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An attempt has been made to study the stability of a rotating self-
gravitational fluid with finite resistivity and variable density. Through
variational formulation of the problem it is found that the system cannot be
overstable and if density varies exponentially it is conditionally stable.

1. INTRODUCTION

Hide (1955, 1956) and Chandrasekhar (1961) have made an extensive study
about the role of dissipative processes in the investigation of instability of the
fluid layer which reveals features both of heterogeneity and variation in
density due to thermal expansion. Shafranov (1960) and Oganesyan (1960a, b)
have explained the importance of such a study in astronomical context.
Hide (1955) has shown that the stability characteristics are dependent on
three adjustable parameters incorporating the roles of viscosity, resistivity
and buoyancy forces. The discussion involves only the cases of zero and
infinite resigtivity. In the case of zero resistivity instability exists for all
positive values of parameter characterizing the buoyancy forces while the
negativeness of the same parameter leads to stable equilibrium. Using energy
method Vardanian and Oganesyan (1962) have extended Hide’s analysis for a
simple model in infinitely conduecting self-gravitational fluid. The fluid is
stable for a critical wavenumber in the presence of magnetic field and condi-
tions under which magnetic field suppresses the development of unstable
harmonics have also been obtained. Jukes (1963) has discussed the effect of
finite resistivity in a different context. Sundaram (1968) has analysed the
- simultaneous roles of finite resistivity and viscosity in a fluid layer of variable
density and has established that the system is unstable for all wavenumbers
and finite resistivity.

We have studied the effect of uniform rotation on the stability of a magne-
tized self-gravitational fluid with viscosity and finite resistivity. Conditions
connecting different parameters are derived for the stability of the system
and discussion is also extended for some limiting cases.

2. FORMULATION OF THE PROBLEM
We consider in equilibrium, a horizontal strata of heavy, viscous, in-
compressible, conducting fluid of variable density. The fluid is assumed to be
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self-gravitating in the presence of uniform rotation 2 and magnetic field E both
being parallel to the vertical coordinate z only. The pressure p,, density p,,
coefficient of viscosity u, and gravitational potential ¢, are taken to be func-
tions of z.

If p, p, ¢, f;(u, v, w) and Zare small perturbations in pressure, density,
potential, velocity and magnetic field then the relevant equations of the
problem are
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where p is the magnetic permeability, 7 the res1st1v1ty and G is the grav1ta-
tional constant.
Choosing dependence of the perturbation of the form
q(2) exp (ikzx+ikyy +ni),
where k? = k,?4-k,% and denoting D = 9/9z the set of eqns. (2.1)—(2.6) gives
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Taking curl of eqn. (2.4) and writing z-component, we get

(n— V€= HD{. .. .. .. (2.16)
Equation (2.9) is obtained on subtracting k, times the z-component from k,
times the y-component of eqn. (2.3). Similarly eqn.-(2.10) is obtained on
adding %, times the x-component into k, times the y-component of eqn. (2.3).
In deducing eqns. (2.9) and (2.10) we have also made use of eqns. (2.8) and
(2.13). With the help of eqn. (2.7), eqn. (2.6) yields eqn. (2.14).

Eliminating p between eqns. (2.10) and (2.11) we obtain
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Equations (2.9), (2.12), (2.14) and (2.17) are the basic equations for
further analysis.

3. Bounpary CoNDITIONS

Assuming that the fluid is confined between the planes z = 0 and z = d,
the boundary conditions to be satisfied (Hide 1955) by the velocity and mag-
netic field are

w= D% = Dh, =0 (free gurface) . .. 3.0
w=Dw=h, =D, =0 (rigid surface) . .. (3.2)
and according to Chandrasekhar (1961 ; p. 22, 163)
E=D{ =10 (free surface) - . .. (3.3)
{=D¢{=0 (rigid surface). .. . .. (34)

In view of the fact that ¢ and the normal component of grad ¢ are con-
tinuous across the surface and on matching the solutions at the boundaries
z =0 and z = d we obtain (Sundaram 1968)

(D=k)p=0atz=0 .. . . .. (3.8)
D+k}p=0atz=d. - .. .. .. (3.6)

4. A VARIATIONAL PROCEDURE

For variational formulation of the problem, let z; and z; be two charac-
teristic values and distinguish the solutions belonging to these by the sub-
seripts ¢ and j. These characteristic values are due to the requirement that
the solution of eqns. (2.9), (2.12), (2.14) and (2.17) satisfies the boundary
conditions (3.1)~(3.6).

