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Formal solution of certain four series equations involving Laguerre poly-
nomials and generalized Bateman k-functions has been obtained. The
main result of this paper is that the solution of each set of four series equations
can be reduced to that of solving Fredholm integral equation of second
kind.

1. INTRODUCTION

Dual, triple and higher order series equations arise in the analysis of
mixed boundary value problems of mathematical physics and various attempts
to solve the dual and triple series equations by different methods have been
made by various authors. Here we will discuss the solution of four series
equations of the type:

z )’_{0(0<x<a) N B §
0 n+a+1 Top<z<e)

i x)_{f(x)(a<x<b) - .. (1.3)
=, n+u+f T @) c< 2 < ©) .. .o (14)
- (m)_{0(0<m<a) .. .. (1b)
Z n+l+1 Tlop<az<o) R € X
i (x)_{f(x)(a<x<b) .. .. @
4 n+l+ T g e<z< o). .. .. (L8)

Here L () is a Laguerre polynomial and Kg;(x) is a generalized Bateman
k-function. In the above equations f(x) and g(x) are prescribed functions.
A,’s are the unknown constants which are to be evaluated. -

These sets of four series equations are extension of triple series equations.
The method used here is similar to the one used by Cook (1963) to solve triple
integral equations involving Bessel functions. The main result of this paper
is that the solution of each set of four series equations can be reduced to
that of solving Fredholm integral equation of second kind.

The analysis is purely formal and justification for inversion of order of
integrations and summation have not been given while using them,
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Section 5 deals with the problem of determining the coefficients 4,, for
four series equations involving series of Laguerre polynomials while § 6 for
generalized Bateman k-functions where only the main results are given.
These results can be derived by the method given in §5.

2, SomME REsurnrs AND NOTATIONS

Following are the results which will be used in our further discussion.
They are either known or can be derived easily from the more general results
(Erdélyi 1954). The orthogonal property of Laguerre polynomials and
generalized Bateman k-functions are

fo x%¢~* L ()L, (x) do = TES) 8m " .. .. 20
® 22 n—1)!

fo P 1K§;(w)K21 (x) dow = o i - @)

where 8, 5 is the Kronecker delta. We also have

s « N 1! «
fo (x—y)~Y2y=L, (y) dy=(—ﬁ(—nm——“%—'§!)—x~+1/214;”2(x) e (23)
L (y—x) =2~y L3120 dy = (})! e~=L% () .. . .. .o (24)

e 2 (%) 20+1/2

‘ fo (w——y)—llze!’Kzn(y) dy = e“KZnHI/z(x) .. . . .. (2.5)

3! (141!

i1z 2
QT X7 ¢ K@ (26)

f : (y—a) sy~ L-SHE G ) dy =
Further we shall use the notations
B(t) = t-==112t, Hy(t) = e~2—1-504,
t) dt

Ko, ) m

3. VARIANTS OF ABEL’S INTEGRAL EQUATIONS

From well-known solutions of Abel’s integral equations (Sneddon 1966)
we deduce the following results.

If f(z) and f'(x) are continuous functions in (¢ < x < b), then the integral
equations

flx) = fx(x—t)-llzg(t)dt . .. .. (3.1)

a

and ,
f(z)=fz(t—x)'1/2g(t)dt . . .. (3.2
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have the solutions

g(t) —%%j (t—2x)~12f(x) d= .. .. .. (3.3
and
14 (® _
gt) = — =~ e (x—t) V2f(x)d2 .. .. .. (34)
respectively.,

4. Two SuMMATION RESULTS

As a preparation for the study of four series equations involving series of
Laguerre polynomials or series of generalized Bateman k-function, we es-
tablish two summation formulae. The results in question are

< (41! L% ()L E@)dt
K2 =Y e =& fm  mieE 6D

, - I+
Ky(u, ) = z 21(1{(—”1)"'! +;&+g+'§ wtle” “KZI 22Ky (u)

a®it1ge Ey(b) dt
= 23/4 Ty B %

™ fmax (w, o) {(E—u)(t—x)}}2 *2)
These results can be proved easily. We shall discuss the method of (4.1)

while (4.2) can be proved in the same way. Substituting the value of L (u)
from (2.4) in (4.1), we get on changing the order of integration and summation

