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We study statistical properties of the eigenvalues of a random matrix belong-
ing to the so-called Gaussian unitary and Gaussian orthogonal ensembles.
An expression is given for the probability that an interval of length 2¢
contains exactly n levels (their positions are specified or not). This result is
used to derive the probability density of the spacing between a level and its
nth neighbour (the positions of the (n—1) intermediate levels are specified or
not).

1. INTRODUCTION

To explain the statistical properties of energy levels of complex systems
one usually studies, as a model, the eigenvalues of a random matrix (Porter
1965). The random matrices can be chosen from a great variety of ensembles
(Porter 1965). Here we shall be concerned only with the so-called Gaussian
ensembles defined as follows.

(i) Gaussian orthogonal ensemble—The matrices are real symmetric. All
the matrix elements M,; with ¢ > j are independent random variables. The
joint probability density P(M) for M is invariant under all real orthogonal
transformations. _

(il) Gaussian unitary ensemble—The matrices are hermitian. The real
and imaginary parts of My with ¢ > j and the diagonal elements M, are
independent random variables. The joint probability density P(M) for M is
invariant under all unitary transformations.

It can be shown (Mehta 1967, Chapter 3) that the joint probability
density for the eigenvalues of such matrices is given by

N
Pyg(zy, ..., 2y) =Cn,5. n |&—2; B . exp (—%B xz x,z) (L.1)
: 1si<js<N i=1 )
where N is the order of the matrices and 8 is a parameter; g = 1 for the
orthogonal ensemble and B = 2 for the unitary ensemble.*

* The value B = 4 corresponds to the Gaussian symplectic ensemble, where the matrix
elements of M are real quaternions, M is self-dual, the various parts of the elements My, 1 = j
are independent random variables and P(M) is invariant under all symplectic transformations.
The statistical properties of the eigenvalues of such matrices are identical to those of an alternate
series from the orthogonal ensemble. The later can be treated in a straightforward manner.
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The constant Cyy, is

Ong = (2m)~NEGNHENN-DT(1+3) [ 1T TA+38). .. (L2)
i=1

It is chosen so that

fiow“-fPNﬁ(wu---,xN)d:vl...d:vN=1.

It is of interest to keep in expression (1.1) a few variables, say » in num-
ber, fixed at particular values near the origin and to integrate over all the
other variables. If these other variables are integrated from — oo to co with-
out any restriction we get the n-level correlation function (Mehta 1971). On
the other hand, we may integrate over these variables from — oo to —@ and
from 8 to oo, thus leaving empty an interval of length 20 which contains all
the non-integrated variables around the origin. This gives us the probability
that an interval of length 28 contains exactly n levels situated at positions
%y, ..., &y, Namely:

N!

Ag(0; 2y, ... , Z0) = m f(out) . fPNB(xl, ven s TN) ABagy . . day. (1.3)

The quantities of interest are those which remain finite in the limit
N> . Weput

=1
T
1 1.4)
Y= ;(QN)*x,, ji=1,
and define
Be(t; 41, - .. » Yn) =N1i_1£° (w]2N)3)"4p(0; 215 - . . 5 Ta). .. (LB)
This is the probability that in a series of eigenvalues with mean spacing unity
an interval of length 2¢{ contains exactly n levels at positions v, ..., ¥a-
To get the probability that a randomly chosen interval of length § = 2f
contains exactly » levels one has to integrate Bg(t; ¥1, . . ., Yn) OVEr 91, . . ., Yy
from —t to ¢,
Sje
Bg(n; 8) = j_S/z. . .jBﬁ(S/z; Yis s Yn) By - . . dyu. .. (L6)

