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The purpose of this work is to extend classical Meijer-Laplace transform to
Schwartz (1966) distributions. In this paper we have proved initial and
final value theorems for Meijer-Laplace transform. [By an ‘initial (final)-
value theorem’ we mean a theorem that relates the initial (final) value of a
distribution to the final (initial) value of the transform].

§1. INTRODUCTION

Two-sided Laplace transformation of distributions has been defined by
Schwartz (1966) and Zemanian (1966). Cooper (1966) has defined the Lap-
lace transform of distributions:

F(s)=f:e—st¢(t)d¢. S )

Here, we take the function 4(f) that is absolutely integrable over — oo <
t < 0. We shall also impose that ¢(t) is a right-sided and locally integrable
function, which satisfies the following conditions:

(@) ¢(t) =0for — 0 <t < T.

{(b) There exists a real number ¢ such that e""“Gﬁ’; (20t

%) #(t) is absolute-
b

ly integrable over—oo < £ < 00, where w is a given positive quantity.

The Meijer-Laplace transformation is an operation £ that assigns a func-
tion F(s) of the complex variable s to each locally integrable function (f)
that satisfies conditions (@) and (b). £ is defined by

A
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b, b, “bq)cﬁ(t)dt G )

where p+4¢q < 2(h-+u), further only sectors with exponentially small beha-
viour of G-function at infinity should be allowed.
The function F(s) is called Meijer-Laplace transform of ¢(f), where G;Z

o)
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X (28t

) is Meijer’s Q-function, [in short, we write Gho (28‘
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The fact that ¢(f) =0 for — o < ¢ < T permits us to write:

Op

260 2 Fis) & f we‘w“GZZ(Qst b)¢(t)dt. 13
T q

We shall refer to (1.3) as a right-sided Meijer-Laplace transform in
order to indicate that the lower limit on the integral (1.3) is a finite number.

If we put in (1.3) T =0, w=4%, h=2 u=0 p=1, ¢=2,
a; =a, by =a, by =0 and take G-function as

e 7
a, 0) =
we will get (1.1).

In this paper, we shall establish some Abelian Theorems for the generalized
Meijer-Laplace transformation. We prove initial and final value theorems
for Meijer-Laplace transformation in §2 and §3, respectively. [By an
‘initial (final)}-value theorem’ we mean a theorem that relates the initial
(final) value of a distribution to the final (initial) value of the transform].

Our notations and terminology are the same as used in Schwartz (1966)
and Zemanian (1965, 1966), z, v, ¢ and o are the real variables, s = oJ-iw
is a complex variable. The space S’ and Dy’ are the same as defined by
Zemanian (1965),

e"‘/zG?g (‘_?

§2. Ax INmTAL VALUE THEOREM FOR MEIJTER-LAPLACE
TRANSFORMATION
First, we shall prove an Abelian Theorem for the ordinary Meijer-
Laplace transformation.
Theorem 2.1—Assume that the function ¢(t) satisfies the following condi-
tions:
(i) 4t)—>0ast—> o
$(t)

(ii) —E—is absolutely continuous on 0 < ¢t < o and if there exists a com-

plex number « and a real number y > —1 such that

i B0

t
- Jim B =a Co @Y
. (wo)*1F (o)
lim ~——— " = 2.2
where e G2 2
of2) < axis (2| v
w/ TP La\w|b, ..., ...b,

provided p+q < 2 (h+u), Re b;+¥+1> 0,5 =(1, 2, ... k)
and
Ay

bp)qi(t) .
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Note that condition (i) assures the existence of limit (i).
Proor: First note that for ¥ > —1, and

—wat (i ?)dt = —y-10 U+l
J | vremuighe (2ot bq)dt—('wa) v IGNM(?;

by Erdélyi (1954, p. 419, (5)).
Thus by using this integral and assuming that o > 0 and with of = z, and
oy =k (0 < y < ), we may write

-, al,...,a,,,)
[N /9

(wo)r+1F(c)—al (g) l = (wo)rt1 f ” ¢=wot(yht (20t ap)tﬁ(t) dt
w, 0 »e bq

—“fo tYe‘walfGZZ (2at b:) dtl .. .. .. (23)

k - |

< r+1 i -sz 2 | —
< @) foze ”(Zlb)dzof‘tlg 4 '
w1 || pemwotgh % $0) _

+ (wo)? L, re=wetG <2ot bq) dtyj;lgm v
(2.4)

