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The holomorphically projective transformation in an almost complex space
corresponds to the projective change in the Riemannian geometry. The
purpose of the present paper is to define and to study the quantities with
respect to the symmetric F-connexion and the half-symmetric F-connexion on
the lines of the projective connexion as defined by Thomas (1934) and Sinha
(1965). The notations of Yano (1965) have been used in the sequel.

1. INTRODUCTION

Let us consider a 2n-dimensional almost complex space C, endowed with
an almost complex structure Ff such that

F,‘F‘h= —A;h. .s . . .. (11)
In an almost complex space an affine connexion I‘;', is called F-connex-

ion if the almost complex structure F:' is a covariant constant with respect
to this connexion. With an F-connexion 1’;" we consider a curve &b = ¢h(f)
satisfying the differential equations

¢t o dédg e a d€"

—Jtz—-}—.rﬁ?u— 717 = a(t) -d_t—+ﬁ(t)Fr E .. .o .. (12)
where «(f) and B(t) are certain functions of parameter ¢, such a curve is defined
as a holomorphically planar curve.

Two F-connexions 1‘;" and I';" are said to be holomorphically projectively
related to each other if they have all holomorphically planar curves in com-

mon. Two symmetric F-connexions 1";', and I’;’, are H-projectively related if
and only if _
h__ a ¢ oh
I =Tr}+2P A0 —2PFLFy .. .. .. (13
where P; is a vector field.
Let C, and C,, be two almost complex spaces. The two spaces are said to
be H-projectively related if their holomorphically planar curves are same.

Equation (1.8) gives H-projective transformation of the F-connexions (Yano
1965).
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Contracting (1.3) with respect to & and j, we get
M =rt+m+2P. .. .. .. . (14)

9. H-PROJECTIVE SYMMETRIC F-CONNEXION
Eliminating P; from (1.3) with the help of (1.4), we have

2
I, = P;‘,—m[rj(ﬂg—rgpffz«’g] T ¢ §
which is independent of the choice of P; and so it is H-projective invariant.
We have the following theorems:
Theorem 2.1—The necessary and sufficient condition that the two sym-
metric F-connexions be H-projectively related to each other is that the quanti-
ties H;" corresponding to them coincide.

ProoF: When two symmetric F-connexions are H-projectively related,
their quantities II;‘, are H-projective invariants.
Conversely, if the quantities H;'i corresponding to the symmetric
F-connexions f?, and 1“?, are same, then we have
n_ym__ 2 I gy 4B (P74 40
Iy—Ty= n+2[(1"u—1"'U)A‘ +(Fli—rli)Aj
L __plygt gl
—(T w— T 10 uFolk
Putting P; = ?%_2(1";‘——1’5‘), we have (1.3) which proves that the symmetric
F-connexions are H-projectively related.

Theorem 2.2—In order that an almost complex space admits H-projective
transformation, it is necessary and sufficient that there exists a coordinate

system with respect to which the quantities H;', are independent of one of
the coordinates.

ProoF: When the components of the H-projective symmetric F-connex-
ion are independent of &, the components 1’;’5 have the form

I‘?‘ =f;li(§2§3 . f”)+2[A?,P¢)—2PtF:fF?)] .. . (2.2)
where P; are functions of £... £,
Conversely, if the components F;" of the symmetric F-connexion have

the form (2.2), then from (2.1) it is clear that the quantities H;" are inde-
pendent of the variable €.

Corollary 2.1—In order that a complex space admits an H-projective
transformation, it is necessary and sufficient that there exists a coordinate

system to which the components I‘;" of the symmetric F-connexion have
the form (2.2).
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In an almost complex space with symmetric F-connexion if the infinite-

simal point transformation
&=y dt .. .. .. .. (2.9

maps any holomorphically planar curve into another one, the vector is defined
as H-projective vector corresponding to the F-connexion.

Theorem 2.3—Yor a contravariant analytic H-projective vector corre-
gponding to a symmetric F-connexion, LH;‘, =0,

£

Proor: If »* is an H-projective vector of the symmetric F-connexion
I";',, we have

1A ¢t ph
.r;r;; =2p,dg—pFFy -« .. .. .. (24)
for a certain vector field p;. Contracting 2 and j in (2.4), we obtain
1 !
pi=n—+2L“T'h. .. . .o . (2.5)

Taking Lie-derivative of (2.1) and making use of (2.4), (2.5) and the fact that
v* is a contravariant analytic vector field for which LF! = 0, we have

h
LIG=0 .. .. .. .. .. (28

which proves the statement.