If we put y; = —t, y, = ¢ and integrate over ys, ..., ¥, from —& to f, we
get the (n—2)th neighbour spacing distribution

sz
S S 8
—2' = — -y w—— — “ow n v e n- .
pe(n—2; 8) = n(n 1)}_5/2..}33(2, 523 Us ,y)dys aYa. (L.T)
The p4(n; S) and Eﬁ(n 8) are of course related (Mehta 1967, Appendix
A1),

d

& ,
758 Za(n; 8) = pa(n; 8)—2pg(n—1; 8)+pp(n—2; 8), n=2 .. (L8)

d?
a5 Bell; 8) = pa(l; 8)—2pp(0; 8)
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or
n dz
paln; 8) = > (n—j+) g5 Baii ). .. .. (A9
i=o0
The Eg(n; S) satisfy the relation
Z Em:8) =1 .. .. .. ..(110
n=0
To get the probability that n—1 consecutive spacings have values §y, .. .,
8, it is sufficient first to order the y; as ]
<y <. Sy <t R B § )
and then to substitute
-1
t=—y1=%n2 8 .. .. . .. .. (1L12)
i=1
i-1 n=1
Y= 2 —3 2T 5, i=2,...,n .. .. (1.13)
j=1 i=1
(thus ¥, =1)

in the expression for By(t; 1, . . . , ¥n)-

Explicit expressions are derived for Bs(t; vy, ..., Yn), Eg(n; S) and
pa(n; S) for the cases =1 and B = 2. For the case B = 4 two alternative
expressions for E,(n; S) are given in Appendix C. Formulae for B, and p,
are easy to derive and cumbersome to write; we will simply omit them.

2. Tae UniTarYy ENsSEMBLE: CASE B = 2

To calculate the integral (1.3) it is convenient to introduce the harmonic
oscillator functions

F)
¢1($)=(2fj!Jw)‘*.ezzj2(—%) =% .. @20

and write Pys(%y, ..., ¥y) as a determinant (Mehta 1967, Chapter 6.1) with
elements X2 ¢;(xg)d;(xx) :
E

1
Pyglxy, ..., 2y) = m{det [:-1@))i,5=1,.... 8}

N 2.2)

det [ > @(m)@(m)]
k=1

2~

{§,i=0,...,N-1
We want to calculate
_ N
Az(G, Ly, ooy x,,) = m (ot v PNg(xl, ey xN) dm,,“ ... dxy. (23)

The subscript ‘out’ means that the variables z;, . . ., zy belong to the intervals

o]0, flgj<n }

2
|| >0, fnt+l<j<N (2.4)
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In eqn. (2.2) the row with index ¢ can be considered as a sum of N rows with
elements ¢y(zg)ds(xg), k =1,..., N. Expressing each row as such sums,
we write the determinant in eqn. (2.2) as a sum of determinants. If a variable
occurs in two or more rows, these rows are proportional and therefore the
corresponding determinant is zero. The non-zero determinants are those in
which all the indices % are different.

1
Pro(wy, ..., zN) =mz det [di(@we)bs(@e,))ij=0,..., v-1. .- (2.5)-
(Ks)
The indices ky, . . ., ky., are obtained by permutation of 1,..., N and in

eqn. (2.5) the summation is over all permutations. As each variable #y, .. .,
zy occurs in one and only one row of any of the determinants of eqn. (2.5)
one may easily integrate over as many variables as one likes. After integrating
OVer Zp.1, ..., Zy we expand each determinant in the Laplace manner
according to the » rows containing the variables #, ..., z,. Introducing the
matrix g with elements

6
oy == Oy — f_o‘ﬁt(x)‘ﬁ:(x)dx . . .. (2.6)
we obtain the result:

1
As(6; 21, ..., a) = = D {det [Go (e (Tu)le, 1=1, ..., 0} Cta,... insinsenrin-  (2.7)
n! )
@3

The indices 4y, . . . , i, are chosen from 1, . .., N as also the indices jy, . . ., ju.
The indices i, . . . , i, are not ordered, while the indices jy, . . . , i are ordered
J1<...<ju The summation in (2.7) is extended over all possible choices
of indices satisfying the above conditions. The cofactor Gy, ..., én; jy, ..., ju
is apart from a sign the determinant of the (N—n)X (N —=) matrix ob-
tained from g by omitting the rows ;, ..., ¢, and the columns j;, ..., js.

n
The sign is plus or minus according as 2 (ix-+jx) is even or odd. Therefore
k=1

(Gantmacher 1959)

Gia,... tidn, oo, 10 = det [g] . det {[(9'1)ﬂ]1=;1,...,1n}- .. (2.8)
$=11,.... In ,