Since as z->0-+, GZZ (z l;") =0(|2|#), where B =min (Re b, b, ...b,)
q
(Erdélyi 1953, p. 212, (8)) and according to Erdélyi (1953, p. 212, (11)), we

know that G function vanishes exponentially as z— oo, if A+-u > 2+-q- , and

jarg z| < (h-{—u—— 5= §) (in case of Meijer-Laplace transform, we take « = 0).
Since ég—)»oc as t—> 0-~ we have for ¢ > 0 there exists & > 0 such that

If B4y > —1, the first integral in the right-hand side of (2.4) is con-
vergent. Therefore, given an e > 0, the first term on the right-hand side of
(2.4), which is independent of o, can be made less than ¢/2, by choosing y
Gp
)
provided By is positive. Hence, with y fixed, the second term on the
right-hand side of (2.4) is less than ¢/2 for all sufficiently large .

This proves (2.2).

In extending these results to distributions, we shall need the following
Lemma.

Lemma 1—Meijer-Laplace transformation of distributions has been
defined by Misra (1970). Let ¢(t) be a Meijer-Laplace transformable distri-
bution (Misra 1970) with its support in y < ¢ < o0, where y > 0. Let the

5

is bounded on 0 <z < o,

y hu
-~ wZyy(} 2.
e Z pq( 74

small enough. Moreover,
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real number ¢ be such that e g(t) is in §’. Then for
ctl<o< o
| F(o) | < M(o)r e~wio—c)r
where M is a constant and = is any real number satisfying 0 <+ < y..
Proor: Forae>c¢
ap
) >

The support of A(#) is contained in # < ¢ < o0, where z is a fixed number
satisfying 0 < z <y. Moreover, F(s) is of slow growth as o — 0. A distri-
bution of slow growth satisfies a boundedness condition of the type given by
Zemanian (1966, p. 109). Thus, we have

Gp
9l

(1837 MZO (;):\Ztr)l Dz"[e'w(‘"”)tGZ (20t Z:)]
=0 Sup [(1+8) > (r)ﬁ({)‘ > (n)[_w(a_c)]n_k
z< <ao] Phopuny' n =% k
ap
)

d k
D,=jt,7c=0, L,2,...,nand n =0, l,2,.,_,ra,nd])zk:(aiz) .

The constant ¢ and the integer r depend only on ¢. Moreover, if 7 is a
fixed number such that 0 < r < 2, then

Flo) = < H(p)e~wet, ,\(,;)e—w(a_c)tax (2at

F(o)

<C Sup

rTst<®

(14&7D; [/\(t)e-w(o—wtagg (2at

=C Sup

T<t< o

(2.5)

, g=wlo=c)(i~T)g—wle—c)z (2a)k . Dz"Gh" (z
»q

where

[w(o_o)]n-k e~Wo-0)z < B e-w(a-c)-r’ c>c
where B is a constant independent of k. Furthermore, with ¢ > ¢+1

e-Wlo-c)(t-z) < e—w(t—x); t>zx

and
rvbu Gy
DGy, (z bq) =01); 2> 0+ for k=0, 1, 2,...; provided that
(B—k) is positive; where B=min (Re b, b,, ... by) and Dr™ (z ap)
2 Ypg b
= 0(1); 2 oo. e

This ‘can be §een by differentiation formula (Meijer 1952, p. 375) and
asymptotic behaviour of @-function (Erdélyi 1953, p. 212 eqns. (8), (11)).

3 Ru Gy} . .
Since DGy, (z bq) 18 continuous on 0 < z < o0, it now follows that it is also
aﬂ

bounded there. When = > 0, D,kG’;'; (z b ) will also be bounded on z < z < 0.
[
5B
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@p
bq) '

But the function of ¢ inside the last Sup symbol is bounded for all ¢ > z.
Consequently, the last expression is less than M (o) e~®l-97 where M is a
sufficiently large constant.

Theorem 2.2—Let ¢(t) be a Meijer-Laplace transformable distribution
having its support in 0 <?¢ < o and assume that over some neighbourhood
of the origin ¢(¢) is a regular distribution corresponding to a (Lebesgue)
integrable function A(f). Also assume that there exists a complex number «,
such that

Now, the right-hand side of (2.5) is dominated by

L4 r—-n L
(14837 Z (’) A(t) Z (”) e-w(t-w)D,"Gzz (z
o \% K=o \k

CB(a)e wlo-27 Sup
TLt<® ne

h(t)

lim “¥
t—>0+ ¢
then
. (wo)rt? _
olin;:o G =g .. .. .. .. (2.6)

where G(2/w) is defined in Theorem 2.1
and

A
F(o) = L£(1).
Proor: Let the neighbourhood over which ¢(t) is a regular distribution be
—w<t<T(T >0)andlet 0 <y <T. Then ¢(t) can be decomposed into
$(t) = $1(t)+s(t)

where the supports of ¢;(f) and ¢(f) are contained in the respective intervals
0<t<y and y <t < oo. Thus, ¢ () is a regular distribution that corre-
sponds to A(t) for 0 <t <y. Let

a a
Fi(o) = £4(t) and Fylo) = Lslt).

