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In part A of this paper the problem when a linear viscoelastic Maxwell fluid
flows through long circular ducts has been studied, the pressure gradient
has been assurned to be any function of time. In part B some results of
unsteady flow of linear viscoelastic Maxwell fluid through long coaxial
circular ducts have been obtained, taking pressure gradient as any function of
time. In both the cases a few particular cases of results with pressure gra-
dients as any particular function of time, i.e. low under an impulsive pressure
gradient, flow under constant pressure gradient and flow under harmonically
oscillating pressure gradient, have been discussed in detail. In both the
parts results for ordinary viscous flow are deduced by making relaxation
time and retardation time tend to zero. The deduced results are the same as
obtained for ordinary viscous flow.

1. INTRODUCTION

Unsteady laminar viscous incompressible flow through large rectangular
ducts has been studied by Chien Fan (1965) when the axial pressure gradient
is an arbitrary function of time. Sharma (1970) has studied the same problem
through large circular ducts and also through large coaxial circular ducts.
Flow of viscoelastic Maxwell fluid through channels of different sections has
been studied by various authors. Ghosh (1968) has studied the problem
when a linear viscoelastic fluid flows through rectangular duct. He assumed
the pressure gradient as any function of time.

In part A of this paper we present some results of unsteady flow of
linear viscoelastic Maxwell fluid through long circular ducts. The pressure
gradient has been assumed to be any function of time. In part B we have
obtained some results of unsteady flow of linear viscoelastic Maxwell fluid
through long coaxial circular ducts. A few particular cases of results with
pressure gradients as any particular function of time have been discussed.
In both the parts results for ordinary viscous flow are deduced by making
relaxation time and retardation time tend to zero. The deduced results are
the same as obtained by Sharma (1970) for ordinary viscous flow
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2. GoveErRNING EQUATIONS

The rheological equations satisfied by viscoelastic liquids (Oldroyd 1958)
are
Pur = —PBix+pu

D ’ 4 I4
PitA Di D ikt oD y1en— 11l D 1785 + D' swes) — 110 nendux )

D
= 27]0 [em +)\2 'th eck—2#2655811,4—726;1611851;]

with the equation of incompressibility

€y = 0
where
D e =2 btobu, s+ wubn+wib
Di ir = T ik VsDik, 4 1501k x1015
e = (e, 1+, 1)
Wi = vk, 1+ 01, 1)

and &, is the Kronecker delta, e; the rate of strain tensor, p; the stress
tensor, A, the relaxation time, A, the retardation time, 7, the coefficient of
viscosity and pg, pq, pe, v1 and v, are material constants, each being of the

dimension of time,
For
>0, 8= >lh=u>0

po=vs=w, =0,

the liquid will exhibit Weissenberg climbing effect when sheared at a uniform

rate between rotating cylinders.
For
N>0h=p=k=p=0

o= =v, =0,

the liquid will behave as ordinary viscous liquid.

PART A
3. Equatmion orF MoTioN

The equation of motion in the absence of extraneous forces is

~—

2 ’
P[_agt‘ +vi.1v.1] == —Pi,j'l‘P N ‘e .. .. (2

where p is the density and p is the pressure.
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We now consider a slow shearing motion through a circular duct with
z-axis along the axis of the duct. Assuming
u=0v=0w=uw1l)

the equation of motion is reduced to (Ghosh 1968)

J)\ ow 1 0 02w 1 dw
(1+(\13_t)37= _;<]+/\lat) +v(l+/\28t)(ar2+'r ar) - 3)
where
—
P
Choosing — — a— = f(#), eqn. (3) becomes
aw 02w 1 ow

The boundary conditions are
w=0whenr=ga }
w=0whent<0)

4, SOLUTION

Let us assume
w(r, 1) = Zi',' At} o(ré) .. . .. .. (6

where A(t) is some function of time such that A¢) = 0 when ¢ = 0 satisfying
the boundary condition (5), that is w = 0 when ¢ = 0, and £ is the root of
the equation
Jo(aé) =0 .. .. .. . (7
and the summation is to be taken on all values of ¢ satisfying (7).
Substituting (6) in (7) and making use of the recurrence relation (Watson
1944)

T rE0+ s Tolrt) - Turé) =
we easily get
a\ 04, 2 \ ]
(”’\‘a) G = YO0 0) S —v (1—}—/\2&)& )

where £ is the root of eqn. (7).
Applying Laplace’s transforms to every step of (8), we get

AdD)MP (1 +vetP)p £l = BT (aE) J et [f(o)+pf(p)