We consider eqn. (2.17) for the characteristic value #; and multiply it
by w;. Making use of eqns. (2.12) and (2.14) and the boundary conditions, we
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integrate between the limit 0 and d and obtam
a
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Using eqns. (2.9) and (2.18) and boundary conditions (3.3), (3.4) we evaluate
the last integral of eqn (4 1) in terms of integrals symmetric in the indices ¢
and j and finally eqn. (4.1) comes out to be
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Writing ¢ = j in eqn. (4.2) and suppressing the subscripts we find

I
n(I1+12+,;b‘g+I4+Is—Is) +hL+ I+ 1y g+ 1+ 1 =0 .. (44)

where the integrals I’s have the same meaning with suppressed subscripts
in the set (4.3). To see that eqn. (4.4) forms the basis for variational formula-
tion we consider arbitrary variations dw, 8h, 8¢, 8¢ and 8¢ in w, h, {, £ and ¢
respectively compatible with the boundary conditions (3.1)—(3.6). Consequent-
ly a variation 8n in # and 81 in I satisfy to the first order the relation

I
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where 8I’s are derived in accordance with expression given by the set (4.3)
compatible with the boundary conditions and are given by
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Using eqn. (2.17) and equations obtained from eqns. (2.9), (2.12), (2.14)
and (2.16) by giving arbitrary variations, it can be shown that

" (511 +312+%+314+515—31,) 81,41,

81,4814 81,8155 = 28n(lg—Iy—I,—I5). Co47)
Combining eqns. (4.5) and (4.7) we get
Sn(ll--lz—i-; —I4—Iﬁ+16) = 0.

Since the expression within the brackets does not vanish, in general, we infer
that 8n = 0. Therefore, a necessary and sufficient condition for 8» to vanish
to the first order for all small arbitrary variations is that the solution of eqns.
(2.9), (2.12), (2.14) and (2.17) is the solution of the characteristic value
problem,

If ny is complex, we suppose that n; and n; are complex conjugates and
from eqn. (4.2) we deduce that

- I7+IB+IB+IIO+III+II2

Re (n) = g (4.8)
I1+12+|Ts|2+14+15-16
I

Im (n)(]1+12— Th—"‘ﬁ —14—15-}-10) = 0. .. .. (4.9)

As n is complex, Im (n) 3 0, from eqn. (4.9) we have

I

Li+I41,= I—nf‘l—z+14+lﬁ. .. .. .. (4.10)

In view of the relation (4.10), eqn. (4.8) simplifies to
Re (n) = — [t lat Dot Laot Tt Iy .. (4.11)

2(I,+1,) '
From eqn. (4.11) we conclude that if # is complex Re (7) < 0 implying .

that if oscillatory modes exist they are stable, conversely overstability cannot
oceur.

5. STRATIFIED LAYER oF GraviTaTING FLuip

. .dAs an illustration of the variational approach we consider a stratified
uid bounded by free surfaces and assume that density varies exponentially

a8 the distj&nce in v?rtical direction., Using subscript ¢ for a constant quantity
and denoting the kinematic viscosity by » we write

and therefore PO Pee, g = vep, e .- . .. (81)
4nGp,
$o = _‘Bzi(l-l-ﬁz_esz) .. .. .. (5.2

where 8 is a constant.
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Consistent with the boundary conditions (3.1)-(3.6) we let the trial solu-
tion for w, h, ¢, £ and { be

w= 4 sin a2z, h = B cos az,

(DFk)p =Cef2sinaz, {=Dsginaz, {=F cos az}
where 4, B, C, D and E are arbitrary constants and « = mn/d, d being the
dimension of the fluid measured along the z-axis and m is a positive integer.
In the trial solution for ¢ the minus and plus signs correspond to the boundaries
z = 0 and z = d respectively.

On incorporating (5.1)-(5.3) in egns. (2.9), (2.12), (2.16) and (2.17) we
deduce the arbitrary constants. Dropping the subseript ¢ these are expressed
as

(5.3)

_ (Hpa)A
B= T
= — val[1+(@—2)P[(p+9)(p+26) +°]4
a}(p+1) 54
__(yHA ©4
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where we have introduced the non-dimensional parameters
— k — 2 — B 1 _n
=, i = 1422, a=C, =2, p=—s,
(5.5}
20 ., =G 0 = uH?/4mp
v N O e
In the derivation of C it is found that ¢,., = ¢,-4 which requires
a — 4ax —_—
e —I—I—"_—(a_—x)g-—x . .o .o (56)
and we have made use of eqn. (5.6) while determining the constant C' and

integral I,.

