THERMO-ELASTIC-PLASTIC TRANSITION OF TUBES UNDER
UNIFORM PRESSURE AND STEADY STATE
TEMPERATURE#*

by BoLiNDRA N. Boran,} Department of Mathematics, North Carolina
A.and T. State University, U.S.A.

(Communicatéd by B. R. Seth, F.N.A.)
(Received 20 August 1970)

Seth’s elastic-plastic transition theory, which requires neither the yield
criteria nor the associated flow rule, has been used to derive the transitional
and plastic stresses and strains in tubes under uniform pressure and steady
state temperature. It has been shown that some of the results obtained
here agree with observations of Darrington, Johnson and Bland and found to
agree with the well-known maximum shear theory. It has also been observed
that constitutive equations for transition and plastic states grow from the
results and take the Levy-Mises form.

1. INTRODUCTION

The problems involving thermo-elastic-plastic transition are investigated
in current literature by employing method of superposition and using semi-
empirical laws. The use of such methods is possible only in the linear theory
where the effects are superposable. But in practice such effects are non-
linear in character and, therefore, the method of superposition is not applicable.
Again, the problem is solved first for the elastic range and later the solution
for the plastic range is obtained by using the so-called yield condition. The
perfect elasticity and ideal plasticity are two extreme properties of material.
The use of such ad hoc rules like yield conditions amounts to divide the two
extreme properties by a sharp line, which is physically not possible.

The transition theory developed by Seth provides a straightforward
answer to the difficulties mentioned above. He has solved several problems
of practical importance applying his new technique (Seth 1063, 1964)
and results were compared with classical ones. The author has used this
technique to obtain the thermo-elastic-plastic stresses and strains in shells
(Borah 1970).

' Ix‘x this paper we study the problem of thermo-elastic-plastic transition
in ﬁfute tubes.using Seth’s transition theory. The stresses and strains are
obtafmed })c-)th In transition and plastic states without resorting to any ad hoc
semi-empirical laws and associated flow rules. Our results obtained here
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compare with some of the experimental observation studied by Johnson and
Derrington (1958) and Wilhoit (1958). The constitutive equations for both
transition and fully plastic states are also derived from the results and they
take the Levy-Mises form.

2. FORMULATION OF THE PROBLEM AND IDENTIFICATION OF THE
TrANsSITION PoOINTS

We consider here a tube of internal and external radii ¢ and b (2 < b)
respectively subjected to uniform pressure p and steady state temperature 8
on the inner surface r = a. Further, if we assume that there are no body
forces, body couples and couple stresses on the tube, and if only a steady
deformation problem is considered, then the basic equations characterizing
the problem may be written in the cylindrical coordinate system as follows:

Tig = AaaOy - 2pey — by .. .. < @2n
K8 y=0 .. .. .. .. .. .. {2.2)
Ty,;=0 .. . .. . .. .. (23)
Ty =Ty .. .. .. .. .. .. (24)

where 7, ¢;; are stress and strain tensors, 8;; is Kronecker delta, 6 is rise in
temperature, A, p are known as Lame’s constant and w = a(3X4-2u), « being
the coefficient of thermal expansion. The comma represents differentiation
with respect to the radius r. The eqn. (2.1) is constitutive equation, known
as modified Hooke’s Law; (2.2) is heat conduction equation in the most simpli-
fied form; (2.3) represents equation of equilibrium; and (2.4) states that the
stress tensor =y is symmetric.
On account of axial symmetry of the problem, the displacement field may

be chosen as

u=r(1-8), v=0, w=z1-d,),
where B8 = f(r) and r = (22-+y®)}, d; being a constant to be determined,
(do < 1). By using the Almansi Strain measure we have the following ex-
pressions for strains:

by = *[l-—(rﬂ'/—f—ﬁ)z]

oo = H1—F%], e, =41—d?

Crgy sy Crp =10

Can = 1—4(rf' +B)*— 482+ (1 —d,?)
the prime indicates the differentiation with respect to r. The stresses ob-
tained from (2.1) and (2.5) are
Trr = A1 =308 +B)° — 187+ 3(1—do*) ]+ pl1 — (8’ +8)*] — b
790 = A[1—3(rf’'+B)* - 48>+ §(1 —do*)] + n(1 —B%) — b
s = AL= (1B +B)* — 482+ $(1 — do*) ]+ (1 —de?) — - (29

(2.5)
and

and
Ters Trgy T =0.
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The temperature field given by (2.2) is
0 — 8, log (b/r)
= log (bla)
where

p 0 forr==0
= 8, for r = a.