Ap) = 2(14+Mp)f(p)
aé (@€ {Mp+ (L +-vAE2)p+vEdF)
= 2f(p) f 1"‘”/\1“_ 1+/‘LB} . )
a€J ab)h@—p) |l p—a — p—B S
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where «, B are the roots of
WP+ (L+oAa)pv = 0

i.e.
. o = [— (1 +vAed) +V A FRES P —DpER]/(24)
an
B = [~ (1+9etd) =V I FnaL2P— Dt/ 2N)
whence
Ma—B) =V 1+l — g, .. .. .. (10)
Applying Convolution Theorem on (9), we get

sy 11 [on -0 o]
A‘(t) = m [(1+A1d) foe)‘ f(t—A) dA—-(l—I—Alﬁ) OCABf(t )\) dAl.

Hence

9 1 t . t
’W(T, t) = a Z m [(1+A1d) J.O?A f(t—/\) dA—(l +l\lﬁ) J‘oel‘ﬂf(t—A) dA] Jo(rf,)

(11)
where ¢; is the root of
Jolaks) = 0. T 1)
5. FLOW UNDER AN IMPULSIVE PRESSURE GRADIENT
Let
10p _ _
=~ =f0) =430
where
f_uf(u)s(u—y) du = f(y).
Then from (11) we get
2 1
W(T, t) S aZ m [(1 +A105)6 l—-(l +/‘16)eﬁt] Jo(r&). .. (13)
Now if A; = 0, A, » 0, then by (10),
)‘l(a"—ﬁ) —> 1:
and also o — —v£2, B— —o0.
Therefore, (13) becomes
w(r, t) =25 Jolréy et .. .. .. (14)

a 4 &J1(aéy)

Expression (13) is the same as obtained by Sharma (1970) for an ordinary
viscous flow when 4 = 1.

6. Frow uNpER CONSTANT PRESSURE GRADIENT

Let —,1; Z_f —f(t) = K, H{t)

where K, is positive constant and H(t) is the Heaviside unit step function,
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Substituting it in (11) we get

KoJo(rés) [g’: _g_tlf a—p " ]
Z&sz(ml w e thE=E . (5)

Now if A, >0, A, —0
«—pB)>1, o> —vf? B—> —o0.

Therefore, (15) becomes

2K,

wir, t) = == L — e~ ™) .. .. (18)

§¢3J 1a

where ¢; is the root of eqn. (12).
This is the same result as obtained by Sharma (1970) for an ordinary
viscous fluid.

7. Frow uNDErR HarMONICALLY OSCILLATING PRESSURE GRADIENT

Let ——;1) o = f(t) = K cos wt.

Then (11) becomes

N Y
L ET @) (a—B) (I1+A) " cos w(t—A) dA

—(1+/\1,3)f €¥ 008 w(t—2) d/\]

2K Jo(rés) [(1 + Ao} (et —q cos wt--w sin wh)
ftJ (@) A (a—B) o? +w?

(l—l—)\lﬁ)(ﬁe“8 B cos wi-w sin mt)] 17)
o . . .. oo

w(r, ) =

When A; -0, A, —0
Al(a_ﬂ) - 1: & —=> — Vfiza B_> — o0,

Therefore, (17) becomes

— gg 0('&‘) [ . —_ 2,0 2t:|
wir, i) = Z.fth(afs)(w”-i-vzfe‘) vt oos wi-tw sin wl—uRCRT | (18)

where ¢; is the root of eqn. (12).
This is the same result as obtained by Sharma (1970) for an ordinary
viscous fluid.
DirscussioN

If the value of ¢ is such that the inequality
(@A —2) 2V A A= 2)] < w282 < [(2M—20) +2/ A A+ A0 ]

is satisfied, the values of @ and B are complex quantities. Therefore, in this
case the expression for w will contain sine and cosine terms. This shows
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that, unlike the ordinary viscous fluid, the non-steady flow of viscoelastic
liquid possesses periodic vibrations whose amplitude decreases with time.

PART B

Now we shall consider the unsteady flow of viscoelastic fluids through
large coaxial circular ducts. Let a, b be the radii of the cross-section where
a > b.

