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Linear thermoelastic problem is solved for the thermal stress and displace-
ment fields in a two-dimensional elastic medium of infinite extent weakened
by two coplanar Griffith cracks. The faces of the cracks are heated by main-
taining them at certain constant temperature. The problem is reduced to
that of solving two sets of triple integral equations involving trigonometric
kernels. These equations are solved by the application of finite Hilbert
transform technique. The solutions are used for deriving expressions for
temperature, displacement and stresses in the neighbourhood of crack in
the closed form.

1. INTRODUCTION

In engineering practice, an important class of problems concerns the
evaluation of the thermal stress set up in a heated elastic solid containing
cracks. Because of the various technical applications particularly the im-
portance of these problems in the theory of fractures, in recent years, consider-
able interest has been devoted to the problems of calculating thermal stresses
in infinite, semi-infinite solids, thick slabs, infinite cylinders and elastic spheres
containing penny-shaped cracks. Adequate references to these works are
given in a paper by Srivastava and Palaiya (1969). Here we shall use the
method of integral transform for studying the problem of finding the distri-
bution of thermal stresses in an infinite two-dimensional elastic medium
containing two Griffith cracks which are opened out by the application of
prescribed temperature to their inner faces.

Formulation of Problem

We shall consider the temperature and displacement fields in perfectly
elastic medium which is conducting heat. With regards to both its
mechanical and thermal properties the medium is assumed to be isotropic
and homogeneous. The stresses in the medium can be described by three
components ogg, 0yy, 0zy. The displacement vector U may be taken to have
the components (u, v, 0). The two cracks in the medium occupy the region
—b<z< —@,a<z<b y=0 We suppose that the cracks are opened
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out by application of prescribed temperature to their inner surfaces. Without
loss of generality, the crack surfaces may be assumed to be free from
mechanical loads, i.e. o, (2, 0) =0 fora < | x| < b. Since identical thermal
and mechanical conditions are prescribed on the two surfaces of the cracks,
the problem is equivalent to the problem of finding the distribution of
thermal stress in a semi-infinite two-dimensional elastic medium y > 0 with
the mixed boundary conditions on y = 0. In view of symmetry, the y = 0
axis must be free from shearing stress o,, and v(x, 0) must vanish outside
the regions occupied by the cracks. Thus the requisite thermal and elastic
boundary conditions on y = 0 are taken to be

T(x)=—/g.Tw(x); a<izl<b .. .. .. (LD
%—g=0; I<lzi<a, b<|z|<o0 .. .. . (L2)
o, 0) =0; 0<|z|<o® .. .. .. .. (L3
v(z2,00=0; O<|z|<a b<|z|<® .. . (14)
Oz, 0)=0; a<|z|<b. .. .. . .. (L.5)

In sections 2 and 3 the mixed boundary value problem posed by the equations
(1.1-1.5) are first reduced to two sets of solvable triple integral equations with
trigonometric kernels. The integral equations are solved by using the finite
Hilbert transform technique given by Srivastava and Lowengrub (1970).
The displacement and stress components for the physically important case,
when the prescribed temperature is constant, are then expressed in the closed
form. Another objective of this work is to calculate the stress intensity
factor, the ecritical value of which controls the onset of crack propagation in
brittle materials. In the Appendix we have quoted some results of Srivastava -

and Lowengrub (1970) which have been frequently used in the following sec-
tions.

2. SoLuTION OF THE TWO-DIMENSIONAL EQUATIONS OF
THERMOELASTICITY

The equations of equilibrium of two-dimensional elastic medium con-
ducting heat may be written in the forms (Nowacki 1962)
0%u

02 02 or
2(1—n)$@;+(1—217)5y—2+3—5%=2ac(1+7))7x- e @D

0% )
1-27) 5 —N) a5+ =
(1—27) s H2(1—n) ay2+axay
where T is the deviation of the absolute temperature of the elastic medium
in a state of zero stress and strain, o; the coefficient of linear expansion, 7

oT
200,(149) Fy_ .e .. (2.2)
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Poisson’s ratio and ¥ Young’s modulus of elasticity. The temperature field is
determined by Laplace’s equation
2T T
& o
in the steady state and in the absence of thermal sources.
The partial differential equations (2.1) and (2.2) can be reduced to ordinary
simultaneous linear differential equations by the introduction of Fourier sine
and cosine transform. We define

