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The unsteady hydromagnetic flow of a viscous, incompressible and electrically
conducting fluid due to rotatory vibrations of a porous disk about & constant
non-zero mean over a fixed disk has been analysed. The fixed disk is sup-
posed to be non-porous and the angular velocity of the other disk which is
porous is assumed to consist of basic steady distribution together with a time
varying distribution.

1. INTRODUCTION

The steady flow of a viscous incompressible fluid due to an infinite rotating
disk was first considered by von Karmén (1921). Stewartson (1953) investi-
gated, experimentally as well as theoretically, the steady motion of a viscous
fluid between two coaxial rotating disks. It is found experimentally that
when the disks rotate in the same sense the main body of the fluid rotates as
well, but if they rotate in the opposite sense the main body of fluid is almost at
rest. He has also given an adequate theory to explain this. Further Nihoul
(1964) studied the motion of a viscous conducting fluid between two rotating
walls under the influence of a magnetic field set up by a line current along the
axis of rotation. The flow between a rotating and a fixed disk has recently
been studied by Mellore ef al. (1968).

In the present paper, the flow of a viscous, electrically conducting and
incompressible fluid due to rotating vibrations of a porous disk about a con-
stant non-zero mean over a fixed disk has been studied. It is assumed that
the angular velocity of the disk with unsteady rotation consists of a basic,
steady distribution together with a weak time varying distribution. The
amplitude of the superimposed vibration is supposed to be so small that its
squares and higher powers can be neglected. The results obtained are valid
for small rotational Taylor number of the rotating disk.

2. FunxpamenTAL EQUaTiONS AND BOoUNDARY CONDITIONS

Let us take the axis of rotation of the two disks as z-axis and let the two
disks be situated at 2 =0 and z = h. Let the porous disk at z = 0 have
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unsteady rotation with an angular velocity £(1-+¢ cos wi) while the disk at
2 = h is at rest.
The equation of motion in cylindrical polar coordinates (7, 8, z) are
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+V[%(%+§)+%Z]—°€°Za R 2 )
oot
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where 4, 5, @ denote, respectively, the radial, transverse and axial components
of velocity, ¢ the fluid pressure, i the time, B, the strength of the uniform
axial magnetic field, o the electrical conductivity, v the kinematic viscosity of
the fluid and p its density. From symmetry of flow all quantities are inde-
pendent of §. The induced magnetic ﬁeld is neglected by assuming magnetic
Prandtl number to be small.

The boundary conditions are

(2.5)
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where v, is the constant suction velocity at the rotating disk.
Appropriate dimensionless variables are defined by
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In terms of these dimensionless variables the equations of motion and
the boundary conditions become

ou du v _ Op
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and
2=0; u=0,v=ra(l+4e cos ), w = 2K,
z=1l;,u=0,v=0,w=0 } - (2.10)
where
Mz_“B20h2 __Qh2 B—iuiadK voh
- pv s &= =%,

3. SoruTiON OF THE PROBLEM

In solving the above differential equations it is convenient to adopt the
complex notation for harmonic functions, the real part of which will have
physical significance. The angular velocity of the disk, which can be written
as the real part of a(l--¢ ¢%*), consists of a basic steady distribution a with a
superimposed weak time varying distribution ex e

We now write u, v, w and p as the sum of steady and small oscillatory
components. Thus

U = U, -} cu et

v = v, -} eveP*

31
w = w,+ ew,e*# ©1)
p= ps+€ple‘5t
where wu;, s, ws, Ps 18 the steady mean flow and satisfies
ou, ou, v, ap, ou, u,) 0%,
Yt e Ty T T Tor ( ar Ty ) 92° (3-2)
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Ow, ow,  0p, , 1 9 ( dw,)\ , 0w,
T e AT Br( ar)+'a;? 34

a—r(r.u.)+a—z(r.w,)=o R £ 33



HYDROMAGNETIC FLOW OF AN ELECTRICALLY CONDUCTING FLUID 559

with boundary conditions

z=0;u,=0,'v,=roc,w,=2K,]
feoL .. .. (3.6)
z2=1; 4,=0,0,=0,w,=0 )

Neglecting squares of ¢ and dividing by ¢*, we find that u;, v, w0y, p;
satisfy the following differential set

1By +u, aa—?i‘+u1 %+w. %1-+w1 %1;4 - ?l’.:F_"’_l
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with the boundary conditions '
2=0; uy=0,v,=ra w, =0, @311

z2=1; u;=0,v,=0, wy=0)"
Equations (3.5) and (3.10) are satisfied by taking
Us = —1f'+(2), v = 194(2), we = 2fi(2),
Uy = —1f'1(2), v1 = rg1(2), w1 = 2 fi(2).

Substituting these values of u,, v, w, in eqns. (3.2) and (3.3) and the
values of u,, v;, wy in equs. (3.7) and (3.8) we get the following two systems of
equations:

System 1
L +fE= MY 2L f 492+ Py
g”‘+2f,lgl = M2 l+2flg,8

where —--}: 661: ! = P, is assumed to be constant.

System 2

I A42f o fy = ((B+M) 142 £ f 1+ 2f: fr+ 2091+ P2
g1 +2f g1 +2f19: = (B+M*)g: 42191 +2 19’
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where — = 1 0py = P, is assumed to be constant.

r Or
4. SoLuTION OF SYSTEM 1

For small values of «, the angular velocity g, is of order « and the first
equation of system 1 shows that f; will be of order «2. Hence we may assume

fo=o2F;+a3F,+

gs = 0G4 02Go 402G+ . . .
Py = 2P+ a¥P,4 . ..

K = o?K,+adKy+ . ..