Let us briefly recall (Mehta 1967, Chapters 6.1, 5.5) the diagonalization
of g. For the case n = 0, eqn. (2.7) reads
Ay(0) = det [q]

= det [3y— [, dua)dy(o) da],
N—

=Ta-xn .. .. e
=0

j=0,...,N=1

where the A;, i =0, 1,..., N—1, are the eigenvalues of the matrix [y] with
elements

w=[ $@h@ds .. .. .. .. (210



PROBABILITIES FOR SEVERAL CONSECUTIVE EIGENVALUES 333

ie.
N-1
’_2—70 ')’qh"; == hﬂ;Ak. .o . . . (2.11)
Equivalently, the A; are the eigenvalues of the integral equation
6
Muw) = [_ K@ yphwdy - . . (212)
with the kernel
N-1
Kz, y) = {{,‘0 bi(z)di(y) .. .. .. .. (2.13)
and the eigenfunctions
N-1
:/u(a:) = .1{:0 hﬁnﬁ;(x). . . .. i (214)

The normalization of the () depends on that of the eigenvectors of y. Asvy
is real and symmetric we may choose (Mehta 1967, Appendix A.23.5) its
eigenvectors to be real and normalized to unity, so that & = [Ay] is a real
orthogonal matrix:

N-1 N=1
2 hﬁhkj = 2 hﬂhjk - 8” . .- .. .. (2.15)
7=0 1=0
From eqgns. (2.13)-(2.15) we deduce
N-1
K(z,y) = ‘{:olp‘(x),p,(y). N ¢ A )
Since K is real and symmetric, its eigenfunctions () are orthogonal
fe_,,«/u(x)sbf(z)dw =0, 17#j. .. .. 207

However, their normalization is not unity. From eqns. (2.12), (2.16) and
(2.17) one gets

[ ge@de=n. . . . .

To take the limits as N — oo, let us put
D=nz[(2N)}, 0=Dt, x=Dif, y= Dl .. .. (2.19)
and keep £, 7, £ finite. Then it is known that (Mehta 1967, Appendix A.9)
K@y =~ (D)™ (220
(o) =2 aifuf) O 21§

where

_ sin (§—n)mt 9.99
Qem="000T L e

and where the fi(£) are the spheroidal functions, depending on the parameter
¢, solutions of the integral equation

Mfil€) = fl_l Q(¢, ) fi(n) dn. e (228)
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If we normalize the spheroidal functions as

[ ren@de=8, .. .. .. . e

then the constants a; are given by

0 1
A\ = f %@ dz = oDt j N GL
or
=MDt .. .. .. .. .. (229)
After this short digression, let us come back to eqns. (2.7) and (2.8). The
matrix k diagonalizes g and hence also ¢g~!, while it transforms the functions

&i(x) into Yy(x). Using eqns. (2.11), (2.14) and (2.15) we can write eqns. (2.7)
and (2.8) as

T %1_' > det [ anha@li,i-1, ..., o dot [1=4]. det [1—2)71],

. (2.26)

where A is the diagonal matrix with diagonal elements A;. As [1—A] is
diagonal, non-vanishing terms result if and only if the indices ¢ can be ob-
tained by a permutation P of the indices j:

h<. oo <Jn e=Jjrx, k=1,...,n .. .. (2.27)
Thus eqn. (2.26) can be written as

4,05 @y, . . . x,,)_ ¥7a (1=)y). Zl " '1—1,\j,,
h
: Z (=) dot [ @@ 1oy, p -~ (2.28)
which coincides with F
4403 ) =y T (1= Zl TR e L IR NI
. (2.29)

When N — o, § - 0 while ¢ and y; given by equation (1.4) are finite, we get
from equations (1.4), (1.5), (2.29) and (2.19), (2.21):

_ t"‘ My My .
Balts g oo ) =77 TA=X) D gy g (et {[fa(0nli)], 4, )™
7] 1 n
. (2.30)

Let us remind that the eigenvalues A; and the functions f;(¢) depend on ¢
as a parameter and that the indices 0 < j, <...< j, are integers.
The preceding formula can also be written in the following form:

A n
s Yty oo 3/») =1 H(l Ap) z 1 Aj —A det {[Z fh(yk/t)ffm(yk/t)]
1 k=1

4]
. (2.3D)

