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In this paper we establish seven finite expansions for the H-function. On
account of a most general character of the H-function, expansions for other
gpecial functions occurring in physics and applied mathematics cen be
obtained as special cases of our results. We record here finite expansions
for Meijer’s G-function and hypergeometric functions. The particular cases
of these expansions yield various results recently obtained by Bose, Pathan,
Kulshreshtha and others.

1. INTRODUCTION
The H-function of Fox (1961, p. 408) is defined and expressed as follows:

m, n (als “1)’ e ey (aﬂa ap)] _ . "[ {(a'zn u’p)}]
Hm[x s B+ s (b B | = 220 |7 | (50, B}
1 J"T‘I I'(b;—pBys) ﬁ I'(1—a;+ays)
=5 i=1 i=1 2 ds .. (LY

g D
p I TA=b+Bs) II Ia—wys)
J=m+1 J=n+1

where z is not equal to zero and an empty product is interpreted as unity;
», ¢, m, n are integers satisfying lem<g; O<n<p; oy (j=1,..., p);
B (j=1,...,q) are positive numbers and a; (j=1,...,9), 0 (j=1,...,9)

are complex numbers such that no poles of I'(b,—pys) (h =1, . .., m) coincide
with any pole of '(1—a;+oys) =1, ..., n);ie.
ai(ba+v) # (w—n—1)8 .. . .. o (12)

mn=0,1,..0; (h=1,...,m; i=1,...,0)

Further the contour L runs from ¢—¢co to o100 such that the points

s=(b+v)By B=1,...,m; v=0,1,...) . .o (1Y)
which are poles of I'(b,—Bys) lie to the right of L and the points
8= (Gg—n—1)oy (t=1,...,2;9=0,1,...) .. (1.4)

which are poles of I'(i—a;+os) lie to the left of L. Such a contour is possible
on account of (1.2),
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2. FintTE EXPANSIONS FOR THE H-FUNCTION
The following expansions have been obtained in this section:

k k
(a1_§+rﬁ al)’ ('—al'_ § _1: al), (a3> “3): ety (a/ﬂy “p)
s N

k .
z l+w1 q)f v, q A
r=0 (bl’ Bl)’ caey (bq—l: Bq-l); (bq'—l_ '2—9 al)

k k
(a1+§, dl), (—011—1— é 3 o(1), (a'3> “3); R ] (apa “p)

=Hprz .20

(bh ﬂl)s veey (bq-ls ﬁq—l)’ (bq"'lic '—1: 11)

where
pSn>2, qg>1, Re (al— % —aal) #0, =1, =2,..., —(k=1).
k
(@g, 21)y ooy (@pors Gpot)s (B1+F—1, 1) ]
Hm n [
Z kc (1 a a1+a+ﬁ—'?‘ Z al b2; B2 D bq> ﬁq)
— Hm n [ (@1, @)+« 5 (Bpoys ®p_1)y (B 4-B—F—1, “1)] 2.2)
h (a'1+a+B k 2 al <b2’ B2 veey (bqs Bq) -
whnere
p>ns0,9gsms1, Re(3—a—a—P—ae) %0, =1, =2, ..., —(k=1).
k
(@1, %)y« v s (Bpo1y Gpoi)s (GrFC—1, o) ]
k, I’ - Hm n {
ZO o L(e=B—1) ? (yta—1, o), (@ +B4+r—1, a3), (bs, B, - - -, (bgs By
(@1, %3), « + o (Bprs %po), (B1FC—hk—1, ay) ]
= —B—k)H™ " [
Pe=p—h) »a |? (ar+a—1, ay), (@ +B—1, a), (b3, Ba), . . . (bgs Bd)
(2.3)
where
p>n>0 sm>2, Re(l—c+p)#0, —1, =2, ..., —(k~1). )
i ), [z ‘a—k+7, a1), (@, %), ..., (Bpoy, %p_)s (B +C—k—1, ‘11)]
=0 0,1-1 a1+“—k ]. a]_ (a1+ﬁ k—l otl b3, Ba cee s (bq, Bq)
— gm™n [z (@15 @1), - -+ s (@poy, Xp_1)y (@3 +C—k—1, o)) ] 2.4)
- . q (al'i'm'_]C 1 d]_ a1+ﬁ 1 “1) bs: ﬂ3)s LG (blls /311) -

p>ns1l, ¢g5m>2 Re(a,—k—u0) %0, —1=2, ..., —(k~1).