Substituting these values of f;, g5, P; and K in system 1 and equating like
powers of « on both sides we get an infinite set of linear differential equations
with constant coefficients. The first three sets are

Gu=M2G, .. .. .. .. .. . @41
Fy'—G = M2F',+ Py)
4.2)
G = MG, J
F,'—26,G, = M2F',+ P,
- o o ot (4.3)
G”3+2F’1G1—2F1G/1 = .M2G3
Solving these and applying boundary conditions we get
Gi(z) = A, cosh Mz+B, sinh Mz .. .. .. .. (44)
where
Al = 1, Bl = —coth M.
Go(z) = Fa(z) = 0. e .. .. (45)
( ) A2 cosh .Mz+Bg sinh Mz
A12+Bl 3 1 1
F S sinh 2Mz2 +12M3 cosh 2.Mz
—B
— 35 (P1+ 1)z+02 R X )
where
A,B 12— B,? A 24+ B,
Ag = Kl—('lzlwlzﬁ'oz), B, = L (P1+ L L 12 1 )

R,M?*(cosh M —1)—R,M?® sinh M
2 cosh M —M sinh M —2

Ry(sinh M — M)~ R, M(cosh M—1)
M(2 cosh M —M sinh M ~—2)

P, =

02 =
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and
A,*4B,*
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where
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_ (4,°+3B,%)4
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For the non-magnetic case, i.e. when M = 0, the above functions reduce

to
Fi2) = K,— (3K +—1—)z2+3 12K +-7—)z3— Lol (4.9)
: ! 1720 6 710 12 60 o ’
Fg(z) = K2—3K222+2K2z3 .o .o . .. - (410)
Gy =1—2 Gy2)=0 .. .. .. .. .. .. (41
= K, 3 2\,
(12K ) 1 St s 1 4.12
+30 1+ z 315 - o ( . )
and when K = 0, i.e. the rotating plate is non-porous, the functions become
= 22 T2 A 2
Fiz) = — 964-'66 - E+—6‘6 {4.13)
Foz) =0 .. .. .. .. .. .. .o (414)
Gy(z) = 1—z,4 G =0 .. .. .. .. .. (415
- 2 2 172 28 27
Gsl2) = 700""30 151300 "3 (4.16)

These values reduce to those obtained by Mellore et al. (1968) if we transfer
our origin to the fixed disk.

5. SoLUTION OF SYSTEM 2
We may take
Si=2F +adF, 4, .,

g = “G1+“202+43G3+. .
P, = 1= a2R1+“8R2+
Substituting these values in system 2 and solving the systems of linear
differential equations, we get

G+(z) = A cosh mz+B; sinh mz .. .. .. .. (8.0
where
As =1, B; = —coth m, m = (M2+iB)}
F’(2) = Aq cosh mz4-B; sinh mz+2A7; (2—2)z sinh mz
Bs (2—z)z cosh mz— % .. .. . .. (5.2)
where

R By A
Ao=ﬁz, Be=-7;;§+;§—04m

X, sinh m—X,{cosh m~1)

Ry = m sinh m—2 cosh m—+2
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Xy(cosh m—1)— X ,;m?(sinh m—m)

Cu= ma(m ginh m—2 cosh m+2)

X, = (m2+2) sinh m+ % (2 sinh m~+m cosh m)

_é 2o
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Gz(z) 0 Fg(z) .o .o . (5.3)

Gy(2) = 4; cosh mz+4B, sinh mz+7-n—2 (04_ %2_3)
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The constants 4, and B, are easily determined with the help of the
boundary conditions (3.11).

6. DisoussioN

Curves have been drawn showing the variation of F”,(z), F'5(2), G1(2), Gq(2),
F',(2) and GQ4(2) with z when M = 0-5, K; = 0-1 and K, = 0-5.

From Fig. 1, it is seen that the variation of F';(2) with z for magnetic
as well as for the non-magnetic case is of an oscillatory nature. The effect of
magnetic field is to damp the value of F';(2). The phase of oscillations also
changes with the magnetic parameter M. Also it is obvious from the graph
that the effect of porosity is to increase its value.

i —,'(2> .
_ AL —— — — — Ky=01,M:=0%
16 K]'-Ol ,M30
—— ¢ —t — 5 —— Kt’o,M’o
12~

08 ~

W N\

-08.

Fie. 1. Variation of F,(z) with z,

Again from Fig. 2 we see that the variation of F’,(z) with z is of parabolic
nature and is symmetrical about z = 0-5. The effect of porosity is to increase
the value of F';(z) while magnetic field damps it.

From Fig. 3, it is seen that at z = 0, the fluid rotates with the disk. Asz

increases G,(z) increases linearly (for the non-magnetic case) and finally it is
2B
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zero at z = 1. The effect of magnetic field is to damp the value of G,(z) but
there is no effect of porosity on it. Further from Fig. 4 it may easily be seen
that the effect of magnetic field is to increase the value of G4(z) while porosity
decreases it.

F1e. 4. Variation of Gs(z) with z.

From the above discussion we may infer that the magnetic field damps the
radial as well as the transverse components of velocity while porosity increases
the radial component of velocity and damps the transverse component.

From Fig. 5, it may easily be observed that the amplitude of fluctuations
in the main transverse velocity v; due to superimposed vibration is maximum
at the rotating disk and decreases almost linearly as we move from the rotating
disk towards the fixed disk where it is zero. Similarly the amplitude of fluc-
tuations in the main radial velocity u, is zero at the two disks while it varies
almost parabolically as z varies from z = 0 to z = 1. The effect of magnetic
field is to damp the amplitudes of these fluctuations.
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Fia. 5. Variation of F'(z) and G4(z) with 2,
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