M) T=11, .0,

l,m:],;.-x
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In this equation, we may integrate immediately over y;, ..., ¥n». Using the

orthonormality condition of the fi(¢) [see eqn. (2.24)], we obtain from (1.6)
and (2.31):

A A,
Bytn; 8) = IT(1=2,) > 1—:\,"'1_,\f' .. (232
1 n

h<...<jp

In the same way, from (1.7), (2.30), (2.31) and (2.24), we get

4 Aj N,
z T W=D D (=D —=f1(= D5, (1)]- e e (233)
lL,m=1

On the other hand, to obtain the probability density of (n—1) consecutive
spacings 8;, ..., Sy_; one has only to make the substitutions (1.12), (1.13)
in the expression (2.30) or (2.31) as explained at the end of section 1.

The case n = 2 is of special interest. Putting S = 2¢, we get the prob-
ability density for a single spacing S as:

. — . - = 16 Az‘ /\21+1 2
P03 8) = BihS; —15, 48) = @ IT(1=)) D 1™ o1 Zl_&,ﬂfg,ﬂm.
. (2.34)
Using eqgns. (1.8) and (2.32), we may also write
a2 dz .
p2(0; S) =WE2(O; 8) = d82 II(1-»,) .. .. (2.35)

a result previously obtained (Mehta 1967, Chapter 6.1).

However, for numerical calculations, the expression (2.34) is better as will
now be explained. For ¢ = 0 the spheroidal functions f;(¢) are proportional to
the Legendre polynomials

and for £ < 1 they may be expanded in terms of them. Extensive numerical
tables (Stratton et al. 1956) are available for these expansion coefficients.
Using them one can calculate the A, fi(£) or any derivative of fi(£) to the
same accuracy as the coefficients themselves (Mehta 1967, Chapter 5.5). If a
function is known only numerically, its derivative is known with a lesser
precision. Equation (2.35) involves two numerical differentiations, hence its
precision is considerably less than that of (2.34) which involves no numerical
differentiation.
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3. TrE OrTHOGONAL ENSEMBLE: CaASE 8 =1

Because of the absolute value in eqn. (1.1) this case requires more care.
We would like to calculate

NI
A0 2y, ..., Ta) = mf(o“t). .. fPNl(xl, cee s BN) dnyy .. . dey (3.1)

where |2;| < 8,5 =1,..., n and the subscript ‘out’ means, as in section 2,
that in integrating over 2,1, . . . , xy the interval between —8 and 6 is excluded.
We shall use the method of integration over alternate variables (Mehta 1967,
.Chapter 5.2). The calculation is considerably simplified if N and # are both
even. -

Lot us order the variables #; < ... < xy, and write Py (z;, ..., y) as a
determinant whose elements are harmonic oscillator functions (2.1) and their
derivatives (Mehta 1967, Chapter 5.2). We take N even, N = 2m,

2m—1
sz, 1&gy oo s Tam) = Com,q - {.I (2_’!.7'! \/77)} . det [¢i-l(xj)]i, i=1,....2m. (3.2)
Using the relation

(Z+D¥apa(2) = —J25(2) + )iy 1 (@), .. .. (3.3)
one has

o B 2 \* Far(s)
det [d.-. =1,... =—1"'H(.——-)dt[/ ] .
ot [Ge-1(2)li, 7=1,...,2m = (=1, A\ e br(@))imo,..., m (3.4)
i=1,..., 2m.
Putting together eqns. (1.2), (3.2) and (3.4) we get

(=—2)=™ [4524(70:)]
Pgm g eee g m) — ——— ’ .
A8 Fam) =T Aot | e s e 3.5
i=1,2,...,2m
or written in full
Po(1) bo(s) . . . Po(%em)
(—aym $ol@)  Bo(®a) ...  o(em)
sz’ l(xl, s ey xm) = W .............................. . (3.6)
bom—s(T1) Pom—2(®s) ... Pom_g(Tem)
¢;m—2(z1) ¢;m-2(w2) cr ‘/’;m-z(”e'")
If n = 0, we get (Mehta 1967, Chapter 5.5)
4,00 = J.(out)' .. ngm. 1@ .- -5 Tom) doy . . . 2o = det [Gu), 5o, ..., m—2
. (3.7

where the matrix § has the elements

Juy = 8y~ fs_o bas(®) o) dex. .. . .. (3.8).