=0 o .. . .. (2.3)

¥ o
¢, y) = Flul, ), x> £l = (%) f u(#, y) sin &x dx e (2.4)
2\ [
(&, y) = Flox, y), x> €] = (;) f v(z, y) cos Exdx .. (2.5)
T, y) =F(T(x, y), > €. .. .. .. .. .. (2.6)

If we multiply both the sides of (2.1) by sin £z, integrate with respect to
% from 0 to oo and make use of well-known properties of Fourier sine transform
(Sneddon 1951), we get

[(1—=29)D2—(2—2\&la—E& Di = —2a,(1+9) €T .. .2
where ‘D = (—Z} Similarly if we multiply (2.2) and (2.3) by cos £z and inte-

grate for all positive values of # we obtain
[(@=2n)D2—(1—29)¢215+¢ Dt = 20,(149) DT .. .. (2.8)
[D*—&T = 0. . .. .. .. .. .. (2.9)
If we eliminate 4 and % from (2.7) and (2.8) in turn and make use of (2.9) we

find that

(D=2 =0, (D*—&25=0. .. Y 5 1)
The boundary values appropriate to any given problem can be trans-
formed to boundary values on the Fourier sine and cosine transforms 4, 3, T
and eqns. (2.7) to (2.10) can be solved to give the values of these transforms.

From these expressions we obtain the required solution by using the Fourier
sine and cosine inversion theorems. Thus we get

u(z, y) = F,[4(, v), £ > ] .. .. .. (2.11)
vz, y) = F[5(¢, y), ¢ ~> 7] .. . .. (2.12)
T(x,y) = FIT(@& y), E>2]. .. .. ..(213

3. SOLUTIONS FOR THE SEMI-INFINITE TWO-DIMENSIONAL
Erastic MEpIvmM

In the case of semi-infinite elastic medium y > 0, assumed free from
disturbances at infinity, we are interested in the solutions of (2.1) to (2.3)
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which tend to zero as y — 0. So that the appropriate solution of (2.3) is
Ty =A) ety .. . .. .o (3.0)

where A(¢), which is a function of the parameter ¢, is determined from the
boundary conditions on the temperature field. If we substitute this value of
T(¢, y) in eqns. (2.1) and (2.2), we get
[(1—29)D*—(2—29)f)i—£ DD = —2(1+n)a, EA(E) e~V
[(2=2nD?—(1—2)]0+£ D = —2(1n)a, EA(E) et
which are easily seen to have the solutions
4= (A, +EBwy) e, 7= (dy+Byofy)~tv . (32)
where
By = By; dy—Aa+(3—4n)B, =21+ £74(5). .. (3.3)
To find the further necessary relations among 4,, By, 4, and B, we shall have

to make use of the other boundary conditions. The shearing stress oy, is
determined in terms of displacement vector by the equation
N

[
Oy = 4 ay+‘a‘a‘7

where p = Y/2(1+9) is the modulus of rigidity. If we multiply both the
gides of this equation by sin £z and integrate with respect to z between 0
and o, we find that

'\/i)f T2y(®, Y) sin fx da = p(DA—£0) = —pé[A1—Bi+ Ao+ (B, + By)éy] e~

The boundary condition ¢, = 0 on y = 0, therefore, implies that
Ay =Bi+4,=0. .. .. .. .. (34

From these equations we deduce

p_p 1 149 - .
B—Bl—Bz_.z(l_n)A2+ 2(1__17)«:,5 T4 .. .. (3.5)
Aym =272 40 10 g L L L (38)

2(1—7) 2(1—m)

Now from the stress-strain relations we know that

2
Oyy = 1 F2"l [(1 -7) ay""')é“ "'“t(l+77)T]
from which it follows that the cosine transform
&!IU = F,,[G'gy(w, !l): r—> f]
of the normal stress oy, is given in terms of 4, 5 and 7 by the equation