i Fg(—1)" I(l—c¢) Ne—a+k—c—r) (1 4a+c—e+r—k)

¢ I(l—c—r) INe+k—a) '(14+a—e—k)
(@1, ag)y < oo 5 {Bp1s 2p_1)s (a1+a+c—e+r—k, o) ]
(ay+a—1, ay), (@1+a—e—k, ay), (bs, Bs), - . - (bas Bo)
—_ F(e—G—a) P(l +a+C—"e) H™® [ (@1, A1), « -+ 5 (Bp_ys Op-1)s ((1:1+.'1—8+0, %) 1

Ile—a) I'14a—e) ? (nta—1, ay), (@, +a—e, ), (bgs Ba)s « + + » (bgs Ba)

. (2.5)

m, n
<z -
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where
p>n>0, ¢g>m=>2, Re (+ot+c—e—k—awo)#0, —1, —2,..., —(k—1).

3 ek Pic+k—r)Me—a—c—k) I'(14+a—e+c4-k)
Z ( c' L) I'e—a—r) F(14a—e+r)

< H™ " [ (@1, %), + v+ s (@Bpoyy Xpoa)s (1 +atetk—e, ay) ]
P.q (@+a—1, «;), (@ +a—e+r, a1), (b3, Bs)s - - -5 (bgs By
_ Ie—a—c) I'l+a+c—e) Hm [z (@1, 01); - - -5 {@p1s Gp_1), (G1+a+Cc—e, &) ]
o I'e—a)I'l+a—e) P a (@4+a—1, ay), (@ +a—e, a), (bs, Ba), . .. . (bg, By
(2.6)

where
p>n>0,¢g>m>2, Re(l—c—k) %0, -1, =2,..., —(k-—1).

i (=1)%k Ie—k) Me—a—c+k—r) '1+a—etc+r—k)
= o IeylNe—a—r) 'l +a—e+r)

o H™ T [z (@15 O1)y + ooy (@po1, %p_i)y (B1Fatc—etr—k, ;) ]
»a (@i+a—1, o), (a1+a—e+r, ay), (bs, Bs), s (bgs Ba)
_TIe—a—c I'l—e+atoc) g [z (@1, &1), « -+ s (@pe, Apy), (@1 Fa+0—e, %) ]
I'e—a)'1+a—e) 24 |" @ ta~—1, o)), (a4a—e, a;), (by, Ba)s - - - (bgy Ba)
2.7
where
p>n>0, ¢gSsm>2 Re(a;+atc—e—k—a0) %0, —1, — , —(k—1).

Proof of (2.1)
Expressing the H-function on the left of (2.1) in terms of Mellin-Barnes
integral by virtue of (1.1) we get

% I'(b;—B;s) j?] (1 —a;-+os) I’(l—-a1+§ --7'+¢18) I’(2+a1+§+als)
=3

k 1 io
E kc,.(l +a;=by): o
r=0 L

X a? ds.

On changing the order of integration and summation in the above series and
using a well-known result (Erdélyi 1953, p. 3, (3)), we have
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m
where the contour L runs from ¢—i00 to ¢4-ic0 such that poles of IT I'(b;—p;s)
=1
lie to the right of L and the poles of

F(2+a1+3—:+als), F’(l—-a1+§+a18) and 1”7 I'(1—a;40y8)
Z =8

lie to the left of L.