The diagonalization of § and the passage to the limit m — oo, § — 0 proceeds
exactly as in section 2, except that we now need only the even part in z of
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K(z, y), and only the even functions gy(x) and fy(£). Equations correspond-
ing to eqns. (2.9) to (2.25) are

A1(0)=1‘7(1-,\,,,) N X )
()

Fog = f Lb@ u@de . L L (310)
! —tj-jk=h—tkA2k . .. .. .o . . (311)
j=0
M) = [ B bty .. . L (312)
_ m=-1 m-1
Kz, y) = {fo boi(®) Posly) = jfo () Pas(y) .- .. (3.13)
() = 'E: ooy @) N S 71
m-1 _ _ m-1_ _ N

2 htjhkj ] 2 hﬁk_ﬁc = Su; .. . P P (315)
i=0 i=0
D=ax)(24/m),. §=Dt, t=Di§,, y=Dtn .. .. (3.16)
K(z, y) = DOQ(E, 1), -- .. .. .. .. (3.17)
Q¢ m) = HQE D+QE -} .. .. .. .. (318)

The symbols @£, ), ¢¥s(x), fi(€), A and a; have the same meaning as in
section 2. Equation (2.25) may be completed by
W@ = @y fRe . L (319)
m-—>r®
where the superseript j denotes the jth derivative.

Let us now come back to eqns. (3.1) and (3.6). In writing the expression
(3.68) we took the ordering of the variables as x; < ... < zy,. However, the
same expressions is valid also when —0 < a; < ... < %o < 0, 29pyy < Torye <
e . L Xy, and || <0 for j = 2r+1, 2r+2, ..., 2ni. This pertains to
the fact that the determinant in eqn. (3.6) does not change sign when the
columns containing the variables gy, ..., ¥m are passed one by one over
the 2r columns containing the variables z;, ..., %g. Let us therefore take
n=2r, r > 1. We expand the determinant in eqn. (3.6) by the first 2r
columns in the Laplace manner and integrate every term so obtained over
Zory1y ..., Lom outside the interval (—@, 8), while —0<z, < ... <2y <6,
using the method of integration over alternate variables (Mehta 1967, Chapter
6.2). Let us remark that the 2rx 2r determinants formed from the first 2r
columns of (3.6) not_all will have a non-zero coefficient. Only those containing
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g M .
e
r rows of functions ¢ and another r rows of functions ¢’ will survive. This is

s0 because

[ oty < o [Bs@bs@~bu@pudrdy = [ ({8,000 —$y )y )} dwdy = 0.

.. (3.20)
We also have

[ owry < [ (B @)@ = buu@)dy )} d dy = %o .- (321)
The result is

__9\~r b2t (%)) _
A1(0;x1,...,x2,)=( 2) Zdetj[ o )] .th,“__‘ir;jl,...,j,

(3.22)

where the summation is extended over all possible choices of the indices
<. <t j1<...<jefromO0,..., m—1. TheGi,..., i;4,...,j 1S apart
from a sign the (m—7r) X (m—r) determinant obtained from g by omitting the
TOWS 43, ..., iy and the columns j,...,j,. The sign is plus or minus according

r
as X (¢p+jg)isevenorodd. Thus@Gy, ... 4;5,...,5 isequal to (Gantmacher
k=1

1959) the determinant of § multiplied by an r X r determinant formed from the
elements of the inverse of §

Gi,....05 4, ..., 4, = det [g]. det {[(g“)ﬁ]j=11 ..... j,}. .. (3.23)
f=t,.000 1,

Diagonalizing 7 as explained above, and using eqns. (3.8) to (3.15), we get

( Pat, (%1
(—2)-rmet ) 2
(27.) [ L= 0( _'A2l % (1—A2i1) e (l—Azi,) 1 .det i[l/l2‘k(xj)]k= .