Kwu,z) = %'-J‘u (y—u)—Y2e~vL(x, y) dy . . (4.3)
where
_ (n+D! . x+1/2
L(w, y) = 2. m[/n(xﬂ/" (¥)

substituting the value of L;“/z(y) from (2.3) and using orthogonality relation
(2.1), we get

Liz, y) = é),(y—:c) 12q2y~a~112H (3 —z) e e (49)

where H(t) is a Heaviside’s unit function. The relation (4.4) is easily proved.
On substituting the value of L(z, y) from (4.4) in (4.3) we obtain the result.

5. TrHE SoLUTION OF THE FOUR SERIES EQUATIONS INVOLVING
SERIES 0F LAGUERRE POLYNOMIALS

Here we assume that

n ,(x)_{x'%(x)...(a<z<b) .. .. (8.1)
L (ntat DU T gmen(g) <2< 0) .. .. (5.2)
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where m(w) and n(u) are unknown functions. These equations along with
(1.1), (1.2) and the orthogonality relation (2.1) give

Ag = (n+1)! {f: m(u)+fj n(u)} e~uLy(u) du. .. .. (5.3)

Substituting the value of the coefficients 4, from (5.3) in eqns. (1.3) and (1.4)
and further interchanging the order of integration and summation, we get

b ©
flx)= {fam(u)+fc n(u)} Ku,z)du...(a<ax<bd) .. (5.4)

b ®
glx) = {j m(u)—{-J. n(u)} K(u, z)du ... (c <z < o) .. (8.5)
Equation (5.5) can be written as

o) = | v ® B(y) dy
e~ %g(x) = J‘a m(u) Kz (u, x) du+Jc n(u) du fw w2 (G=2) =P (5.6)

The integral involved in (5.6) can be rewritten, on noting the change of the

order of integration,
@ -] w0 v
f du f dy = J dyf du.
c max. (%, x) x [

(The integrand being understood).
Hence (5.6) can be written as

> Bydy [V n(w) du _ b
fz (?/(—yx)gz Jc (y—u)ii2 = meTgw) = Ja mi) Eelu, ) du.
On using (3.4), we get

d % e "g(x) dx 1 -
h s [ =~ ,,W+ B
where

d da b E@ydt
dyf (w—y)l’zj miw) du {t—w (t—u)yriz’

Inverting the order of integration we obtain

b d o
I=fam(u)dud——f i—u 1/2f {(x— t—x }1/2

b d Ewde f m(u
= Jam(u) du@fy (t—u)ll?ﬂ (y— 1/2
Since
f ¢ dx _
y @— g Pf—z) "
hence >
Y n(u)du m(u) du
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where
_ 1 d [Teglx)de
o) = -7 dyfy gz o (B9

F(y) is a known function as g(x) is prescribed.
Again using (3.3) and in R.H.S. on replacing u as ¢

1 [? d d
n(w) =F1<u)—;fam(‘) d‘d—ufc T

1 f Y (c—t)2m(t) dt

n(u) = Fy{u)— = = Eu—1) . (5.10)

where

1 d (y) d
F’(“)"%f( it

Here we have used the result

d J‘ v dy I ke
(

du J ¢ (u—y)By—0 ~ (u—t){u—c)P’

Again consider the eqn. (5.4) which can be written as

b
S =f d”fm . x,{_—i(—)i?/‘”}»ﬁ+f n(w)Ky(u, 2) du. (5.11)

a

The integral involved in (5.11) can be rewritten as on noting the change of
order of integration

b © b Y © b
f duj dy=f dyf du+f dyf du.
a max, (Z, u) x a b a

(The integrand being understood).
Hence eqn. (5.11) can be written as

® B\ M(y) d y) d u)d ”

