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In this paper the author evaluates an integral involving the product of gener-
alized hypergeometric function and Fox’s H-function. Then a problem of
heat conduction in a semi-infinite circular cylinder when there are sources of
heat within the cylinder is solved. Lastly, by making use of the integral eva-
luated earlier, the solution of the problem by taking heat source as product of
exponential function and a generalized hypergeometric function is obtained.

On account of the general nature of the boundary conditions and heat source
considered, the solution of the problem of heat conduction yields many
useful and interesting cases. Also the integral evaluated is quite general
and is capable of giving a number of new and interesting integrals as its
special cases.

1. INTRODUCTION
The solution of the heat equation

2

Z;—(Z = k(%g+; gg) +(r, 1) .. . .. (L)
under the following boundary and initial conditions

0=0whenr=aqa,t>0

0=0wheni=0,0<r<a
has been recently obtained by many authors by taking the heat source ¢(r, t)
in terms of various special functions. Bhonsle (1966), for example, studied
the use of the Jacobi polynomials; Bajpai (1968, 1969) the Meijer’s G-function
and the associated Legendre functions while Sharma (1969) Fox’s H-function.

The aim of this paper is to solve the following problem of heat conduction

in a semi-infinite circular cylinder of radius @ bounded by the plane z = 0 and
the cylindrical surface r = a:

2 2
%“(:" k(%+% 3—34.3_;) e at) .. .. .. (12)
6 =10, aconstant, 2=0,0<r<a,t>0 .. .. (L3)
0=g(z, 1), r=a,2>0,1t>0 . .. (14)
O(r, 2, 0) = f(r, 2), 0<r<a,z>0 . .. (1.B)

the functions g(z, f) and f(r, z) being given. -
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We further suppose that
b(r, 2, 1) = k|K . §y(r) . $(2) . $4(t)
gz, t) = g1(2) . ga(1) R )
flr, 2) = filr) . fo(2)
where k is the diffusivity and K the conductivity of the material.

In this paper we consider a set of values of these functions and in par-
ticular take

-1
o ams __ZP Gl,'-'ach. _Z)
¢1(T) = 79 (1 a) hFa<d1’ e ds’ 1 a

€1, oo ©
where ,F, (dl dh ; x) is the generalized hypergeometric function defined as
1: v« o 5 Wg
‘ 3
o I (¢))n
61,...,6;,‘ _ f=1 :@:‘
"Fs(dl,...,ds’x)— e .- .. 17

n=0 I1 (dj)n
=1
The series in (1.7) is absolutely convergent for b < s+1or b =s41, |2 < 1,

s )

Re (12' di— ,2 cj) > 0 and none of d; is a negative integer or zero. The heat
=1 =1

source of this character may encompass several cases of interest due to the

Ci, . +., C
general nature of the function th( dl dh ; x)
1’ - v ey '8

In section 2, we establish an integral involving the product of Fox’s
H-function and the generalized hypergeometric function. This integral is
required for our subsequent work in this paper.

2. THE INTEGRAL
The H-function of Fox (1961) is defined and represented as:

Hm,n[x (a'l’ al)’ ML (ap’ “P)]
»e (01, By)s - .., (B, By)

. IT Thy—Be)  IT M(l—a;+ot)
J F=1 j=1

.k dE .. (21)

2l B ra-b+pt) I Tle—ap)
J=m+1 J=nt1

where an empty product is interpreted as unity; 0 <m < ¢, 0 <7 < p and
o; (j=1,...,p)and B, (R =1, ..., q) are positive numbers. The poles of
the integrand are simple. The contour C is a straight line parallel to the
imaginary axis such that the poles of I'(b;—B8i¢) ( =1,..., m) lie to its
right and those of I'(l—a;+asé) (j=1,...,n) lie to its left. When
=8 =10C=1,...,p;j=1,...,q), the H-function reduces to Meijer’s
G-function (Erdélyi 1953).
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Braaksma (1963) has obtained the conditions of convergence of the integral
(2.1) and the asymptotic expansions of the H-function.