The only equilibrium equation which remains to be satisfied is

dry,  Trr—Teg
dr+~—r—-0. - . . .o (27

The other two equations are satisfied identically.
Substituting (2.6) in (2.7) we have
B2+ (rf +B)t~ K, log r4¢ f B2dr = K o (2.8)
where
_ 2wl, = 2u
T (A+2u) log bja’ T Adp
and K is a constant of integration. Setting log r = 2z in (2.8) and then
differentiating with respect to z, we get
268" +2(B +£°)(B +B)—Ko+cB2 = 0. e (29)
Setting again g = /K, p and p+p’ = ¢, the equation (2.9) reduces to
2q~p)p+29¢ +clg—p2 =1
which may also be put in the form
a QF(F-1)

dF ¢ Q@ ¢
o1 -2V (o_ —_fxr_
(1 2)17' (c—1)F (2 2+1)
1
F’E = . We assume that 8 has all necessary properties and does

not vanish throughout the elastic domain. From (2.10) it may be observed

that some of the possible transition points of the differential system of the
problem under consideration are

K,

.. (2.10)

where g =
P

F=0, F=1 and F=4o, WheteF=( -—%)
There may be other transition points given by the roots of the expression in
the denominator of (2.10) which may represent various physical phenomena.
. In order to study further about the nature of those points, we consider the
reciprocal deformation ellipsoid
(1=2e,,) dr® (1 — 2eg)y2 a6 4-(1—2¢,,) dz? = K*

which may be rewritten with the help of (2.5) as
. FRIC+rdp a2 dr =K .. .. .. (@211
Where? K 15 Some constant. It may be seen now F — 0 and F = 40 are
transition points, for the first case the ellipsoid becomes a cylinder and for the
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second case the ellipsoid tends to become a pair of plans. The third point
F =1 is a regular point because, then the ellipsoid (2.11) becomes

B2 dr2+B2r2 db* 442 d2® = K
where B becomes some constant. It can be very easily seen that F = 0
corresponds to infinite extension and F = 4o corresponds to infinite con-
traction.

Now we observe that the material from elastic state can go over into (1)
plastic state, or (2) to creep state, or (3) first to plastic and then to creep or
vice versa under external loading. All these final states are reached through
a transition state. Therefore, the transition can take place either through the
principal stresses , 74 Or 7, becoming critical or through the principal
stress differences 7y —1h, To—7,; O T,,—Tpr becoming critical. But it
will be seen later that transitional values of the stresses obtained through
799 and 7,, remain analytically indetermined, because of the presence of two
constants of integration and one available boundary condition. Hence we
have to consider only the following two cases:

(@) Transition through =,,.
(b) Transition through 7, —7g.

For each transition points F = 0, F = + o we have to determine the
stresses and strains corresponding to the above two cases.

3. DETERMINATION OF STRESSES AND STRAINS IN THE
TRANSITION AND PLASTIC STATES

We shall now determine the stresses and strains in the transition and
plastic states corresponding to the transition points mentioned in section 2.

Case I: F -> 4 co—Infinite Contraction
In this case the tube is subjected to uniform pressure and steady state

temperature on the inner surface of the tube.
(a) Transition through r,—The first equation in (2.6) may be rewritten as

R=pgl=c)+F2] .. .. .. .. .. (81
where
b
R= — ‘%r,.,+Do— ;%.B" log p
D, = (3—2¢)—(1=—c)dg?
6
Bo = = ob
log p
and
2p
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Taking logarithmic differentiation with respect to r we have from (3.1)
and (2.10)

d(log B) _ cF24c4-Q?
dlogr) =~  (l—co)+F*’

Hence R = Ay as F'— 400, where A, is some arbitrary constant. The
boundary condition 7, = 0 when r =b and R = 4y~° give

b\° b
7,,=%D0[1—(;)]—ﬁo.log;. N X))

Then from the equilibrium eqn. (2.7) we have

b

Tog— Trr = Dol-‘-(;) +Bo . .o .o (33)

Applying the same technique as above to (r,,—r;;) and (r;,—7,,) We obtain

ng_ng = ’Ldoz .o . . . (3-4)
and

Trp— Tz = p.doz—-p,Do(g) -—ﬁo. .. .. .. (3.5)

The initiation of yield starts at » = o and the pressure for which the
material starts to yeild may be obtained from (3.2) as

= %’ﬁ [(g) -1] +8, log (b/a).

It may be seen (Seth 1964) that the pressure for the similar case without
the presence of temperature may be obtained as

w-2e[[y-)

Hence it is clear that outward flow of heat opposes the yielding.