Ay(0; 3y, ..., @) =

.. (3.24)
With
D=n/(24/m), 0=Dt, z;=Dy, .. .. .. (3.25)
we get in the limit m — oo

. —2
Byt; s, ..., Yor) = Xm D¥ Ay(Dt; Dy, . .., Dygr) = =2 o )) t~2rn(1 Aat)
A A fZik .'/J/t)
2 T det | o . (3.26)
T, 1=y, Joo Wil =1, ..., ¢
i=1..., 2r

The variables y; satisfy of course the inequalities

—t<h<L... LY Lt .. .. .. (3.27)

the Ay and the fy(¢) depend on ¢ as a parameter and the indices ¢; < ... < i,
are non-negative integers.

A

i=1,...

,or
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To get E,(2r; S), eqn. (1.6), from (3.26) one may use again the method of
integration over alternate variables (Mehta 1967, Chapter 5.2). It is easy to
see that

[y an ] B ) fos@)—Fu@) fodl} = |

~lsy=<z<l

[y de{fy by —fu@ fwt =0 .. .. (328)
and that
[ty 2 n oo ] Sl i@~ Fu) 0} = —2(3s=FostD) [ Futw) dy).
. (3.29)

Therefore, the method of integration over alternate variables gives us

Agi Ags
By2r; 8) = I (1~My) . g M
' ( # i1 <Z< [, 1_’\2i1 1 —"Agif

1
. det [S{j_fzi(l) f—lfgj(y) dy] (330)

f,f=141.1%2, ..., 1
or (see Appendix A)

. _ ’\2‘1 Agiy f !
B2 §) = (1-x) > {Hzﬁ. vt ( 1 2 ) [0 dy)}

<. . <ty

. (3.31)

As we obtained (3.22) by integrating the expression (3.4) so we obtain from
(8.26) the following expression for p,(2r—2; 8)

p(2r—2; S)__—-—II(l Asr). z { Aoy 1=des, Za,,kb,k} (3.32)
<ty

f< ot 1—Aesy Agi T

where the summation over j, k in the above equation is over the indices
U4y« ., by, while

dt[fsu(—l) fz;(l)] S (1) .
A5 = (€ , = 4fo .. . .
' f(=1) £ e

and by, is the cofactor of the element (j, &) in

det [sy—fu) [* fu)ay], ,_, . (3:34)
That is to say (cf. Appendix A)
be = ful) [ furls) dy+8u{1=20u)) [ ful) dy} . (335)

where the index I takes all the values 4, ..., 4.
I
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We took n even, n = 2r, for convenience. If n is odd, n = 2r—1, one
can proceed as in chapter 16 of Mehta (1967). We shall omit the lengthy
details and content ourselves with the final formulae

(=2 ™ 241
Bi(t, y1s - - - 5 Yor-1) =—(§7_-_—1‘5'!-t 117(1—1\91)

Z Aot '\"’ Cfull) det Myfin, ooui) e (3360
1—A2f1
where the (2r~1)><(2r—1) matrix My, . . ., i) depends on the variables

Y15+ oo Yor-y 882

w0 ) ) () () ]
[f2, (#22) 1 (22) 1, (1229) . e (222) £, (222)]

. (337
j is one of the indices 4, . . ., %, and the summation in eqn. (3.36) is over all
possible choices of non-negative integers 0 < 4; < ... <14, and of j among
these integers. The variables y; are supposed to be ordered —f <y, < ...
< Yora < £. Integration over the y; from —i to £ gives

Ast Agi
By (2r—1; 8§ = H(l —Xa) . 21 B
%1—)‘211 1—2g,

{Zfqu) f fm,(y)dy} L. (339)
J=1

The expression for p,(2r—1; 8) is obtained by putting y; = —*¢, Yery = ¢
and integrating over the other variables. We get

2 A A
D:(2r—3; §) = — ‘_5_'2117 (1=Ay). z ; 241 2ty
4]

e T
. hi N 111213012885 12 - Jer(1). .. (3.39)
By definition
’ 1 1
Bfidasy = 2fzn(1){fzfg(1) f _Jo1s(¥) By—fags(1) j " Jes®) dy} . (3.40)

and bjyjy; 7,5 is, apart from a sign, the determinant obtained from (3.34)
by omitting the rows corresponding to the values j,, j3 and the columns cor-
responding to the values of j;, j. The sign can be fixed, as always, by bring-
ing this minor to the leading position in the upper left-hand corner. The
indices j, ji, je, jg are chosen from iy, . .., 3, and the summation in eqn. (3.39)

is over all such choices and then over all choices of the non-negative integers
0<H <. ... < iy
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The special case r = 1 is of particular interest. It gives the probability
density for a single spacing 8 = 2¢ as