2
oyy—m (L~n) D5 +9éa—o,(14+n)T].
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Substituting the values of 4, @ and T we get

oy = = [l (=) du—B)— AL+ (1 2B &)

and making use of (3.5) and (3.6) we see that this is equivalent to the relation
Gy = — TE) [Aetea,(1Fn)é 11 +Eéet. .. .. (3.7

Inverting the expressions (3.1) and (3.2) by Fourier inversion theorem we
obtain the expressions
-1 " Ag)
u(x, y) = mfﬂ [(fy—1+217)A2(§)+¢:(1 +7)(1+£y) T}

Xe—iv gin fxd¢ .. (3.8)

I\¥ [
otz ) = (2) 7404522 (a0 bt e | - com e 30

T(x, y) = ( ) f A(€) e~ cos Ex dE; .. .. .. .. .. (3.10)

for the components of the displacement vector and the temperature. We
note that for the solution for y = 0

Tzy = 0
and

A
oyy(z, 0) = mj [ 2{E)+x(147n) ; ] cos {x dE. (3.11)

It is more convenient to write, «,(147) 4A(¢) = ¢ ;) with this notation we find

that the solution obtained above has the property that when y = 0

u(x, O) = W?T———njf [?(?‘f) —(1—2‘7)) Az(f)] sin fx d§ . .o (3.12)
2\ [
v(z, 0) = (;) f Ay eosgxdt .. .. .. .. .. ..(313)
%
Tz, 0) = (g) w157 f —cosfxdf .. .. .. .. .. (3.14)
a—T (12—7) ) fm‘%,f-) cos éx dé .. .. .. .. (3.15)
oy(x, 0) = —-mj f( (§)+‘—é§(f—) cos fxdfé .. .. .. (3.16)

- ”ﬁ—ﬁﬁ[d%f A,(8) sin fxdf-l—f ég—)cos fxdf]. . (3.17)
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The functions 4,(¢) and ¢(£) can be determined if and only if we further specify
the mechanical and thermal conditions on the boundary.

4. RzpucrioNn oF THE PrROBLEM TO Two SETs oF TRIPLE INTEGRAL
EquaTioNns wiTHE TRIGONOMETRIC KERNEL

We still have to satisfy the thermal conditions (1.1) and (1.2) and the
mechanical conditions (1.4) and (1.5). The conditions (1.1) and (1.2) lead
to the triple integral equations

fwd’(&) co8 (x)dé=0, 0< |z|<a

gfwé%@ cos €x df = —Tou,(l-l—'r;) g(x) =px), a<le|<d (A)

fo $(£) cos (fx)dE =0, |z|>b

for the determination of the unknown function ¢(¢£). Similarly the condi-
tions (1.4) and (1.5) lead to the triple integral equations

fmAg(f) coséxdé=0, O0<|zi<a

%J.w EAy(€) cos fx dé = — f cos Ex df B)
= Tomc(1+n) () =ql®), a<|a|<d
f Ag(€) cos (fx)dE =0, |x|>b.

Srivastava and Lowengrub (1970) had given a novel method based on
finite Hilbert transform, for solving this type of triple integral equations.
The solutions given by Srivastava and Lowengrub (1970) are:

For the set of equations (A)

$(¢) = f hE) =L (1—cos £t) di

where h(t2) is determined from the equation

142 2 [ e 2)(y __tg) * d
h{t?) = A (EB—a?) (BE—12 ]i[ f -2 ] ( (y)) dy
2ab yply) dy
log f [(¥*—a*)(b*—3 2>]*] h h N . (42)
provided b > a > 0.

The solution for the set of equations (B) is

b
Ay() = -:E fa g(t®) sin £t d¢ C @B
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where

_ (#—a?)®*—2) [ty aly)
g(t?) ""'"f [(bz_yz)( __az)] yz__tzdy

i )" yay)
TRl — zz) az)]*f f [ ag)] — & dydx. .. (44)

Once the nature of the prescribed temperature is known the functions
k(#?) and g(#%) can be calculated from (4.2) and (4.4). Then the temperature
and the thermoelastic fields can be evaluated from the following expressions
for the temperature, the components of displacement and stress in terms of
the functions A(2) and g(t2)

2\1 by 9

T(a, 0)=(;) at(ll_!_q)fa}i(%)log‘l—% at S s

1 2 ‘

u(z, 0) = 2(27”*(1_1)[ [h(:){xlog 1———{ tlog sl }
—(1—2n)gi#*) log | i+ ]dt L )
2 t rb

v(z,0)=(—) f gt dt, a<z<b .. .. . .. @
m E

Y 2
owter 0= = i || et [ 2 ‘“‘ld‘]‘ -

In deriving the above expressions we have used the results given in the
Appendix.

