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In this paper the authors have given a generalization of the Hankel trausform
in which the Meijer G-function plays the role of being & symmetrical Fourier
kernel. Several properties of functions self-reciprocal under this transform
analogous to those given by Hardy and Titchmarsh have been derived
therefrom. The results arrived at have been supported by means of ex-
amples.

§ 1. A function K(x) by means of which an arbitrary function f(z)
subjected to appropriate conditions is capable of being represented as a
repeated integral

ff Ke@w) Kuy)fo)dydu .. .. .. (LY

has been called a symmetrical Fourier kernel. Usually (1.1) is written as a
pair of reciprocal integral equations

9@ = e fydy .. .. .. .. (19

and ‘
@) = K(zy) g(y) dy. R ¢ )

In an earlier paper the authors (Kapoor and Masood 1968) have proved the
theorem :
If

ay, g,

@ n Y
¢(s)=fo cf;‘;q (as"t" by, bz,...,bq)f(t)dt’ .. .. (14)

EREY fy I"(I—b,+"c:-}) ﬁ P(a,+!;—k) 1-k ®
A F=m+1 j=n+i oAtk gEp(s)ds dk
2mi 1k

n k—1
¢c-{x H I'(b;-l———-) nari a,+—) I}
=1

(1.6)
under suitable conditions stated therein.
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From (1.5), on inverting the order of integration, a process which is easily
justifiable, we have

A ) "'H“’j I:IZH F(l—bj A 1) 7 IIZHP(GH-__IC)
fo)=5-1 ¢ -
0 c-fw H F(b,+—_—) j]_] p( —a1+-——~)
1-k
xo * (sty kdk ds. .. - .. .. .. .. .. (1.6)

Under certain restrictions the inner integral in (1.6) can be expressed as a
Meijer’s G-funetion, so that (1.4) and (1.6) together form a pair of reciprocal
integral equations. The object, therefore, of this paper is to reduce the two
@-functions involved as kernels of transformation in (1.4) and (1.6) to a single-
G-function, which will be capable of serving as a symmetrical Fourier kernel in
accordance with the integral equations (1.2) and (1.3). Further, a brief study
of the self-reciprocal functions associated with this G-function as a symmetrical
Fourier kernel has also been made,

§ 2. On replacing p and ¢ by 2p and 2¢ respectively and substituting ¢
for m and p for n, making a little simplification and using the result of Erdélyi
(19545, p. 207), (1.4) and (1.6) reduce to

Ay, gy « .., Ap
—_ <, AfA
$(s) —-f Gop, 2,1(ast by b, ... bq)f(t) a .. .. (21
and
1 1
1 © 1"}"_(“1%1: 29), l—x—(aﬂ)
foy=a 2| opf | ast 1 1, ds)ds  (2.2)
o —X—( a+15 24)s —x—'( q)
respectively, where (a,) = a,, a5, ..., @ andr(a,‘ﬂ, t) = Gpygy Gpagy o ooy Oy
Consequently, on replacing f(t) by A a2 f(t) in (2.1) and (2.2) and assuming
1 1
a’i+ap+¢ == 1—';‘ a.nd bj+bq+! =] -A-
fore=1,2,...,pand j=1,2,..., q, we finally arrive at the following:
I ’
¢(s)=j;°K(st)f(t)dt, O X
then
fit) = f:K(st)nﬁ(s)ds, R XY
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where

(@), 1~ = —(ay)

1 A
K(z) = A2 G’g;fzq ox? 1 L. .. (2.5)
(ba), 1= 5 —(be)

Thus it follows that the function K(z) as given by (2.5) is a symmetrical
Fourier kernel. This result takes the form, which has otherwise been obtained

1
by Fox (1961) by an entirely different process on taking A = % and a? = k.
It is easy to deduce (Titchmarsh 1948, p. 220) that

VB K(Bx) and yat -V K(a?)

are also symmetrical Fourier kernels where K(x) is given by (2.5). The reci-
procity between (2.3) and (2.4) has rigorously been established by Fox. We
therefore, proceed with the further study of the said transform.

Further, on specializing the parameters in the symmetrical Fourier kernel
(2.5) it is easy to arrive at the Fourier kernels given earlier by Roop Narain
(1956-57, 1959) and Mehra (1958).

A Transform Pair

From (2.3), (2.4) and (2.5) we obtain on making use of a known result
(Erdélyi 1954a, p. 337) the following pair of the @-transform:

q 2
i r(bj+ﬁ+lk) i P(l-a—’—‘—l)
st~t and /\“8"“‘%!=1 A2 7=1 A 2

i bk 1) A gt 1
fglp(b’ /\_,.2'\)’1:1111(1 aty 2_)\)

3

where
. 1
— Re (b Lo _) - .
,min e(1)<Re(}‘+2A <1 lin;zi:pRe(aa)
§3. In this section self-reciprocal functions associated with K(x) as
given by (2.5) are deduced. If

f@)=[J Eafw)dy, .. .. .. @D

then f(z) is said to be the self-reciprocal function for the kernel K(z). All
symmetrical Fourier kernels can be associated with self-reciprocal functions
and conversely.