2 1) f.(—1
2(0; ) = Bil38; 45, *S’=‘§‘<1—Azx> 1 de [f‘u) );‘7“;1) )]
2 2 o
= — 1=k Zﬁi—f (1)) (3.41)
- ,5'21( 2t - 4 1'—A2; 2 old/ . K

The probability p,(0; S) can also be calculated by using eqn. (1.8)

d2

pl(o S) dsz

L B0; 8) =L m1—1) e .. (342)

d82
a known result (Mehta 1967, Chapter 5.5). However, if the spheroidal funec-
tions fo(£) are known in terms of Legendre polynomials with a certain
numerical accuracy of the expansion coefficients, then, as we noted at the end
of section 2, the numbers obtained by using eqn. (3.41) are considerably more
precise than those obtained from (3.42).

100

0.751

0.50+

0.251

0 ! 2 3 4 ' S

Fia. 1. The eigenvalues A; as & function of S.
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4, NumericaL Resurts aAND Power SERIES EXPANSIONS

For t < 1 the spheroidal functions may be expanded (Stratton ef al.
1956, Robin 1959) in terms of Legendre polynomials,

ﬁ(w)=f’d,('i,t)P,(x) O % B

100-
E,(0;S)
075-
E.(1;S)

E,(2;S) .
e 1 Sl E,\(&S)_ e (5,9
0251

E,(6;S)

 J S S :

Fic. 2. The Ey(n; S) forn = 0,1, 2, 3, 4, 5, 6.

where the prime on the summation sign indicates that only those j occur for
which (j—1%) is an even integer. Extensive numerical tables for the coefficients
dy(i, t) are available (Stratton et al. 1956). To calculate the A; it is convenient
to note that the kernel Q(¢, ) in eqn. (2.22) is the square of the kernel

q(é ) = (3. et . e (42
i.e. that

fl_IQ(g, 7’) . q*(ﬂs l) d’q = Q(E, {). .o P .o (4.3)

Let us denote by ; the eigenvalues of the integral equation

wi®=[" atmiman . .
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The eigenfunctions fy(£) are either even or odd and may be chosen to be real.
Thus, they are also eigenfunctions of the complex conjugate integral equation.
Then eqn. (4.3) implies that

I\i=f"¢-f‘:=ll‘i!2. . .. .. .. (4.5)
Setting ¢ = 0 in eqn. (4.4) we get
WO =G fwdy L @)

while by differentiating (4.4) once with respect to ¢ and by setting £ = 0
we get

mf,(0) = (3t)E it fl_lnf‘(n) dn. .. - o)
Equations (4.5) and (4.6) give
§ ot ?
da= [ fumanfu){ . @9
while eqns. (4.5) and (4.7) give
o 1 ) 2
Asigy = 9 U {.[—1 nJfet41(n) dﬂ/fzz.,.l(o)} . .o (49)
100+
EZ(O;S)
0.75-
E2(1 ,S)
E.(2,9)
& BB Eps)  ESSS)
0504
025
EZ(G ;S)
0 r r v ; =
0 1 2 3 4 5 S

Fic. 3. The Eg(n; S)forn =0, 1, 2, 3, 4, 5, 6.
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where 1 is a non-negative integer. Equations (4.1), (4.8) and (4.9) then give
(Gaudin 1961 or Mehta 1967, Chapter 5.5)

Do = 2t do 2, 1) / > (- ———2?2-)1—)012,(2@', t)}" .. (410)
and (Kahn 1963 or Mehta 1967, Chapter 6.1)
Nty = —Q-wzt:’%\dl 2i41, 1) / > (-1 ——ﬁ(li')l?dz,ﬂ(zurl t)} (&11)

Thus from a knowledge of the coefficients d,(i, ) one may calculate the eigen-
values A;. The spheroidal functions fi(x) are of course given by eqn. (4.1).