8. Frow UNDER AN IMPULSIVE PRESSURE GRADIENT

Equation (3) still holds but we have to integrate it under the following

boundary conditions:
w=0whenr=gq

w=0whenr =25 |, e .. .. {19)
w=0 when t <0
Let us assume

w(r. t) = %'Ai(t){Jo(rfi)Yo(afgi)_']o(afi)yo(rfi)} o -~ (20)

where A,(t) is some function of time such that A,(f) = 0 when ¢ = 0, satis-
fying the boundary condition (19), i.e. w = 0 when ¢ = 0, and §; is the root of
the equation

Jo(0é1) Yo (§0) — J o(@ds) ¥ o(bEs) = 0.

Proceeding as in part A, eqn. (8) becomes

9\ 04, _ , 2J4(b€:) 0 ‘
(1 +)\1 67) 7 - {f(t)+/\1f (t)} m _V§i2(1 +/\2 gt)Ai . .. (2'1)
Applying Laplace’s transform to every step of (21), we get
Aip) = 2Jo(b¢0)f (p) [1 Ao 1+Alﬁ] 22)
{Jolaés) +-Jo(bE) A (x—B) | p—a p—B1 "
which corresponds to eqn. (9) of part A and «, B are again the roots of
AP (1 vl ) p+-vEE =0
whenece if A; > 0, A, — 0,
Affe—PB) > 1, a~> —vé? By—> —oc0. .. .. .. (28)

Applying Convolution Theorem on (22), we get

2Jo(bés)

A= 2, BT I B PP

1] 12
[(1 +A2) fo ef(t—2) dA—(14AB8) fo M (t—A).

(24)
Then eqn. (20) becomes

wir, ) = z2Jo(b£¢){Jo(7'f¢)Yo(aff¢)—Jo(afi)yo(rfl)
’ {Jolags) +Jo(b6:) A1 (x—B)

x ﬁe"“f(t—)\)d/\—(l—{—t\lﬁ) j;ewf(t—)«)d,\] .. ... (25)

[1+v.
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where £; is the root of the equation
Jo(b€) Yolat) —Jolale) Yolbé) = 0. .. - - (26)

9. FrLow UNDER AN IMPULSIVE PRESSURE GRADIENT

1 dp
Let e = f(2) = A §(¢).

Then from (25) we get
_ N 2Jo(DENSo(rée) Y o(aée) =T o(adi) Yolréd)} , | «
wir, t) = z (T o0& ET o (b o= F) {ext— Bt | Xjorent — ) BeBl}  (27)

which corresponds to eqn. (13) of part A,
When A; - 0, A — 0, eqn. (27) becomes

— )Io bfi){Jo sz)y (agl) JO(‘Z&)Y(’ Tfi)} g 2
wir, 1) = Z o(afj)-{—Jo(bfi) "

(28)
T

where (28) is the same as obtained by Sharma (1970) for an ordinary viscous

flow when 4 = 1.

10. Frow UNDER CONSTANT PRESSURE GRADIENT

10p .
Let Y () = Ko H(t).

Then on substitution and simplifying a little, eqn. (25) becomes

wtr. ) = 5 2L lOENTArEY lab) ~T o)V olrti} B, b9},

{Jo(ads) +J o(b€:) JAs (2 —B) ta B o
(29)
Now if A; = 0, A, = 0, eqn. (29) reduces to
_ N 2K o (b T o(7€0) Y ofals) —J o(ad) Y o(rés)} .
wir, ) = . VBT a0 1 TE] (1= . 30)

i

where ¢; is the root of (26).
The expression (30) is the same as obtained by Sharma (1970) for any
ordinary viscous liquid.

11. Frow UNDER HARMONICALLY OSCILLATING PRESSURE (GGRADIENT

Let % = f(t) K cos wt.

Then eqn. (25) reduces on simplification to

N 2B G (BEN T o(r€n) Y olae) —Jo(adi) Y o(rés)} (1 +Aa)(aet*—o cos wt+w sin wh)
w(r, t) = z Jo(a-fi)+Jo(bfi) { ¢2+w2

__ (14-2B)(Betf—B cos witw sin wi) Q
Bt w? )

i

(31)
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When A; — 0, A, - 0, eqn. (31) becomes

, 2RI BENT (1) Y olab)— T o(ué)Y ofré)} 1
wirf) = E : Jo(a) +-7 o(OF) Pl

i
X {v€® cos wt-}-w sin wtﬁ—vfﬁe*”ft2t} .. .. . (32)

where ¢; is the root of eqn. (26).

This is the same result as obtained by Sharma (1970) for an ordinary
viscous liquid.

It can be verified that when b — 0, all the results of part B reduce to
the corresponding results of part A.

As discussed earlier in part A non-steady flow of viscoelastic liquid
possesses periodic vibrations whose amplitude decreases with time.
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