On expressing the Gauss’s hypergeometric function involved in the above
series in terms of Gamma-functions and interpreting the result thus obtained
by virtue of (1.1), we get the required result after a little simplification. The
proof is not complete unless we point out the conditions under which we are
justified in expressing

—k, 14a,—0,
oI k ; 1} (kis a non-negative integer)

[/ é —08
in terms of Gamma-functions. In our case the condition merely comes out to
be that Re (al— ’25 —aw) #0, —1, —2,..., —(k—1). The second condition

which is a convergence condition is not necessary here since the hyper-
geometric function given above consists of only finite number of terms if
expanded in a series.

The expansions (2.2) to (2.7) can be proved by proceeding on similar
lines.

3. ParTICULAR CASES

Putting a;=8;=1 for e =1, ..., p; j=1,..., ¢ in (2.1) to (2.7),
we obtain the following expansions for the G-functions:
Oy — 12£+r, —a,— g -l a4 ...,0,

k

Biy -+ s ooy be-t, By— 5 1

k
> ke l+a b6 |2
r=0

—ty—=—1,a;...,0a,

=Gm'; 2

. (3.1

k
byy vy bgess b¢+§ -1
where

p>n>2’ Q>1, R‘e(al'—g—o);éo’ "'1: -2,..., —(k_l)'

k
> ke (l—anp [z

r=0

Qg v o0 5 Ap_y, a’1+ﬁ—l ]
a1+a+p"‘r—2, bz, “o ey bq

(LTI a1+ﬂ'_k""l ] (3 2)
2.4 " ayfatf—k—2,bs ..., 0, )

=G'"’"[z
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where
_p>'n>0 gs>ms>1, Re 3—a,—a—f—0) %0, —1, =2, ..., —(k—1).

Ayy ovvy Bp_1, a1+c""'1
ko, Flo—B—r)G™ [ ]
Zo o T(0—=p—1) na |? ayta—1, a,+B+r—1, b3, ..., b,
_ _— Gy o ooy Qp_y, @y+c—k~1 ]
= Lle—p k)Gp:q [z ayta—1, a,4+8—1,b,y, ..., b, (3.3)
where
p>n>0’ q>m>2’ Re (1—6+ﬁ)¢0’ —1’ _2,'-',—'(1‘7—1)'
i (—1)Fk I'(B) gmn [Z a,+r—k, as, ..., Gp_1, @t+c—k—1 ]
. ‘“D(B—r) P2 ayto—k—=1, ay;4+B8—k—1,b;, ..., 8,
m n Ayy + vy Qpyy ByFc—k—1 ]
= G b, [ a1+“—k ]. a1+ﬂ 1 b3, ey bq ) (3‘4)
where
p>n>1 q>m>2,Re(a1—k—o)¢O’ _l) —2:,—(]6—1)'
i — (Q—c) 'e—a+k—c—r) (1 +a+c—e+tr—Ek)
“, c’ I'i—=¢—r) I'e+k—a) T(1+a—e—k)
al | G, aadc—edr—k
XG(:’Z’Q [Z at+a—1, a,+a—e—k, by, ..., b,
_T'e—c—a) I'14+a+c—e) G [ |as, oy o, ey Fa—etc ] 35
I'e—a)I'(1+a—e) na |? a;+a—1, a;+a—e, by, ..., b, (3.5)
where
p>n>0 g>m>2, Re (e, +at+c—e—k—0a)£0, —1, =2, ..., —(k—=1).

z 1)~k Ie+k—r) [(e—a—c—k) (14+a—e+c+k)
or I(c) Me—a—r) '(1+a—e1)

XGm [ Ayy v v o5 Gpy, a1+a+c+k—e J
?.q a1 4a—1, a;+a—e+r, by, ..., by
- I'le—a—e¢) 'l +a+c—e) g [ A1y ooy Qpey, OyF0FC—e ] 2.6)
I'(e—a) I'(1+a—e) ».q a;+a—1, a,ta—e, b, ..., b, (3.
where
. p>n>0 g>m>2 Re(l—c—k)5£0, —1, —2,..., —(k-=1).
Z Ie—k)I'e—a—c+k—7r) (1 +a—e+c+r—Ek)

