) remains unaltered by the introduction of

these primes. In what follows, we shall omit the primes.

3. SoLuTiON OF THE PROBLEM

Writing p = 5504 = 4 and Dy= aa , the heat conduction equation takes

the form
(D2+p?—)T =0. .. .. .. L)

Solving eqn. (9) by using boundary conditions (8)

T(x’ Y, ) M___fﬂ

(=, ). .. .. .. (10

Writing eqns. (3) and (4) in terms of differential operators, we obtain
the following differential equations after some simplification:

(D2 +1%)%u pqs’n-”‘/f’z TH@,t) .. .. ..(la)
sin v/pP—¢
(D2 +p*) = ID -s-“—‘l‘—/ﬁ-—qy(x, ) c .. (11B)
sin v/ pP—q
where
m(l+v)

T 0=y
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Equations (11a) and (115) are solved simultaneously for » and v by apply-
ing the boundary conditions (5). The expressions for » and v take the follow-
ing form after a long but straightforward simplification:

u=Y908YP '“'ZO: yp [(2v—-l)p—p cos® p+p cos v/ pP—g{p sin p+2(1—v) cos p}
1

; 22 —g
- p_f_mll\z/_____@_‘_q{p cos p+(2v—1) gin p}]H(x, f)
VP—q '
+B‘mAyp [5 cos / p*—q{p sin p+2(1—v) cos p}—p?~2(1—v)(1—2v)
1
: Pa
- W_..__\gﬁ;q{p cos p+(2v~1) sin P}]H(x’ t)
Vr—q
+Z SZI £ [pz—p sin p cos p—p cos 4/ p*—g{(L~2v) sin p+p cos p}
1

2 o 2 —
- %{2@4) cos p+p sin p}]H(w» t)

) —
+M__ mH(x, )
g sin v/p*—q

o= SOLUE [8 008 /PP =g{p sin p-+2(1—») 08 p}—p*—2(1 —»)1—2)
1 N

(12)

_ Bpsin VP~

V=g

1 i ) — .
+-—A——~ (y cos yp—g sin yp) [p2-p sIn p COS P—p cos '\/pz—q{(l—2v) sin p<4-p cos p}
1

{p cos p+4-(2v—1) sin p}]H(w, )

2 o g
- % {2(+—1) cos p+p sinp}]H(x, D)

- -Al; (Ef%ﬂ +y sin yp) [(2v—1)p—p cos® p+p cos v/ pP—g{p sin p+2(1—v) cos p}
* sin V7' —g - ]

—=— = *{pcos p+(2v—-1) sin p} |H(z, t)

VrP~q
+l‘/p2‘fq°°sy‘/p2“-’ﬂ(x,t) 4 1

q sin V/pP—g
where

Ay = gsin V'P’—g (4p*—2B cos 2p—Bi—1)
4V PP—q
ce e (14)

and

B =3—4»
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The stresses o,,, o,, and 7,, can now be determined by substituting the
values of %, v and 7' in the stress-displacement relations (4). The expressions
for the stresses are as follows:

1 1-2 1 i
L_’."_"ngu = -A—[(l—-2v)yp cos yp+v(B—1) sin yp]
1

X [(2v—l)p—p cos® p+p cos v/ pP—g{p sin p+2(1—v) cos p}
- w{p cos p+(2v—1) sin p}]H(x, t)
VpP—g

1 S
+X1 (1—2v)p sin yp[ﬁ cos 4/ pP—gq{p sin p+2(1~v) cos p}—p*—2(1—»)(1—2v)

_ Bpsin v/ pP—q

Vg {15 cos p+(2v—1) sin p}]H(m, t)

+7i— [(1—-2v)yp sin yp—+»(1—B) cos yp] [pg—p sin p cos p
1

— 2 gi pi—q
—p cos 4/ p—q{(1—2) sin p+p cos p}— %{2(:}—1) cos p+4-p sin p}]

X H(a, O 411 —20) B IV =g S
g sin v/ p*—g
142)(1 =20 1
(—j-‘—)é}—*‘““—)‘o'w = [(2v~1)yp cos yp—(1—v)(1—P) sin yp]
1

X [(2v-—1)p—p cos? p+p cos Y/ pP—g{p sin p+2(1—v) cos p}

_p*sin v/pP—q

V-
+Ai (2v—1)p sin yp [B cos A/ pP—q{p sin p+2(1—v) cos p}—p*—2(1—»)(1—2v)
1

~ BT ) o 201 sin ),
Vi—g

{p cos p+(2v—1) sin p}]H(w, t)