We calculate the integrals (4.3) and substitute their values in eqn. (4.4).
Using the set (5.4) to eliminate arbitrary constants we obtain the dispersion
relation

axz(3+y)[p+He+6)]p°+[L+6az (3 +y)]1p°
+[et L+6ax (3 +y) (262 +*) — 4y X A2{31*-a*(3t—2)}]p*
+{8+at(3 +y){6x et(2t*+7*) —mmy X6*} —2yX R{y*(y+1)
+2et[342 +02(3t—2)]}1p® +[et S —2.X A2{2M¢t Ao
+2y83(* +20%2%) +yy* {2+ 6% (et +27) — 2mmay A*26%(3 +y)]p*
—~A[2X (M N2 (2e+1) 2y et(i2+a2r)}
+mmay B(3+y)(t*+v*)+ 24X y*{2+2*y+1)}]p
—2Me XXt = 0 .. .. .. e .. .. (6.7
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where
L = ax(3+y)(1324+2¢2) =2y X ¥(2t+y—1)
§ = aw(3+y)(26 +72)2—2X N[ M A+ yt{662+6%(9t—8)}) .. (5.8)
M =8y—(3+y)(X+2), y=1+a"
Writing eqn. (5.7) as
Ay Agp® + AupP+ Aup*+ Asp*+ Asp®+ A7p+ 45 = 0
we observe that coefficients A4,, 4, and Ay are positive definite. The co-
efficients Ay, A, and Ag, Ag, A, are respectively positive definite if

13(e4+1)+2(e-+3)y2 > 3a A2(2t+a?) .- .. .. .. (5.9
2ar® W(2e+1)+222(3+9)(2+7) 2B+ D+
> 48ax A2[422X2 4 et(2a22% +12)] + S3mumat AR (34-y)[1 +(a—x)*]. .. (5.10)

From the inequalities (5.9) and (5.10) it follows that all the coefficients of
eqn. (5.7) are positive and hence it will not admit any positive root. The
roots will be negative or complex. If the roots are negative the perturbations
- are damped. If the roots are complex then as proved in § 4 the real part will
be negative. This ensures the stability of the system.

We now investigate some limiting cases. The discussion is similar to that
adopted for the general dispersion relation (5.7).

Casel: a€l, 250
The dispersion relation (5.7) reduces to the form
PHH(e+3)p" + (3e+3+67+y2)p* +[3e + 14202+ (e +-1)y%]p + (e +62)(1 492) = 0,
which establishes that the system is stable.
Case II: 0 €1, 2> 1
Regarding 1/22 to be a first order quantity it is found that an unstable

mode exists and
_ /_\ (mwew)*
P=3\zex1)

Case IT1: a> 1

‘ The dispersion relation is obtained by retaining terms of second order
in 1/a and it comes out to be

2/\2(X+1)p‘+2A2(X+1)(2+et)p“+[2z\2(X+1){2'}'2+t(3t"4)} .
et RO |p® + 2022 X + 1) {et+ 40%(2e + 1)} + 22N X +1) (el +2%)
Fmmat® X6%1p + 22 13(X +1)(482 +92) +-mma 02(5 492)] = 0,

fﬁSi_“ce all the coefficients, except that of p?, are positive real and from the
coetlicient of p? we conclude that the system is stable if x or y > (1/2)}. In
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case z, ¥ < (1/2)}, the system is stable if x > x;, where z, is the root of the
equation '

3uA 4202422 —1 = 0,
Case IV: x— o0 ’

The fluid layer is unstable and p is given by

Case V:y>1

Taking 1/y2 to be a first order quantity the dispersion relation (5.7) reduces
to the form

2ax(3+y)p*+2az {3+y)(3+€)p® +[ax(3+){262(3¢ +-2) +9?}
—2yX ¥(1+y)jp*+[az €(3+y)—2y X B{2+ (1+y)(et+2%)}]p
—yA[mma 2(3+y)+2¢ X(a%22+2)] = 0. .. .. .. (B.11)
We express eqn. (5.11) as
Asp*4 AP’ +Asp*+ Agp+ A5 = 0.
In eqn. (5.11) the coefficients 4, and 4, are positive real and 45 is nega-
tive real. The coefficient A, is positive real as it is containing 2. Therefore,

irrespective of the sign of coefficient 4, there is only one change of sign which
ensure the existence of an unstable mode.
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