I'c) '(e—a—r) Pl 4a—e+7)
@y, ..., Gp_y, @y +a+c—etr—k
ayta—1, ay+a—e+r, by, ..., by
_Tle—a—c)Fl—etatc) o4, [ Bis o5 Gpyy Gy Fatc—e 3.7)
I'e—a) '(1+a—e) »a |? a,+a—1, a;4a—e, b, ..., b, (3.

m, n
XGP’ ¢ [z
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where
p>n>0,g>m>2 Re(a+atc~e—k—0o)#£0, —1, =2, ..., —(k=1).
If we take m=1, n=p=¢g=21in (3.1); n=1, m=¢g=p=2 in
(32) and n =1, m=q=p =3 in (3.3) to (3.7), then using known result
[(Erdélyi 1953, p. 208(5); p. 209(g) in some cases)], we obtain the following

expansions for the hypergeometric function, under conditions easily obtainable
from (3.1) to (3.7).

k k
F(l+b1—a1+§ —7‘) 1+b1—“1+§ -7, 2+b1+a1+§
oy ;&

k
F(2+b1—b2+§) 2+bl—b2+]§c

k
Z ko (14+a,—by),
r=0

k k
F(1+b1—“1— ]21;) 1+b1—“1_'§ ) 2+b1+a1+§

7 P . A B .. .. (3.8)
r(240-0-2)  |otnnt

k
Z kc,-(l—a)r F______(d.-l-/g—f_—__l) 2-F1 [“"l‘ﬂ—'r—'l, 1+b1-a2; :17]
r=0

') B

r —k—1 at-pf—k—1, 14-b,—a,

= -(Eli—(-%—k) 21 [B_k ; x] (3.9)
k
_(lz—r) P(ag—l-r) @3, Gg+7, a3 .
Z TG, oFe [bl, by "”]

L(by—ay—k) I'(as) a1, Gz, B3

= Tb—F) 3F2 [bp bl x] . (3.10)

S (—1)erp, a=r) DA byt bmr—a)at" [u—r, B—r, Ltby—as+k—r _x]
Z ) o (l+a2_‘a1+k-r) P(G_r) ane c—=r, l+a2_a1+k—7' ’

_ Tla—k) I'1+b,—a,) [a—k B 1+by—a, ] 3.11)
'l %a,—a) Tic—k)* * |c—k, 1 +a5—a; ° T
S 1y, L= e—n—c+k—r) [a, 1ta—e—k, 1+b,—a; x]
Zo °r Pl—c—r)l"'(e+k a) ¥ ?|ll+atc—edr—k, 14+a,—a,’
__TI'(e—c—a) [“» l4a—e, 14-b,—a ) ] (3.12)
T T(e—a) *?|l+atc—e, 14as—a,’ T
z": 1y, Letk=1) Tle—a—c—k) [a,1+a—-e+r,1+b2-a1' ]
r=0(_ °r I'(c) Fe—r—a) *l14a—etctk, 14+a,—a;’
I'e—a—oc) a,l14+a—e, 14by—a, ]
— : .. (313
I'e—a) ® 2[1+a,+c—e, 14-6,—a, © (3.13)
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£ _l)k_rk G—k) F(e—a—c+k—r) {aﬁ 1+a—e+r, 1+b2—a1 . ]
z or I(c) I'(e—~a~—r7) 2l l4r—etatc—k, 14a,—a,’

T'e—a—c) a, 1+a—e, 14+by—a; ]
T T(e—a) *° [1+a+c—e, 14a,—a,” |
If we put a; = b, in (3.10), a, = b, in (3.11) and take the confluent form
of ,F, in (3.9), we obtain the expansions given recently by Pathan (1969,
2.2.9, 2.2.15, 2.3.10).
Also when &k = 1 in (3.10) to (3.14) and @, = b, in (3.10), @, = b, in (3.11)
to (3.14), we get the results given by Bose (1950, p. 202) and Kulshreshtha
(1967, p. 13).

r=90

. (3.14)
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