We give in Appendix B a few terms of the power-series expansions of
X, Ji(x), Bg(n; S) and pg(n; S) for low values of ¢ and »n of interest. Tables
Ito IIT give A, 0 < ¢ < 8, B1(n; 8),0<n< 7, and Ey(n; 8),0 < n < 7 for
0< 8 <5 Figs. 1to 3 give a graphical representation of these functions.
For comparison the corresponding probabilities

Eo(n;8)=%3ne—s O R T

075+

050-

0.25- E0(8,' s)
E0 (9;S)
E 0 {10,9)
0‘ T T T
0 1 2 3 L 5 5

F1e. 4. The Eg(n; 8) = % Sne—s, for 0 < n < 10 (Poisson probabilities).
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for a set of independent random levels are drawn in Fig. 4 and the probabilities
E(n; 8) corresponding to equally spaced levels in Fig, 5.

100
050
0 Y { ; \ }
0 1 2 3 L 5 S
F16. 5. The Ew{n; §)forn = 0,1,2,... This trivial case corresponds to equally spaced levels.
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APPENDIX A

The determinant in eqn. (3.30) is of the form det [8;—uw;]. To evalu-
ate such a determinant it is convenient to border it with an extra row and
column, Thus

l—wwy —uwp ...  —Uyty 1 0 0 0
wy, l—uyw, —uw, ... —uy0,
—Ugty l—upvy ... —Upn|__
Uy =Uy T—Ugly ... —Ugts
— Uty —Uply ... 1—Uuv, Uy — —Uply —Ugls ... l—Upvy
1 v » Uy
u 1 0...0 "
= =1— Z U,
u, 0 1 0 el
i=1
Uy, 0 0 1

The cofactor by of the element (¢, §) in det [8;—wuyw] is easy to calculate by

the same bordering
”

b“ =8¢]{ l—z UV }-{-'Ilﬂ)‘ .
I=1

ArpeEnDIX B

, First few terms in the power series expansions of A, fs(z), E1(n; 8), Es(n; S),
pi(n; 8) and py(n; §).
2374 797

72 0
do=8— g5 5+ 35255 5'7153GOS +0(5%)
_ 72 Ll 417®

n=Ds— r—S T T0()
Dy = o g S+0(8%)

5106~ 2557556
A = 441000087"'0(50 )
X = 0(F+)

fo(x)=(§)*i(l—i—2—§655")+( S‘+4536 )P,x>+ S‘P,,(x)+0(S“)}
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fl(x>=<%>*{(1 14%’60084)P1(x)+( 156 = 43%S4)P3<x>

TSP+ 05" |

35280
Fle) = @) %(180 2T1g§)84 )"‘(1 6;’;?379284)})2()
+( T g 94 4016 |

fila) = (2“‘1) S (2)+0(Y)

P 3

B.(0; 8) = I—S"'?%Sa 120085+8100S6+705;0 8= sga600"> + -
Byl 8) = 8~ IZSSMFL(;)SL 8;80 80— 35;;OS7+2646008 +-
B2 8) = ggss_ 15008 810086 ‘
Bi0; 8) = 1-84 T 81— "—536+I7%038+ o
El;8) =8—" S4+§';;S°+
Ey2; 8) = 3684— 67—58 +.
22(0; 8) = %ZS— 6688+27TTO S4+Ig@85+ .
.

Pill; 8) = o S TS
72 8) = 17640008 +-
Pal0; §) =T 51— —”—34+,§% ot
Pl §)= oS
P(2; 8) = %gm814+ .

ArpEnpIx C

Aoty Ay,
n; 38) = _01 Az,)zl_)\%...l_)%

Assh. = Aosd
p RSN 52
{ i;ﬂ 1=y zs‘ 1;01_'\”’
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where

by =ful) [ fule) do.

If we introduce roots v; of the equation

i=1
Then
. - Vi
Eyn; 48) = 1T (1—w) > 772

(O]

The summations (i) are taken over all integers satisfying 0 <i; <i, < ...

< ig.

Vi,

... 1-—11‘”'
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