. (6.12)
where
Y m(w) du
= | o ly—0T
From (3.3), we get
1d M(y) dy
mw) = ﬂduf gt e L (513
The eqn. (5.12) is an Abel’s integral equation and its solution is
=2 1
By) My) = — & f m—f ()"32+ Ib-L .. .. (514

where :
Io d y-(-x—:m-gf mu)duK,,(u x)
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and
d [* dz

h=%l,=p"

feo n(w)Ku(u, z) du

First we consider

I‘fb dJE’(tdtdf d
°TJa (t—u)i2 dy J 4 {(x—y)({t —2)}2

b ©
. E(tydt  (t—b)L2
_J‘am(u)dufb o g By . (3.15)

Since

d J"’ dx (=
dy J y(@—y)2(t—2)2 " (b—y)2(t—y)

Secondly we consider

(" ® Emd 4 (° dz
= J , Pl du f w =B dy f o {E—y)i—a)p"
" ©  E@)(—-b)uzdt
= | o | iy

On interchanging the order of integration

; Ot—=b)v2dt [* n(u) du
1= b— V(i —y) (t—u)1/2'

Introducing the value of last mtegral in the above equation, from (5.8); we get

@) —byzge (° d
I, = Fo(y)— f - 1/2(),:— )f azﬁl’;):}l’z

where
© Fy)\E(t)(t—b)V2 dt

Fy(y) = fc b—y) =g *
Hence we have from (5.15)

m(u) du | {* (t—b)12E(t) dt ® (t—Db)2E(t) dt
Iy+1,=F, 3/)+f 1/2[fb ) %i—g)  J. (t_u)IIZ(t_y)]

t—b)}2E (1
=R+ [, g ®

R=fb’-"-(“—)i‘lﬁ.

a (t—u)l?

where

‘From eqn. (5.13) we get
R —f du (t— (t—w)i?

% M(s)ds

Tdu) g u—s)?

where

I0
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On integrating by parts, substituting the value of J and inverting the order of
integration in the last integral we get

1 du
”R=<t—b>1/2.[ o (b— sl/z j M) @ j —u)R(u— )12
1 (" M) b—s]
T wzj (b—s) [l“ | %

M b)Yz ds
= b—s) 1/2(t— ’

Here we use the relatlon

J.b du _ (b—s)12
s (t—u)32(u—s) 12— (t—s){t—b)L2"

Hence
b
Iy-+1, = Fyy) +7-1_;f M(s)RB(s, y) ds
where
N E@t)(t—b) dt
B, y) = f o T=s) (=9 o= b=
Hence

Foly

E)M) =~ 3 f i T L[ s, s

where R(s, y) is a symmetrical kernel. This is a Fredholm integral equation
of the second kind which determines the function M(y); m(w) is found from

eqn. (5.13). Then eqn. (5.10) determines n(u) and the coefficients A,’s
are calculated from (5.3).

6. SorutioNn ofF THE FoUr SERIES EQUATIONS INVOLVING
SERIES 0F (GENERALIZED BATEMAN K-FUNCTIONS

We started with the assumption that

i A, KZI( )= {e“"x’k(x) Lola<x<h) .. (6.1)
(n+1-+1)! etrk(x). .. c<ax< ). .. (6.2

These equations together with eqns. (1.5) and (1.6) and the orthogonality
relation (2.2) give

Ao= “Z;L(i“l 2 [ f w)+ f ] KRy du L. (63)

where the functions A(x) and k() are determined from the integral equations

b
Ey@)H) = $als) + 5 f HOR(,)dy . . (64
1 d (% H{y) d
M) =2 % @%i% (6.5)
n(w) = o)~ & ’ (o= Pm) dt (6.6)

a (u—c) ¥ (u—1)
I0B
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where
i) = — o f o ay [d f ® @t ry(@) de
YT T ¥ du ) By w—y) P |y ), T g
and
$oly) = — e L f ® et () de 1 f“" B(t)(b—1)2dt
2Y) = — 531 dy J 4 (w—y)¥2 2847 J o (b—y)V2(t—y)
« [ i f ® g2-lg~2g () dx]
dyJy (-
are known functions since f(x) and g(x) are prescribed
and

e E\(t)(b—t) dt
Ri(s, 9) = fb —0)y—t){(b—y)(s—Db)}”

is a symmetrical kernel.
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