We shall now determine conditions under which a function can be a
solution of the integral equation (3.1), where K() is the kernel (2.5), so that it
may be self-reciprocal for the kernel K(z).

3B
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Let F(s) be the Mellin transform of f(x). Then

Fs) = J' = ar1 f() do (e = o+i)
N (@), 1= 3 —(a5)
=)o | g1 Gg;,f’zq aay? 1 fly) dydx
0 0 (bq); 1— ;\ _(bq)

1 [° ® (ap), 1— by —(ap)
=P | fdy| w1687 | wiy . dz
0 0 {bg), 1 — 3

1
1-25 ® © —s—l (a’p); l_x—(ap)
o 2 yfydy | wt GrT | v . du
0 0 (ba); 1= 3 —(bo)

»
1-28 1q7 F(bj+§) IY I"(l—-a,,— —;)
o j=1 J=1

22

F(1—s)

8

g 1 P 1 ]
frr (o) f1 (1= ot )
on using a known integral relation (1), provided that

— min Re(h) < Re (g) < 1— max Re (a)).

1<j<gq 1<f<p
The inversion of the order of integration can easily be justified by De la
Vallee Poussin’s theorem, provided that (3.1) is absolutely convergent and the
Mellin transform of | f(z)| exists. Now, on putting

s 1‘17 P(b;r+§)
- L A

Fs)=a 2 P(s),

» 1 8
jIZ]_ r (1— ;\—-aj-i— X)
we get a functional relation

#(s) = P(1—s) L3
and, then, by Mellin’s inversion formula (Titchmarsh 1948)

1 ¢+t s Iq] P(bj+§)
« B 7=l z=*(s) ds,

7= 5 i 1"(1 1 s)
e—fo i -3 —a;+ 3

wiiere y(s) satisfies the functional relation (3.2).
By proceeding on similar lines as given by Titchmarsh (1948, p. 252)
for the Hankel transform, it is easy to arrive at the following:
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A necessary and sufficient condition that a function f(x) of 4(B, b) (in the
sense of Titchmarsh (1948, p. 252)) be self-reciprocal for the kernel given in

(2.5) is that it should he of the form -

1 c+iw s ]q]' F(bj+;‘f)
f(x):é_;i o B - i=1 ; - x™5(s) ds o (3.3)
oo M T(1=2 a2
i=1

where (s) is regular, satisfies the equation (3.2) in the strip

b<o<l=b; .. .. .. .. (34
ss) = O{e(q—p) & —ﬁ+n);t{§

for every positive n and uniformly in any strip interior to (3.4) and ¢ is any
value of o in (3.4).

Corollary—On taking a =} and A =2, p = 1, 9=2, a0, =k—m—}{r—1},
by = fv+iand by = v+ 2m-+1, we arrive at a result given by Roop Narain
(6, p. 284) for the X, g — transform.

Erample
The Mellin transform (Erdélyi 1954a, p. 337) of GZL,: (x EZ:J))) is
m n ‘
I T'tby+s) 11 T(1—ay—s)
J=1 j=1
"T;(T*T‘“,T‘“-—, .- .. .. (3.9)
gm0 J_S)j:11{+1p(aj+3)

where p-g < 2 (m+n), 0 < m < 7 0<n<pand — min Re (b)) < Re (s)
< I— max Re (g;). teism

1sisn
Therefore, on applying Mellin’s inversion formula and thereafter replacing

x by atz* and s by;> we get
1

+ (ar), l—x‘(a’p)
m+q, n i
r+p, htg | @ (bq)’ (bh>
c+io
1 - I P(”H") 1T P(b;+-) n I‘(l-a——-)
= — o 21 {=1 =1 o J
2ni — e




HANKEL TRANSFORM AND SELF-RECIPROCAL TUNCTIONS 37

This function can now be self-reciprocal if

11 (s 3) Fig F(l 8)
fl—'zl (1+X =1 _aj—x

$lo) = —L =1
AT r(l—b,f-;\) i I"(a,-{-_-;)

J=m+1 J=n+1

satisfies the functional relation ¢(s) = ¢(1—s), i.e. if

z"frr(b#) i 1‘(1 a ‘*) 11 r(b+1 f) 1 F(l 1 8)
o\ N e URTA L 4=t
L 8 r 8 L 1 s T 1 s ’
r 1—b——) i r(. _) I P(l—b—~ ) I p( __~)
j=z+1 ( ) J=n+1 a,+/\ J=m+1 ! /\+A J=n+t a,+’\ A

This relation admits a solution if m = n, r = b and a;+b; = 1— % , for j =

1,2,...,kh Hence, we have
1
(a'h), 1— X —(ap)
e | o ! .. (36)
(bo)y 1— 3 —(ba)

as a self-reciprocal function for the kernel K(x) given by (2.5).

