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The object of this paper is to obtain the linear generating functions for
Jacobi, Laguerre and Bessel polynomials, involving the hypergeometric
functions of two variables and three variables. The particular cases of our
formulse lead to certain generalizations of the known and unknown results.

§ 1. By the use of Legendre transform, Tranter (1950) solved a boundary
value problem proposed by Nicholson who failed to solve it by Bessel-Fourier
analysis. Scott (1953) introduced a more general Jacobi transform and
applied it to a problem on heat conduction. Moreover, the exhaustive work
of Watson (1944) has shown a detailed treatment of Bessel functions, in various
types of problems, and later on, the Bessel polynomials defined by Krall and
Frink (1949) were related to these Bessel functions.

It is the usefulness of the Jacobi, Legendre, Bessel and other polynomials
in applied field which makes the study of polynomial sets interesting. Ob-
viously the generating functions always play a large and important role in the
study of polynomial sets. Therefore, we establish here some generating
relations for Jacobi, Laguerre and Bessel polynomials, involving Horn’s
functions of two variables (Erdélyi 1953, vol. I, pp. 224-26) and hypergeometric
functions of three variables defined by Saran (1954) and Jain (1966).

Our formula (2.3) generalizes the well-known results due to Burchnall
(1951) -and Krall and Frink (1949). Moreover, the formula (4.6) generalizes
the known result (Erdélyi 1953, vol. IT, p. 189) (19)). Further, on specializing
the parameters, some of our results yield the other interesting generating
relations for Jacobi, Laguerre and Bessel polynomials.

The Jacobi polynomials (Rainville 1960, p. 254) are given by

(1"‘“)" oFi(=n, LbadBtn; 14a; 1—2)2), .. (L1
Re () > —1, Re (8) > —1.

and the Laguerre polynomials (Rainville 1960, p. 200) are defined by
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The standard Bessel polynomials (Rainville 1960, p. 294) are defined by
nie, ) =
which, on replacing x by —z/b, putting ¢ = a—1 and multiplying by = !/(a—1)y,

reduces to Krall-Frink generalized Bessel polynomials defined by Krall and
Frink (1949),

‘2F,,( n, c+n; —; x) .. .. (L3)

Yu(@, b, x) = 2F0( q—l-}-n; - —%) .. .o (14)

The required Horn’s functions Hs, &,, &; and Hg (Erdélyi 1953,
vol. I, pp. 225-26) are defined by

(a)2m+n(B)n
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s, By, %, 9) m’n=0(y)m+nm!n!w Yy (1.5)
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ot o Dmsam il
< (@)emin
Hyla, y, %, y) = —— Tyt .. .. (L.8)
m,Z:O (Pmynm!n!
|zl <£.
The required hypergeometric functions of three variables ;%, &%, @0
defined by Jain (1966) and Fy defined by Saran (1954) are as follows:

S ntns10(0)m
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lzj<1, lyi<l.

i (@1)m4n4p(B1)m(Bs)n
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§2. We prove here the following formulae:

a

a(1ats, —87, E, ) 2 CA LB pa-memi) =, @)
9§;H <rlyl<s r+(s—32=14 Re(8)>—1, Re (&) > —1.
— = S _ (=% ja-2m n
He(—a, v, z, zy) = 2. Ol Fa—2a), Ly ™(y) .2, .. . .. (22
lz| <1 Re (x) > ~1.
HG(a’ Y, —xY, y) = z '}/)m lﬁm(“, x) y s .. e .. .o (2.3)

m=
2y <.
Proor: The L. H.S. of (2.1) is equal to

PR A e

Mm=0n=0
- o m (1+0£+ﬁ)m a(—B)mn (1—2 n i )
_mZ:o,Zo ¥)mn! jﬂ—n)! ( ) ) y™(—1)

(on reversing the inner summation)

_ Z l+oc+/3)m P(B—m,¢+m)(w) g™ (by (1.1))

which proves (2.1).

Proceeding as above, summing the series for m and using (1.2), we get
(2.2).

Again proceeding on similar lines, summing the series for » and using
(1.3), we get (2.3).