In this paper (a,) will stand for a,, ..., ap; {(ap, xp)} for (a5, «;), ...,
(aps p); Ak, o) for ajk, (a+1)/k, ..., (a+k—1)/k; {A(k, ), B} for (a/k, B),
((e+1)/k, B), ..., ((a+k—1)/k, B) and (a)y, for I'(a-+-m)/I(a).

Here we establish the following integral:

lxn—f (L—z)-? F(o"""°”~ x")
: r th sdl,...,ds’a

0
{(az, “p)}:l de

X H;"”:[z(l—x)‘

{(bqa :B!l)}
1T (o)
2 Gv vk -
=rp. > — 2 0 (Pﬂk 1)
v=o II (dj)y i=1 v

A
-~ {A(k, l—P_a)’ E}: (1_07 A)’ {(aP’ ap)}
XHZL-’!-ZILZMH 2 A (2.2)
{(647 Bd)}7 (1"'"P"'0', A)s {A(k: l_P_a—kV), z}

n
where Re (p) > 0, Re (6)> 0, k is a positive integer; A >0, A = 2 (ay)
j=1

m D g
+ 2 B)— 2 (¢)— X (B)>0,|arg.z| <1/24xand Re (c—*—)\ﬁ) >0
i=1 J=n+l J=m+1 B

G=1,...,m).

Proor: To establish (2.2), we substitute the value of the H-function
from (2.1) in the integrand of (2.2), interchange the order of integration which
is justified under the conditions stated (due to the absolute convergence of the
integrals involved in the process) and get

~3,
P

I'(1—a;+asé)

5 JAdE

1 j‘ I I'(b;—Bs¢)
s=1
c

4 ’ F 4
I I'(1—=b+p¢) I I(a—of)
j=m+1 J=n+1

1
X xP‘l(l—x)°+"f‘1.,,Fs(cl’ ""c"; am") dx ).
5 du, ..., d,

On evaluating the z-integral with the help of Rainville’s (1963) result, ex-
pressing p4pFs4x(2) in terms of an infinite series as defined in (1.7), inter-
changing the order of integration and summation (which is permissible under
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the stated conditions) and interpreting the result with the help of (2.1), the
desired result is established.

Corollary—On taking e =k =o; = =1(i=1,...,p,j=1,...,¢) in
(2.2), we get the following integral: :

1
C1s .o, Cp (a'P)
=1{1 e Yo -1 . m, n _
JO 2r~1(1—-z) ,,F,g(db L x)Gpiq [z(l x)? (bq)] dx
o IT
-3 o O Pty 1
§ t ‘ AtV
o 01y VY
j=1
AR, 1—0), (a,)
m, n+A [
XGp+A, <1+/\[z (ba), AA, l—p—a—V)] 2.3)

where Re (p) > 0, Re (o) > 0, A is a positive integer, Re (c+Ab;) > 0 (j = 1, 2,
., m), 8 = (m+n)—1/2(p-+q) >0, and |arg. 2] < «d.
It may be remarked here that in case |arg. z| = 8=, 3 > 0, the integral
in (2.3) is valid if the following conditions are satisfied (Luke 1969):
(1) Re (p) > 0, Re (o) > 0, A is a positive integer, Re (¢-+Ab;) > 0, and

D q
(ii) Re ( 2 oa— X bj) >1 when p=g¢g; and when pz%gq, if with
7=1 i=1

¢ = p+ir, p and 7 real, u is chosen so that for o - $ o0,
g )
(@—p)p>Re | & b— 2 a)+1-12(q—p).

3. Fourier SineE aAND FintTe HankEL TRANSFORMS

Let the Fourier sine transform of 8(r, 2, t) be
0. 0)= [ 00,2 08ingads, £>0. .. .. (D)
Then, we have (Erdélyi 1954a)
Or, 2, t) = %f: B(r, &, 1) sin £edE, 2>0. .. .. (32)
Also, let the finite Hankel transform of u(r) be (Snnedon 1951)

Tty nd= [ r B dr =um. .. . @3
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Then, on taking m =1, n=0=p, ¢=2, b, =by,=0,1=2, z = 1—rla
and z = 1/4 a?y¢ in (2.3) and using Erdélyi (1954b), we obtain:

~1
~2f1=1) (°° ___f_). ]
"[’” (‘ a) Lk AT A A

S 181‘6’)V_11‘1<p+v>1”(o>_i‘
v=o0 Il (dj)V (p+V+O’) v

J=1
o 1to
X o F 2 2 —}atn? .. (34)
s pto+V 1+p+o+V’ ' )
’ 2 ’ 2

where Re (p) > 0, Re (¢) > 0 and 7; is a root of the transcendental equation
Tolans) = 0. R X))

Because of the inversion theorem (Snnedon 1951), we have:

-1 Ciyoves €
-9 _Z 1» s h. _Z)
r (1 a) ”F“(dl,...,d,’l a

h
IT (¢;)v
Tp+V) 1
_2aa—21" i=1 —
' {
z zo H )y Fp+V+40) V!
o 140
2’ 2 Jolrmi)
F . 12,2 0
b T Ty Al | [PA T @9
’ 2 ? 2

where the sum is to be taken over all the positive roots of (3.5).

(3.6) is used later in verifying the solution of the problem mentioned in
(1.2) to (1.5).

4., SOLUTION OF THE PROBLEM

To solve (1.2), we first employ the Fourier sine transform 6(r, £, £) defined
by (3.1). Then, since § = 6, when z = 0, we find that

© 020
f | e tin fadz = £0,—£20(r, £, 1)

provided 8 and 96/3z both tend to zero as z-» o0, so that on multiplying
eqn. (L.1) by sin £z and integrating with respect to z between limits (0, o)
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we obtain the partial differential equation

06 %0 196
Fri k('a—r"z'f'; 5;+§00-§25)+§5(r, £ 1),
0<r<a,t>0 .. .. .. .. (a1
for the function §{r, &, t), where
$(r, £, 1) = _[: $(r, 2, 1) sin Ezdz. .. .. .. (42)

We now employ the finite Hankel transform 5(1“, £, 1) of §(r, &, t) defined in

(3.3), to transform eqn. (4.1) to an ordinary differential equation.
0

Then, since O(a, £ t) = f g(z, 1) sin ézdz = g(¢, t), and

o (%6 108 _ =
[ r(G24+E Dma e = na i, 0=

on multiplying both sides of eqn. (4.1) by rJy(ns) and integrating over r
between limits (0, a), we find that 8(";, ¢, t) satisfies the first order equation

g—f+k(62+m2)5 = kam: Jy(n@)(£, 1)

+ké.§‘on=fl(ma>+$(m, £, 1>0 .. (43)
where

Flms, £, 1) = f:rJ(,(mrm(r, E0dr. .. .. .. (44)

The solution of (4.3) can easily be shown to be

= t
O(ms, £, 8) = {kam () f (£, .,)e-k(£2+n.-2)(t—r) dr
: 0

a,fﬁo (1 _e—k(fz'l—")tz)t)
J —_—l
w71 Ty

+
t
+f $(ns, &, 7). e~ HEFTNE—T) g7
(1]
+Fy, E)e"“‘f”’"”)‘} ce e oL (45)
since from (1.5), 8 = f(r, z) when ¢ = 0, so that
= ® a
@emo= [ sinée dz( [, st T dr) =Fm#). .. (46

Now, the solution to the boundary value problem can easily be obtained from
(4.6) by first inverting it on applying Hankel inversion theorem (Snnedon
1951) and then inverting the resulting equation in §(r, ¢, t) by the application .
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of Fourier inversion theorem mentioned in (3.2). The solution is found to be
as given below:
4 Jo(mer)
B(r, 2, t) = =— > 2l
%0 = i 2, )P

0y T €k g
X { e - 1(mia) fo R (1—e *)) gin g2 d¢
® t
thancigna) [ sin e [ e, ek r 90— dr)
0 0
© ¢
+ J sin fzdf(f $(n, &, 7)eRETMEE—T) d—r)
0 0

©
+ f e—kETNENE (o, £) sin &2 d&} . .. .o @)
0
where the sum is taken over the positive roots of the transcendental
equation (3.5).
5. ParTicULAR CASES

Corollary 1—If the surfaces z = 0 and r = a be both kept at zero tem-
perature and there be no heat sources within the cylinder, then our solution
given by (4.7) reduces to the case considered by Snnedon (1951).

