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In this paper we have obtained some results concerning almost Hermite,
almost Kaehler and almost Tachibana spaces.

1. INTRODUCTION

Let us consider a 2n-dimensional space My, of differentiability class CT+1.
Let there be defined in M, a vector-valued linear function F such that

X4X=0 R O 05 B
for an arbitrary vector field X, where

__det
X = F(X). .. . .. (12

Then F is said to give an almost complex structure to My, and M,, is called
an ‘almost complex space’.

Agreement 1.1—All the equations which follow, hold for arbitrary vector
fields X, ¥, Z,. . ., ete.

Let the almost complex space M, be also endowed with the Hermitian
metric tensor ¢:

9 X, ¥)=g(X, Y). S )
Then M,, is called an almost Hermite space.
Let us put
def  _-
'F(X,Y)=gZX, ¥) e (1e)
Then from (1.1), (1.2), (1.3) and (1.4), we have
'FX,Y)=—gX,Y)=9gX,Y)="FX,7) .. .. (L.5a)
—FX Y)=4¢X ¥)="FX,¥) .. .. .. (L5
"FX, Y)+'F(Y, X)=0. .. .. .. .. (1.6
Suppose D is a Riemannian connexion in M,,.
DyY~DyX =[X,Y] .. .. . . .o
X . {g(Y, Z)} = g(DxY, Z)+¢(Y, Dx%). co .. (18)
If in addition to (1.1), (1.3) and (1.6), we also have
(DxF)(Y) =0 e e .. o (L9)
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M, is called Kaehler space. An almost Hermite space, for which
(DxF)X)+DyF)X)=0 .. .. .. (110

is satisfied, is said to be an almost Tachibana space. An almost Hermite
space, for which

(Dx'F)Y, Z)+-(Dy'F)(Z, X)+(D/F)(X, ¥) =0 - (L1

is satisfied, is said to be an almost Kaehler space. An almost Hermite space,
for which
divF =0 N W D)

is satisfied, is said to be an almost semi-Kaehler space.
For an almost Hermite space, we have (Mishra 1969)

(Dx'FNY, Z) = (DX'FXY, %) .. .. .. (1.13a)
(Dx'FNT, Z) = —(Dx'F)(Y, D). oo .. (L.13B)
For an almost Kaehler space, we have (Mishra 1969)
(D¥'FUY, Z)+ (Dy'F)(Z, X)+ (D2 F)(X, Y) = 0. . (1.14)
For an almost Tachibana space, we have (Mishra 1969)
(De'F)Y, Z)+(Dy'F)X, Z)=0. .. .. (115
Nijenhuis tensor N is given by (Mishra and Ram Hit 1971)

def

N(X, Y)=[X, 7]-[X, Y]-[X, Y]-[X, Y] .. .. (ll6a)
where
[X, Y] = .DXy—DyX .. .. . (1166)
If we put
def
'NX, Y, Z)=gNX, Y).Z) .. .. .. (117
ef -
‘M(X, Y, Z}d=(Dx’F)(Y, Y+ (Dx'FNY,Z) .. .. {1.18)
then (Yano 1965)
'NX,Y,Z) ='MZX, Y, Z2)—'MY,X,2). .. .. (119

From (1.19) we have
'‘M(X, Y, Z)=¥NX, Y, Z)+'NZ X, ))+'NZ, Y, X). .. (120)

From (1.19) and (1.20) we can see that the vanishing of the Nijenhuis
tensor is equivalent to the vanishing of the tensor 'M(X, Y, Z).

