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We present here the eigenfunction expansions of the bi-harmonic Love strain
function for the axisymmetric deformations in a cylinder whose plane
faces are displacement-free. The convergence for the simultaneous ex-
pansion of two arbitrary functions in terms of these functions is studied. As
an example of these eigenfunctions, the symmetrical deformations in a cylinder
whose plane faces are displacement-free and on whose curved edge radial
displacement and transverse shear force are prescribed is worked out.

INTRODUCTION

Eigenfunction expansions of the bi-harmonic equation have been the
subject of several interesting papers dealing with problems on rectilinear,
circular and cylindrical geometries in the theory of elasticity. The conver-
gence properties associated with these eigenfunction expansions have been
discussed by Grinberg (1953), Nariboli (1965), Kolathaya and Ramachandra
Rao (1969). It has been clearly brought out in these papers that formal
expansions without the knowledge of the limiting values of the sums may
lead to erroneous results. In view of this the eigenfunctions of the sector
problem have been discussed by Ramachandra Rao (1969). We propose
to initiate here a similar discussion for the axisymmetrical deformations in a
cylinder whose plane faces are displacement-free.

It is well known that the eigenfunctions of the bi-harmonic equation do
not possess any convenient orthogonality relation. While the eigenfunctions
of the rectilinear and circular geometries admit a bi-orthogonality relation
under certain boundary conditions, the non-availability of such a bi-ortho-
gonality relation for the eigenfunctions of the cylindrical geometry limits the
_expansion procedure. In their paper on the ‘end problem’ of the cylinder
Little and Childs (1967) overcome this difficulty by constructing an adjoint
differential equation and adjusting the boundary conditions on this so as to
obtain a bi-orthogonality relation between the eigenfunctions of the given
problem and the adjoint problem. In this paper we first construct the
eigenfunctions of the bi-harmonic equation for a cylinder whose plane faces

VOL. 3, No. 2.



300 B. S. RAMACHANDRA RAO

are displacement-free. Secondly, following Little and Childs we construct
the eigenfunctions of the adjoint problem and the orthogonality relation.
This provides for the simultaneous expansion of two arbitrary functions.
Finally, after discussing the convergence properties associated with these
expansions, a closed-form solution for the symmetrical deformations in a
cylinder when arbitrary radial displacement and transverse shear force are
prescribed is worked out.

Basic EquaTioNs

We shall assume that the cylinder occupies the region r <a, [2|< 1
and that the plane faces z = +1 are displacement-free. Along the curved
surface of the cylinder r = a, we shall assume that the radial displacement
u(z) and transverse shear force 7(z) are prescribed. The governing differential

equation and the boundary conditions in terms of the Love’s strain function
X can be written as follows:

Vix=0, r<a, |2|<1 .. .. .. (b
where
2 19 o2
V=t v
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The constant o and E denote the Poisson’s ratio and the Young’s modulus
respectively.

We assume that the solution of (1) is given by

x= ,.AI}(?;’))J‘,.() L@

where I, I; are modified Bessel functions of the first kind and the A,’s are a

set of complex constants. The f,’s which are the solutions of the differential
equation

FL202f X f=0 .. . .. . B
are subject to the boundary conditions
f=0 l
Pt (1+k))«2f e (6)
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where
1

3—do’
The ‘even solutions’ for f, in the case of symmetrical deformations are given by

k=

fo=(8In A, 44, cO8 A,) co8 A,z+A,z28in A, 8in Az .. R V)]

where the A,’s are the roots of the transcendental equation
#(A) = sin 2242k A =0, R )|
It may be noted that the summation in (4) is extended over the eigenvalues of
(8) whose real parts are positive. The eqn. (8) has an infinite number of

complex roots symmetrically located over the four quadrants in the complex
A-plane. The asymptotic form for the roots of (8) is given by

2k s
Mo - BOE) 4 2k,
where
_ (4n—1)m
n 2 .

The roots of (8) can be calculated to any desired degree of accuracy using the
asymptotic form for A, as the starting point and then followed by Newton’s
iterative method.

It may be noted that A = 0 is an admissible eigenvalue. The correspond-
ing eigenfunction is taken as unity,

ORTHOGONALITY RELATION

The functions f, given by (7) do not satisfy any orthogonal property.
For this we construct the adjoint problem in such a way that the functions f,
and the eigenfunections g, of the adjoint differential equation together form &
bi-orthogonal relation. We shall assume that the eigenfunctions g,, satisfy the
differential equation '

9+ 2p%g" +ptg = 0.
Let g, be the eigenfunction corresponding to the eigenvalue pp,. Then we
have
i 2 07 ) 44
oA fotAef =0
o+ 2um i = 0.
Multiplying the first of the above equations by g,, and the second by f,, sub-

tracting and integrating between —1 and -+1, we get from the boundary
condtions (6)

" w 3k—1 ’
Pvmsfu'gm—')‘nz.fn§9m ~“1=% m }

+1
+J_1 (fn"gm""Anzﬂmzfugm) dz=0.
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The terms obtained by integrating by parts can be made to vanish by im-
posing the following boundary conditions on the functions gy,:

gm=0

o Sk— 1

Thus the bi-orthogonality between the functions f, and g, is given by

1
ffl(fn”gm"—z\fumzf,.gm) dz=0. .. .. .. (9

The ‘even solutions’ for g,, satisfying the above boundary conditions are given
by

gm = 8iD ppm COS upZ—2 COS fm SIN umz .. .. .. (10)
where the u,’s also satisfy the same transcendental eqn. (8). This is in con-
formity with the result that the given problem and the adjoint problem have
the same characteristic equation. Therefore, we shall use the letter A instead
of p throughout.