1
+Z—1 [(1—»){1—B) cos yp+(2v—1)yp sin yp] [pz—p sin p cos p

—p cos 4/ p*—q{(1—2») sin p+4p cos p}— Pi%#:g
p —

{2(v—1) cos p+p sin p}]

2y —1)Ip? si 2
x H(z, 1)+ 2= 1% sin y/p ? Hiz, 1)
g sin \/p?—¢q

(16)
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2(12—:4) Tay = Aix (cos yp—B cos yp—2yp sin yp) [(2y—1)p_p co8® p

—_ 2 g1 2
+p cos A/ p*—g{p sin p+2(1—v) cos p}— p—%\?—"ﬁ
p —

X H(z, t)+2—pcA0-—%£ [,3 cos A/ p*—¢{p sin p+2(1—v) cos p}—p*—2(1—v)(1—2»)

{p cos p+(2v—1) sin _p}]

~ P88 VP (p oo o+ 21 i ) 0
Vri—q

1 ) .
+5 [2yp cos yp4-(1—p) sin yp) [pz—p sin p cos p
1

—p cos \/p2—g{(1—2v) sin p+ p cos P}
2 of e
——Mx}—\—/g——q@(v—l) €08 p-4p sin p}]H(x, t)
VP—g

2wV pP=g cos y VP —g Hi, 1),
g sin v/ pP—q
A similar expression for ., can be easily obtained. It is easy to verify
that the boundary conditions v =v =0aty =0 and 7,y =0y =0 at y =1
are satisfied.
Equations (10) and (12) to (17) determine the general solution to the
given thermoelastic boundary value problem. In order to get the numerical
results, we have only to prescribe the surface temperature function H(z, t).

(17)

4, NUMERICAL EXAMPLE

As an illustrative example, set H(z, t) =e~b1%1 ¢-¢_ f(t) where b, ¢ are
positive constants and f(f) is a polynomial in ¢ of the form
n
fiy= 2 aym
n=0
Since 2 occurs only in e~?1#! in H(z, ¢), p is replaced by (—b) in the expres-
sions for temperature, displacements and the stresses, and e~%!%! jg written
outside the expressions in the operator form.
Thus, we shall have expressions of the type
e 17 1LF(q)e™*f(1)]
which is equal to
e1e1eFig—o) f(t).

F(g—c) is expanded as an infinite series in powers of ¢

o
i.e, F(g—c) = f“nqﬂ
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n
where ¢" = % , and &, are functions of ¥ only. Hence the solution reduces to

the form
e“’"le‘“( = a,,q")f(t). . . . .. (18)
n=0 )
Since f() is a polynomial in ¢, we shall obtain the exact values of the

-]
elastic field even if the coefficients «, in the infinite series 2 a,g" may be
0

increasing in magnitude.
Clearly, the restriction on b is that it is not a root of the equation

46> —28 cos 2b—F7—1 = 0.

The expression for the temperature is

- smy\/a, —q
T =e-biz|get> IV L —H ey .. .. .. (19
e [0 (19)
where
a? = b%+4c.

Similar expressions for the displacements and stresses can be obtained.
For numerical calculations, we take f(¢f) =12, » =025, b = 2» and
c= 01
At y = }, the expressions (19) for T yields
T = e~2121g- -V —(0-498933 +0-0103297¢+0-101911¢>+ . . . ] 2. (20)
Thus the values for the temperature for various values of z and ¢ can be cal-
culated (Table I).

TARBRLE 1

Values of T at y = } when H(w, t) = ¢~1%1 .e=¢t, f(1), f{t) =2, b = 2m, ¢ = 0-1

0 01 0-2 0-3 0-4 05

1 —0:050616 —0-027002 —0-014406 -—0-007685 —0-004099 —0-002187
2  —0-292130 —0-155845 —0-083149 —0-044360 —0-023662 —0-021623

The expressions for « and v at ¥y = 1 are

u

7 = €70n121-C3-70738637-440001¢ + 3717240350+ ... 1£# .. (21)

o~ S

= ¢~2n1%1¢-01[15-920118 4 159-201952¢ + 1592-636562¢5 + . . . ] 2. - (22)
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Similar expressions can be obtained for the stresses at any value of y in
0<y< L

Since the function H(z, ¢) is symmetrical in 2, the values when z is nega-
tive are the same when z is positive.

It may be remarked that if the temperature function H(z, ¢) is purely an
exponential function of the form

Z(e~t»1%! g-cat) the results are immediately determined.
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