2. Aumost HERMITE SPACES

Theorem 1—The necessary and sufficient condition for almost Hermite
space to be Hermite space is

g(DxFNY), Z) = "F((DxF)(Y), Z). .. .. (20
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Proor: Let us put

'M(X, Y, ) = ¢(Dx ¥—Dx¥, 2)+qDxT+Dz¥, Z). .. (22)
Then we have (Mishra 1967)
‘M(X, Y, Z) =g(DxF)(Y), Z)—"F(DxF)(Y), Z). .o (23)

The statement follows from (1.19), (1.20) and (2.3).
Theorem 2—Let us put

X, Y, %) d—ff (DX’F)(Y Z+DyFNX, Z) .. .. .. (24
JX, Y, Z) (DX'F)(Y Z)+(Dy'F)Z, X)+(D/F)(X, Y). .. (2.5)

Then
KX, Y, Z)+HY, 2, X)+G{Z, X, Y)=0 .. .. (2.6

X, Y 2)—-6(X,%, )= (D¥F)(Z, X)+(DFF)(X, Y)-2(Dx'F)(Y, Z). (2.7)
Proor: Writing two other equations obtained by cyclic permutation
of X, Y, Z in (2.4), adding these two equations to (2.4) and using the fact
that 'F is anti-symmetric we get (2.6). From (2.4) and (2.5) we have
X, Y, 2)—~KX, Z,Y)=3DyFNY, Z)~T(X, Y, Z). .. (28)
Barring Y and Z in (2.8) and using (1.130) and (2.5), we get (2.7).
Corollary 1—We have

X, 2, VV-X, Y, Z) = DYF)Z% X)+(DFFNX, V)+2(DY'FUY, Z) (2.9a)
X, Y, 2)-G3(X, z Y)= (Dy'F)Z, X)+ (D F)(X, Y)+2Dx'F)IY. Z) (2.98)
X, Y 2)-X, %, Y) = (Dy'F)Z, X)+(D/F)X, Y)+2(Dx'F)(Y, Z) (2.9¢)
KX, Z,YV)—-X, Y, Z)=(Dy'F)(Z, X)— (D2 F)(X, Y)=2(Dg' F)(Y, Z), ete.
(2.9d)

Proor: Barring different vectors in (2.7) and using (1.1) and (1.13), we
obtain (2.9 a, b, ¢, d).
Theorem 3—For an almost Kaehler space, we have

X, Y, Z2)+G(Y,Z, X)+G(Z X, Y) =0. .. (2.10)
Proor: Barring Y and Z in (2.4) and using (1.13b), we get
GX, Y, Z)=—(DxF)Y, Z)y+(Dy'F)(X, Z). .. .. (211
Similarly
Y. Z, X)=—(Dy'F)Z, X)+(D/F)Y, X) .. .. (212
6%,X,¥)=~D/F)X, Y)+DyF)Z, Y). .. .. (213)

Adding these three equations and using (1.11) and (1.14), we get (2.10).
Corollary 2—We have

GX, Y, 2)-G(Y,Z2,X)—3Z, X, V)=0 .. ..~ (2.14a)
AY,Z2,X)-GX,Y,2)~HZ,X,Y)=0 .. .. (2.14))
G4Z, X, V)-X,7,2)~GY,2,X)=0 .. .. (2.14¢)
GZ, X, Y)-GZX, Y, 2)~QY, Z, X) =0, eto. .. (2.144)
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Theorem 4—For an almost Kaehler space, we have
X, ¥, 5)+@X, Y, ) +G(X, Y, B) = 2(Dy' F)(X, Z)+ Dz F)X. T)
6(X, Z, T)—G(X, T, Z) = 2(Dx'F)(Y, Z)+ Dy F)( T, ).

Proor: Barring Y and Z in (2.4) and using (1.13b), we get

KX, Y, Z) = —(Dx'F)(Y, Z)+(Dy'F)(X, Z).
Similarly _ N _
G(X, Y, Z)= —(Dy'F)(X, Z)+(Dx'F)(Y, Z).

Adding these two equations and using (1.14) and (2.4), we get (2.15).

tion (2.18) is obtained from (2.7) by using (1.14).
Theorem 5—Let us put

aet .
G(X, Y, Z)=(Dx'F)\Y, Z)+(Dy'F)(X, Z)
)def

‘M(X, Y, Z) = (De'F)NY, Z)+(Dx'F)(Y. Z).