EicENFUNCTION EXPANSIONS AND CONVERGENCE

We shall now consider the simultaneous expansion of two arbitrary func-
tions F(z) and G(z) in terms of the functions f, in the form

F=2Z24,f, }

@ = ZA\2, (11

. where the A,’s are an infinite set of complex constants to be determined
using the bi-orthogonal relation (9). From (9) and (11) it follows that

+1
f (F'g," —A,2Gy,) dz

A, = 2
where ' o -
Ko= (1 (270" =N aga) da.

Upon simplification it can be shown that
K,=M3cos® A9, .. v .. .. (13)

where ¢,' denotes the derivative of the characteristic function ¢(},) = sin
2Xn+2k),. We have expressed K, to contain the derivative of the charac-
teristic function as one of the factors. Using the definition of 4, we can
now easily sum the complex summations under (11). Using (10), (12) and
(13) the constants 4, can be written as

(F'+G)gn(l)  2F cos AL
- —J § As cO8® Aud,’  A,E €OB /\,,¢,,’}dz' . (14)
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Using (14) as the definition of A4,, we shall now consider the convergence of
the expansion procedure (11) by finding the limiting values of the sums of
the series

n +1f ’ ’
— {F' (D) +G(L)}gn(Dhn(z) , 2F'(L) c08 Anlha(z)
8”(2) - ZJ 0032 An¢n' + /\n CO8 I\"¢n, ] dg
and (15)
By ’
- {F' (D) +G(D)}rngn(D) falz) _ 2F'(§) 008 AnL falz ]
tn(z) = Z f—-l -— cog® /\nfﬁn' Py A"¢” | C
where

ha(z) = (c08 Ap+Ask 8in A,) 8in Apz+4-kAnz cos Aq coO8 Az,

Interchanging the order of summation and integration we can write the above
sums as

sn®) = [ [P Q+6WISH(e D2 OTule, D]

tale) = — [ [(PO+6@IUe D+2F OV alz, D] &L

where
8. = gn(g)hn(z) T = cos A,.Ch,,(z)
" C08% Andha’’ " Ly As €08 Ands’
_ ’\ngn(C)fn(z) _ coB /\,,lf,.(z)
Un= Z cog® Ay’ ' Vo= Z CO8 Appn’

To evaluate the above sums we shall consider the following contour integrals,
viz.

f gd DA, 2) 1 cos ALR(A, 2)
Jr= 2mi

a

e COE M) 2T 2mi ) o A cos A(N)

L A0, 1 j cos ALf(A, 2)
b= ¢ ©08% A$(A) i h=ga cos A$(A) dA

dA

where ¢ is a large semicircle to the right of the imaginary axis with centre at
the origin and

J(A, 2) = {(1—F) cos A4-Ak sin A} cos Az—A kz cos A sin Az
g(A, ) = 8in A cos8 A{~00s A sin AL
kA, 2) = (eos A+Ak sin A) gin Az<4-Ak 2z cos A cos Az,

The integrals along the imaginary axis cancel out as the integrands are odd
in A. Also the integrals along the semicircle tend to zero in the limit.
The poles of the integrand are given by the zeros of ¢(A) = 0, i.e. the roots of

the characteristic equa.tioﬁ, cos A =0, i.e. A= 1‘2’_" where n is an odd integer
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and the poles at the origin. Evaluating the residues at the simple and double
poles, we get :

Sn=0
smn"zcosz"—"—z
P z+] 2 2
nE T 4T
4 2 A s (nm[2)
w2z nal
Uy=— CO8 —;~ 008 —5~
n=1,38"56 -
1—k 1 nnz narl
Vo= — ———+= z CO8 —5~ CO8 —— .
- A) u
4(14-k) 2,4 2

Substituting the values of the above sums in (15) we get

nmz  nal
,-+1 o sm——cos—l

lim sn(z)=J 1-—-+z ')dC .. .. (18)
-1

B> D

lim {n(z) = f [{F'(g )+ G( g)}zcos cos’i”—c] L

T+ 1—k < nwz  nal
+J _1F €8] [m - Z C08 —5~ €08 ———-J ag. amn

Upon integrating under the summation sign, it follows from (16)

nhm sale) = = 5 {F()—F(—D}+ f F() Z cos 2% ";’gdc.
Relation (17) ean be rewritten as
nnl
nl;m ta(z) = _2(1+k {FO)—F(~ 1)}+f G(2) z cos—-—cos——d{
F(1) =F(—1) =0 may be taken as consistency conditions, a feature common

to the Fourier series. The limiting value of the sums s,(2) and #,(2) can, there-
fore, be written as

lim s,@) = | F 272 os 278 4
,,il,nms 2) J‘*l (0) z cos 2% oos 4

el

lim ta(z) = f G() z cosw co8 T—Cd{
-1

>0 n=
It, therefore, follows that if the Fourier series corresponding to F(z) and G(2)
converge to the value of the functions

lim 3,(2) = F(2)
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and
Hm 1,(z) = G(z),
7n—>w

thus establishing the convergence of the expansions (11).

The above expansion will give a closed form solution for the axisymmetric
deformations in a cylinder when radial displacement u(z) and shear stress =(z)
are prescribed on the edge r =a. Identifying the funections F(z) and G(z)
with the prescribed functions %(z) and #(z) we have

(18)
The solution of the problem is now given by eqns. (4), (12} and (18).
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