Tt follows from Lemma 1 that

(wG)7+1F2(a) < M(w)y+l(o)y+r+le~w(o—c)r -0, aso—> ©. .. (27)

Thus, by our convention, lim "S:St)
t—0+

Since the ordinary Meijer-Laplace transform of a (Lebesgue) integrable func-
tion is identical to distributional Meijer-Laplace transform of the correspond-
ing regular distribution, we have now from Theorem 2.1 that

=0,

. (wo)rtiFy(0)
Q%W = .o .. . (28)

Now, F(¢) = F,(0)+Fy(s) and thus (2.7) and (2.8) prove (2.6).
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§3. A FiNAL VALUE THEOREM FOR THE MEIJER-LAPLACE
TRANSFORMATION

Theorem 3.1—Let ¢(t) be a measurable function on 0 < 7 < o, satisfying
the conditions (¢) and (b) and if there exist a-complex number « and a real
number ¥ (y > —1) such that

. P _
t&rrgo il (3.1)
then
i (wo ) (o)

0»0+W—“ .. .. . .. (3.2)

where G(2/w) and F(o) are the same as defined in Theorem 2.1.

Proor: Note that (3.1) indicates that ¢(f) is a function of slow growth
and its Meijer-Laplace transform converges for s > 0 and g1 > 0. Assum-
ing o and y being the real positive quantities, we proceed as in the proof of

Theorem 2.1 to obtain
| (wo)? 1P () —aG(2[w) | = (wa)rt1 fo B_WD;G;Z (20t

ap) ,

oy a
R —wot yhu P ‘]S(t)
=< Wm“fo ()76t (2at bq) d(at)0<s;1£y —tT“l
i1 [ (otyre-wot® (201 | $(t)
(w1 fy (ot)?e wotqu (20t bq) d(ot)yf?'goo o _ml
= Li+1,.

We know that

hu
zYe~ W2 2z
zre qu (

ap)
b,
where 4 is a large constant and g-v is positive, § = min (Re, by, b, by)
(Erdélyi 1953, p. 212, (8)]

< APty

¥
I, < A{wo)rti(a)f f $#trdt  sup
0 0<t<y

Gy
i)

Both the integrals of I; and I, are convergent provided By > —1
and I, is independent of o. Therefore, given an e > 0 the I, can be made less
than ¢/2 by choosing y sufficiently large. Then, there will exist a K'> 0,
such that I; is also made less than ¢/2 for 0 <o < K’. This proves (3.2).

Theorem 3.2—Let 4(t) be a Meijer-Laplace transformable distribution in
D'; and assume that, over some semi-infinite interval + <t < o0, $(t) is a

regular distribution corresponding to a locally integrable function A(f) that
satisfies the condition (b). Also, assume that there exist a complex number «

$(t)
g

—

dz sup

y<t< oo

I, < (w)r+1 f
0

hu
Ve~ We
2z Gp a (22

$(t)
"t‘;‘ —OLI.
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and real number y (y > —1), such that
A(t)

tl_i>n:o_t7=a .. .. ‘e .. (3.3)
then
(wo)Yt1F ()

lim ~—/ %/
omor  O2/W)

Proor: ¢(t) can be decomposed info
$(t) = b1()+a(t)
where ¢,(t) has its support contained in y < ¢ < oo (y > 7) and ¢,(f) has a

= 0. .. .. e .. (34)

s
bounded support that does not extend to the right of t =y. Fy(s)= 44,

(t) is then an entire function of s (by taking p--¢ < 2(h--u), in G-function),
8o that

lim (we)+1F,(g) = 0.
o—~0+

Therefore, with

A A
Fo(s) = Lst) = L[A{H) | +(E—y)]
we have -
lim (wo)"+1F(0) = lim (we)?+1Fy(o).
a—0+ c—=>0+
The right-hand side equals «F(2/w), according to Theorem 3.1. This
proves 3.4).
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