Then _ -
‘MX, Y, Z)+'MY, X, 2)=GX,Y, Z)-GX. Y, 2).

Consequently, for almost Kaehler space, we have
GX, Y, 2)+0X,7,2) - 0.
Proor: From (2.20), we have
‘MX, Y, Z)+'M(Y, X, Z) = (Dx' FNY, Z)+(Dx'F)(Y, Z)
+(Dr' F)(X, Z)+(Dy' F)(X, Z).
Barring X, Y and Z in (2.19) and using (1.13b), we get
&(X, Y, Z) = —{(D¥F)(Y, Z)+ Dy F)X, 2)}.

Substituting from (2.24), (2.19) in (2.23), we get (2.21).
Using (1.13a) and (1.14) in (2.23), we get
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(2.15)
(2.16)

2.17)

(2.18)
Equa-

(2.19)
(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

,M(X, Y, Z)+,M(Y7 X5 Z) = '"(DY,F)(Zi X-)_(DZ’F)(X: Y)+(DX,F)(Y: Z)

~(Dx'F)(Z, Y)—(DFNY, X)+(Dy'F)X, Z)
= 2ADx'FNY, Z)+2(Dy'F)(X, Z).
Using (2.19) and (2.21) in (2.25), we get (2.22).

(2.25)

Theorem 6—A necessary and sufficient condition for almost Hermite space

to be almost Tachibana space is

(DxF)(Y)+(DyF)X) = (DxF)(Y)+(DyF)(X).

Proor: The statement follows from the fact that Nijenhuis tensor is

skew-symmetric in all the vectors in almost Tachibana space.
Theorem T—In almost Tachibana space, we have

X, Y14[X, Y] = DxY+DyX—DpX—DxY
[X, Y]—[X, Y] = ~DxY=~DyX~DpX—DyY.

(2.264)
(2.26b)
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Proor: We have

Dx¥+4DyX = (DxF)(Y)+(DyF)(X)+Dx Y+ DyX.
Substituting from (1.10) in this equation and then barring X in the resulting
equation and using (1.1) and (1.163), we obtain (2.26a). (2.26b) follows from
(2.26a) by barring X or Y and using (1.1).
Theorem 8—For almost Tachibana space, we have

JX, Y, Z)+J(Y, X, Z)=0. .. .. .. (227)
Proor: Barring Y and Z in (2.5) and using (1.13b), we get
J(X, Y, Z) = —(Dx'F)(Y, Z)+(Dy'F)Z, X)+(D7/F)X, Y). .. (228)
Similarly o ~ _
J(Y, X, Z) = —(DY'F)(X., Z)+(DL'F)Z, Y)+(DF)(Y, X). .. (229)

Adding these equations and using (1.15), we get (2.27).
Corollary 3—We also have

JX, Y, 2)=J(Y,X,Z)=0 .. . .. (2.30a)
JX, T, 2)+J(Y, X, 2)=0 .. .. .. (230
JX, 7, 25)—J(Y.X,Z)=0. .. .. .. (230)
Proor: Barring X in (2.27) and using (1.1), we get (2.30a). (2.30b, c)

follow from (2.30a) and (1.1).
Theorem 9—If an almost Hermite space has the following two properties:
(@) it is an almost Kaehler space

(b) it is an almost Tachibana space
then _
(DZFNX, ¥)=2DX'F)Y,2Z). .. .. .. (231
ProoF: Let us put

J(X, Y, Z)d;f(Dx’F)(Y Z)+(Dy'F)(Z, X)+(D/F)(X, ¥Y) .. (2.32)

h GX. Y, Z) (DX'F)(Y Z)+(Dy'F)\(X, 2). - . .. (2.33)
en

2(Dx'FNY, Z)+(D/F)(X, Y)=0 .. .. .. (2.34)
under the conditions (@) and (b).
Barring Y and Z in (2.34) and using (1.13b), we get

(DZF)X, Y)=2Dx'FNY. Z). .. oo .. (2.35)
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