5. THE PRESCRIBED TEMPERATURE 18 CONSTANT

We now consider the case when the prescribed temperature is constant,
ie.g(x) =1. Then

3
Tz, 0) = '—To(g) =06, a<iz|<b.
In this case it is easily shown that

_ 2T g2s(1+47) ab
1o b—a
8 ta b4a

provided b >a > 0.

o aTo(l4n)(@—bE/F)
9 = o e

h{E?) = [(B—a®)—e)]-+ .. .. (5.1)

(5.2)
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The expressions for temperature, components of displacement and stress are

2 ¢r\/b2—ocz+b\/a2—:c2

Io b—a log z{a+b) » 0<izi<a
€ b+a b+a
Tz, 0) = —8, 1 , al]z|<a .. (5.3)
F] 2
2 lga\/m2 —b2 b4/ a., b< (2] < oo
log 2= z(a+b)
| gb+a
u(@, 0) = —Boa(l4+n) z+ “K(“/b)b ; Z” 21} a<z<b .. (54)
2(1—n) 1o ~a ' 22,
26,
v(w,O)———a,(1+r) [ (¢, >—~ (¢ 9) ] aLe<b .. .. .. (5.5)
22 —b2 E|F
[IJ“[(bZ—xz)(xz—aﬂ)]*
2. 2
2 alogavb :(Z-:—bb\)/a xz], I<z<a
sl 0) = — Y00 tog 7 b+a
W T T 9 o, 0 , o< x<b
. w2 —b2E|F 2 4 a\/ 2>~ b/ 22 —a?
T (@) @E—at)]F log 2= g z(a+b) ’
8 5+a
b<e << @ (5.6)

__ ¥
where cos ¢ = (g—z—_—‘z—:) , g2 = 1—2 F , B(¢, q) and F(¢, q) are incomplete elliptic

integrals and E=FE (g ) q), F=F (72—7, q) are complete elliptic integrals of

first and second kind and
K(afb) = F(x/|2, ab).
These expressions are derived with the help of integrals given in the

Appendix.
The stress concentration factor at the edges of the crack is defined by

the equations
Nu = Ltz—;a-(a—w)}[a'yy(x, O)], 0<z<a

Nb = th_>b+(x—b)‘[o'yy(x, 0)“, b < < 00.

Hence
_ YTyu(n/2)} BE(F—~a®
No= 20..2,7 ' Ra(bi—ad)]t .. .. .. (5.7
N, = Ylodm/2t BQA—E[F) g

29y [P —a)
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Another interesting fact to note is that there is a concentration of tem-
perature and thermal stresses at origin. Damage in elastic medium due to
this fact can be avoided by creating a small hole at the origin.
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APPENDIX

Here we quote results from Srivastava and Lowengrub (1970) that we
have frequently used

® gin {2 sin & xz+1
fo £ % =4lo l t'
cos fx(1— cos £t)
N : d = 4 log |1~ 2
® gin §z(l—cos §) ,, g 12 t+x
R

Fla—a)p2—a)t ; 0<y<a

tdt
T = 0 sa<y<b
j o J(B—aB) (02— 2)(12—22)
- % [(@2—a2)(22—b)P;: b<y < 0
k. 2 2 2 2
i) an —g +bJa -2 ,
2 o log 2T ;0<z<a
log 1—~—
4 b—a
m—dt= 7 log =% ;a<ae<h
L t (B~ a®)(b2—12) 2ab Eb+a
E_ asz—b9+b~/w2—a2 s b<T< ®
z{a-+b)
g 0css
t+x
Ingt-—a:‘ i ;—:K() s;a<<e<b
f (- -~ =
k13
5 7(nt5o5) s v

» (2—bE]F) log ‘H""‘ o
N (R "( w); a<e<h