Corollary 2—On taking g(z, 1) = ¢1(2) . g2(t), f(r, 2) = fi(r) . fo(2) and
(7, 2, 1) = d1(r) . $a(2) . ¢a(f) in (4.7) and making use of Erdélyi’s (1954a)
results therein, it reduces to the following form:

4

=4S T
0(r, 2, t) = e 4 [J1(nia}?

aby T o, T _ — 2
xJ—=dJ =g~ M~ — o~ M Erf kt— ——
{m 1<ma>[2 . rc(m/ - \/kt)
2

)|

+kans J 1 (nia) fo R(m, & 1)g.(€) sin £z d¢

+Z~e’7‘z Erfc (m\/ Tt +

+$1(7)‘) . IO P(ni, f: t)$2(§) sin fz d§

+ Fa(ne) fo e~ HER+mP f,(2) gin &2 d.f} .. .. .. 61
where
B, &, 1) = Jt gz(,,.)e—k(nfz—i-mz)(t—-r) dr .. .. (52)
0
P(")b f, t) = ft ¢3(7)e—k(£2+m2)(t—7) dr .o . (53)
0

and the sum is to be taken over the positive roots of (3.5).
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6. HEAT SOURCE oF GENERAL CHARACTER

In this section, we obtain the solution of the boundary value problem
discussed in cor. 2 above by considering the following set of values of the

various functions involved therein.
Let
p-1 Ciy vveyC
— o-2f{1_ Z 1 » Yn T Z >
s U AR PR IEEL IS
= ¢,, & constant;

éo(z) = e~#2, 1 > 0 and constant, ¢,(t)
= fo, & constant and f,(z) = ze~¥2,

g:(2) = 26737, gy(t) = g0, & constant; fi(r)
Substituting the values or concerned transforms of these functions in

(6.1) and then evaluating the various integrals thus obtained by virtue of
Erdélyi (1954a) and (3.4), we finally get the following solution of the boundary

value problem referred above:

_ Jomur)
ﬂ(f, 2, t) = - [J1(771“)]2

1
x Eq;ﬂé'oJl(ma){ ¢ =% g% Brfo (m\/kt— m)

+¢M% Erfe (77,\/ ktd——= \/kt) } J . Go. J 1{ma)

b —ne g (’7‘ ) b B (m+2)
{e vz \va

Atz Myi— il 167+ i% | kt }
et i Erfc (7’"\/ t+%‘ 2‘\/kt+%) +6 . Erfe (")i\/ +%+2'\/kt+l)

Ih] o 140
boa=2 @ j=1(cj)V T'(p+V)I(o) _1_ F, 2’ 2 . — ot
5 ‘ Vi ’ *
kf—v*) "\ = I )y L(p+V+o) V! 1, p+‘;+V, 1+p-;a+V
i=1
—u2__ g —Ni2) _ g —ktniZ+ktud —pz Fpf, kt— —i_=)
xalememee)—e e (wV B~ 00
3o —kin®+ktp?+ pz Rpf kt )
Fe e (M/ +2\/kt
— 4
— 1% Brf kt— —=]—e™* Erfec et )}
(6.1)

2%
_ e —kmi—3 2:: 1
+am(2lct+1)*'e (2kt+1)

where the sum is to be taken over the positive roots of (3.5) and p > 1, 0

> 2.
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7. VERIFICATION OF THE SOLUTION (6.1)

On substituting the value of 6(r, 2, ), obtained in (6.1), in (1.2) and making
use of (3.6), we see that (1.2) is satisfied. Also, from (6.1), we see that

when z =0, 6 =6, and when ¢ =0, § = fize—¥* since when z > 0, Erfc
2z

(m) - 0 and Erfc (-— E\—z]_k:t) — 2 as ¢~ 04 (McLachlan (1962)). The

solution (6.1) is thus completely established.
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