Theorem 2.4—If v* is a contravariant analytic H-projective vector, the
Lie-derivative of the quantities H;‘, relative to a symmetric F-connexion
with respect to (2.3) is pure in A and j.

Proor: For a vector field v

LV, F}~,LF} = FiLIl,~F}LIT,,
v v v v
which implies, because of V;F* = 0, LF* = 0 and (1.1)
v

h bt
el 1:[3 = -—F'_Fseﬂﬂ.
Hence LH;', is pure in h and j.

Theorem 2.5—In order that an almost complex space admits a contra-
variant analytic H-projective vector field, it is necessary and sufficient that
there exists a coordinate system with respect to which the quantities I'I?‘ are
a homogeneous function of degree —1 of the coordinate system.

Proor: If we choose a coordinate system with respect to which v = ¢*
the equation LH;', == 0 takes the form

v

1,?17;'¢=5"ak"?s+17?¢=0, 9y = 0/0¢* ce e @

which proves the statement.
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3. H-PROJECTIVE HALF-SYMMETRIC F-CONNEXION

An F-connexion ]";', is half-symmetric if its torsion tensor S;; satisfies

040%0s;, =0 N 3

kr'ts
where

tk t 4k bk
Two half-symmetric F-connexions I‘;’, and P?‘. are H-projectively related if
I =TI +2P A} —2PF Fa+ QA +QFF; .. .. (32)

where P; and @Q; are certain vector fields (Yano 1965).
Contracting &, j and &, ¢ in (3.2), we have

(n4+2)Py=IM—TIT7, .. .. .. .. (3.3)
and
n@=2I7 —2IT .. .. .. .. (34)

respectively. Eliminating P; and @, from (3.2), (3.3) and (3.4), we obtain
°on h 2 A £ by 2 h S gl
Hﬂ = Fﬂ"‘ m[l—:(jAt)—mFan]— ,’z[If[jr]At +I’€meFi] - (38)

which is invariant of the H-projective transformation (3.2).
We have the following theorems:
Theorem 3.1—The necessary and sufficient condition that two half-

symmetric F-connexions are H-projectively related is that the quantities 12.1;:
corresponding to them coincide.

Theorem 3.2—In order that an almost complex space admits an
H-projective transformation, it is necessary and sufficient that there exists a
coordinate system with respect to which the quantities are independent of all
of the coordinates.

Corollary 3.1—In order that an almost complex space admits an
H-projective transformation, it is necessary and sufficient that there exists a
coordinate system to which the components of half-symmetric F-connexion
have the form

Tj =fy+2P A} —2P,F FR4-QA}+QFF; .. .. (36)
where f ;" is a constant.

When a vector field »* has the property

LTy = 2p Ay —2pFe Fht o dlro FiFY .. .. (37)

it is known as H-projective vector field with respect to the half-symmetric
F-connexion. p; and oy are associated vectors (Yano 1965).
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Contracting %, j and h, ¢ in (3.7) and after some simplification, we have
respectively

J';I‘;=(n+2)p, .. .. .. .. (8.8)
and
2.‘r;I‘{,,]=na.. N : X

Substituting the value of p and o from (3.8) and (3.9) in (3.7), we obtain

#= +2 [ r(J= o [Jr]

We can easily obtain the following theorems:
Theorem 3.3-—For a contravariant analytic H-projective vector field +*

b h t i h
Lr LI} A ljffthF] [LI" 4;+ [meFi] (3.10)

with respect fo a half-symmetric F-connexion Lﬁ;: =0,
v

Theorem 3.4—1If v* is a contravariant analytic H-projective vector field
LIO'_I,’; is pure in A and 3.

Theorem 3.5—In order that an alinost complex space admits a contra-
variant analytic H-projective vector field, it is necessary and sufficient that

there exists a coordinate system with respect to the quantities IOI;: are
a homogeneous function of degree —1 of the coordinate system.

The proofs of the above theorems follow the pattern of those of the
theorems of § 2
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