Particular Case

When a =}, =2 =¢,p =1, a; =k—m—$—1}, b, =4v+41 and b, =
2m~+3v-+}, we find that the function

(@), v+m—F+] |

n+2, % 2
¢ (%x 4l dvtemtd, b—(an)

h+1, h+2

(3.7)

is self-reciprocal for X, j, m—transform, a result given by Roop Narain
(195657, p. 286). )

Several other functions self-reciprocal for other generalizations of Hankel
transform may be deduced as particular cases of (3.6).

§4. The function f(x) satisfying the integral equation (3.1), where K (z) is
the kernel given in (2.5), shall for brevity be denoted by R(a,, by), i.e. self-
reciprocal in the generalized transform associated with the G-function (2.5) as
the kernel.

We proceed to give below some rules connecting different classes of self-
reciprocal functions. The proofs of these rules can be developed on the same
lines as in the proofs of the corresponding rules of Hankel transform (Titeh-
marsh 1948, pp. 268-70). Further we assume that f(z) is integrable in (0, o)
and the integrals involved exist.
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Rule 1—1f
f) is Rlag, by) and
ooy ) el
Px) =—2—11-17J « i= 1 ] ;1 " Tw(s) ds,
cto 1 f'(l—x—-a,+,—\) I P(l s —pts
= 4.1)
where
w(8) = w(l—s), .. . .. .o (42)
then
9(@) = [ Play)fiy) dy e (43)
is R(pp, 8,)-

This rule corresponds to rule 2 of Titchmarsh (1948, p. 268). Also, since
the rule is symmetrical in a, p and b, § a kernel P(x) which transforms R(ay, b,)
into R(pyp, 8;) also effects the converse transformation.

Example

Taking w(s) = - and using the Mellin transform, we obtain

S| et

1 1
1— 5 —(a5), 1= 5 —(p,)

— 20,0
Pa) =G0 | o 00, (b) e (44)

a8 a kernel transforming R(ay, b,) into R(p,, 8¢) and vice versa.

The corresponding result due to Roop Narain (1956-57) can be obtained
as a particular case of (4.4).

Rule 2—If
f(x) is R(ap, b,) and

L[ jﬁlr (b,+§) nr (a¢+:l\ —~ ;)
— 2 = f=1
P(z) = 5 Ip] - ] Y . x'w(s)ds, (4.5)
i (1— A _aj+7\) :tglr (I—P‘— 5\)
where
then “(8) = w(l—s),
1 o0

. 9(9?)=5f01’(g)f(y)dy v e .. (48)
18 ‘R(Pp; 8q)-

This result corresponds to rule 3 of Titchmarsh (1948, p. 270).
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Example
Taking w(s)= ;— and using the Mellin transform (3.5), we obtain

1—

!
A
2 4
“rapia| 7 (Bo), (po)

(80, 1= 5 —(@»)

as a kernel transforming R(a,, b,) into R(pp, §,).

Particular Case

On taking A =2=¢q, p=1, 8§ =4u—3}, oy =k—m—}—}, b =+
$ by =4-2m4-L, 8 =1u+2n—} and p; =l—n-—in—3, we get the result
due to Roop Narain (1956-57), namely

i LI k)
22
] A A “
as a kernel transforming R,(k, m) into R,(I, n).
Rule 3—If
f(x) is R(ap, by) and P(x) satisfies the relation
1

xP(x):P(:;), ce e e (48)
then

“Tp(Y

g(x) = 5’.{0 P (a_:) fly) dy .. . .o (4.9

is also R(ay, by), where P(x) is the same as in Rule 2 with p, = a, and 8, = b,.
This result corresponds to Rule 4 of Titchmarsh (1948, p. 270).

Example
(i) Let P(w) = gma-1) (xm+1)—n.

Then, if f(x) is R(ayp, b,), s0 also is
g(z) = f . (y)¥me=b) (gm+y™)=* fy) dy.

(ii) Let P(x) ==zt F(x), where F(z) = F (%)
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Then, if F(z) is R(ap, b,), s0 also is
© X y
= -+ {¥ du.
g(x) = fo (xy) F(w) fy) dy

(an), 1— ; —(ap)

Taking f(z) = Gy 13 negl 2

(bg)y 1— ;\ —(an)

which is R(ap, by), we get

(@), 1= 5 = (ay)

hjy L— 3 = \Up

@ A

g(x) = f Pt Yelad g atwiz? Flw)dw
’ 0

B 1
v (be)y 1~ 5 ~(a»)

1
to be a R(ay, b,) function, if F(w) = F (;)
In particular, when p =1,¢9¢ =2, A =2, 0 =%, n =0 =h, a; =k—m

gz —3%, by =4{v+} and by =2m+-4v+4, then on using the result of
Erdélyi (1954b, p. 221 (68)), we get a result due to Roop Narain (6).
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