§ 3. In this section we prove the following formulae:

Oy(—B, v, =5, —ap) = > @%Lﬁ‘""mx’", e 6D
m=0
Re (8) > —-1.
OBy, — )= > T h-n ). . (2)
”=0(}’n - n

ley| < 1.
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Proor oF (3.1): The L.H.S. of (3.1) is equal to

2 Z y)m((mli)-,;—),; n! —Lyramy®

=0n=0

ﬁ LE-™ () zm (by (1.2))

f[\/le

which proves (3.1).
Proor or (3.2): The L.H.S. of (3.2) is equal to

(@) w(B)m

Dwm! (n—my1 (DY

n=0m=0
- ,,
—nZo GIaB—m), PB—m @) .y (by (1.3)

which proves (3.2).
§4. The formulae, to be proved here, are

(1—2)* D% (a, by; by—cs, 14055 2, y(1—2), y(1—2)(1—2)/2)

- (2)a (cs, cg—cy— 2n) .
z( —Co)n 1+c3),. @ .y .o .. .. 4])
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<x1) B2 Y35 72_)'3—'211: ”
- Z( —Ye)n (1+'Ys)nP @.y", . . .. 42)

el <r |(1—2)y|<s, | (1—2y(1—2)/2| < t, r+(Vs+4/1)* =1,
Re (ys) > —1, Re (yo—ys) > —1.
(l—x)_b13¢§;)(a1’_b1’_bl; (1/1, 029 62; xa —yz’ “'Z(l _x))
o 1 _
- z — Py 2 12| < 1, Re (b) > —1. . @4y
(ca)p
(l—x)b13¢$)(a1, bi, by; ay, €, €55 2, y, —y2(l—2))
-
1
=”Zom¢”(bl—n, 2.y lel<1. .. .. .. (44)
(1—~2)1 B8y, ay, a3, by, by by, 03, €0} @, y2(x—1), 2(z—1))
= i _ @ . 1 Hi<1 4.5
- (C) p(z—P;y)-z’|x|< ,|yz(x—)|< . (')
» 2 ?

(l_w)al ¢(l)(a'15 ay, 4y, b1,_b2§ bl) Cg, C2; X, y(x—1)7 yz(x—l))

2 ((Z:;”L(bn_")@) 9" 121 <1, |y—1)1 <1, Re (b)) > —1. (4.6)
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Proor: The L.H.S. of (4.1) is equal to
[ (2™ 2(1 =)+ (1 z)” i (o) m]
m=0

1_
x) np2=0 ! pl (—co)nll +65)p
«© n
- 2, 2 ()
505 (r—p)! ! (—c2)n_p(l+c5)p 2
(@)n Pl =% =m0y un by (1.1))
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which proves (4.1).

Proceeding on similar lines as above, the formulae (4.2), (4.3), (4.4), (4.5)
and (4.6) can be proved easily.

§5. Particular cases—In (2.3), putting y = «, applying the first part of

exercise 10 (Rainville 1960, p. 70}, we get
bl D) 0 50)

2 a-1 2y
1 4 - Ry s — —
(otden) (1+\/1+4zy) P (1+\/1+4xy) iy @n

which is due to Burchnall (1951).
1 and proceeding as above, we get

In (2.3), putting y = o =
2y S ¢n(l, 2)
(1+4-4ay)—t exp (———————.__) = L gy (6.2)
I+ 1+day) oy ™!
which is due to Krall and Frink (1949).
In (3.1), putting y = —B, we obtain
[+ 1 -
Z —o 1[ B4m wy]m’” = Z (8 m) L(B "y . 2™, (5.3)
m=0
In (3.2), putting @ = ¥, we have
(5.4)

eV(l+tay)f= Z (B~_-17)~¢,,(/9—n, ). Y™
n=90

In (4.1), taking ¢, = —a, we have

S -]
; a+n, y(l_z b= (cs> — —03—271«) n

z 'n,_! 1F1[1+03 ’ ] z P (Z) LYt (5.5)

n=0 2 |
In (4.4)’ Putting Cy = bls we get

- . .
BB o S T _ 5.

] ’ Z (b)) n(by~n)g Galby—~n, 2) . y" (5.6)

< (—1) [
2 F
=, nl * b 4n;
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Letting ¢ = a;, the generating relation (4.6) degenerates to the well-known
result (Erdélyi 1953, vol. II, p. 189 (19))

cr(lpgte= 2 LB Ve . L 6
n=0

Moreover, replacing « by a—1 and & by —=z/b in (2.3), and using (1.4),
we get the generating relation for Krall-Frink generalized Bessel polynomijals

xy < (a—1)p m | %Y
He(a—l, V%o y) = MZO ] ym(a, b, ) . y™, l? l <%} .. (5.8

In the same manner, we can easily transform the results (3.2), (4.4) and
(4.5) into the form of the Krall-Frink generalized Bessel polynomials.
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