In order to obtain d,, if F is the force applied at the ends of the cylinder,

b
then F = 2 fu 7227 dr, therefore, dy can be obtained. If dy = 1 then e,, = 0,

which is the case of plane strain.
In fully plastic state, ¢~ 0 and from (3.2), (3.3), (3.4) and (3.5) we obtain
Tre = §Y (3—d?) + Bo* log /b
Too—Tre = § Y (3—d?) 4 B,* )
Togg™ Tgz == §Yd02 J\ o “ . (3‘6)
T Tre = 2¥ 4 B* —4 ¥V d,?
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where Y is yield stress in tension. None of the above result in (3.6) is in-
dependent of d,, therefore no relation may be used as yield condition; how-
ever,
Bo*

3
where 7;,‘9 is called deviatoric stress; is seen to be independent of dy and, there-
fore, may be used as yield condition,

'rgo=§Y+

We may add here that 7, is seen to be the intermediate stress (s < 75,
< 7,) both in elastic and plastic state; but generally it is assumed to be so in
current literature (Hill 1950, Bland 1956).

Considering the case of plane strain (d, = 1) we may see from (3.6) that
maximum stress-difference is

Tgo—Tre = $Y +Bo*.
Writing in full we have

Top—Trr = %Y—i—-—-——-b » @p = lim «(3A+42pu). .. ..o (3.7

c—>0

The same ‘stress-saving’ phenomenon of Johnson and Derrington (1958) which
has been observed in shells (Borah 1970) may be also seen to occur from (3.7).

(b) Transition through (regy—7,,)—We may write from first and second
equations of (2.6) as

R= ’";’99 =g, [1—F?]

and obtain as in (a)
Typ—Tgy = pAder=¢ as F— -0 .. .. .. {3.8)

where A, is an arbitrary constant. The equilibrium equation and boundary

condition yield ‘
m=&[1—(9) ] N X))

[ r

where B, = —b A, being a parameter. Therefore (3.8) may be rewritten as
Top™Ter = #Bo(g) . .. .. e .. (3.10)
The parameter B, may be obtained from (3.9) using the condition
(Tredrma = —2
Therefore
Bo = CPs
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A similar treatment as before gives

(Tog~Tas) = pde® .. o . e .» (3.11)

b [
(Tpp—Tg) = ‘udoz—yBo(;) . . o .. (3.12)
Now we observe by comparison that |7, —7, | remains as the greatest in
value among all the stresses or their differences in both (s) and (b). Hence
transition occurs through 7,—r, in the problem under consideration and
thus agrees with the maximum shear theory of classical elasticity.

Case II: F — 0—Infinite Extension

In this case the tube is subjected to an uniform pressure on its external
surface and steady state temperature on its interior surface.

In the rest of this section, we shall only state the results obtained in (a)
and (b). The same may be varified in like manner as in Case 1.

(8) Transition through r,,—Here in the fully transition state we obtain
the following results:

4
3 cwly) (rit—c 7
i [D°‘ (=) ] Hholoeg

[
= (D 5

I1—¢ a

o (3.13)

—

Toz—Trr = I»"d()2

Top™To = pdly? J

In the fully plastic state ¢ — 0 and we have

e = o= H3—dy) ¥ log £ —p* log g I
Too— Trr = §Y(3—d02) —BO*

Tag™—Tyr = '.’%Ydo2
Tog= Tz = §Yd,?

[ e (314)

None of the above relations in (3.14) is independent of d,, however,

=4V} /3
which may be used as yield condition,

(b) Transition through (T9—7r)—In this case the stress in the fully
transition state are the following : '

__F-Ao a d~=c
"rr-—‘?;_‘:,[l—(;) ] e e L (318)
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where
+(3—¢)p,

-G

P is the pressure applied on the exterior surface of the tube.

Ao=

4-c
Tog—Tyr = ,LAO(‘;‘) U § 1)
To—Te=pd? .. . .. .. (317
g Tre = pdE. L (318

The stresses for the fully plastic state may similarly be obtained making ¢ — 0.
Again comparing the results in (@) and (b) we come to conclusion that
transition occurs through |7, —7y,|.
Now we determine the strains in the transition states, the strains in the
plastic state may be obtained letting ¢ — 0.
For F - 4
The asymptotic values of the strains are calculated by following the
same technique as employed in the other cases. Hence from (2.5) we have

emiesf)]

€g =%
€ = }[1—do?]

ool

where F is some arbitrary parameter.
For F - 0

The asymptotic values of the strains in this case are the following (from
(2.5)):

.. (3.19)

evr=%

wmifi-of)]

b = $[1—d,]

e ii-of]]

where G is some parameter.,

.. (3.20)

4. TeE CONSTITUTIVE EQUuATIONS FOR THE TRANSITION AND
Prastic STATE

We shall now obtain the constitutive equations for transition and plastic
states corresponding to the cases F — 0 and F — . As we have already
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observed in the preceeding sections, that transition ocours through 7g9—y,
in both the cases, we only obtain the constitutive equations using the transi-
tional results obtained through | 7,—7yr|.*

For F— £+
From (3.9), (3.10), (3.11), (3.12) and (3.19) we have the following:
a_1 g
Oy = é; Ter
1

eg=zrg N 7 §)
a 1 a
€ = §,ITzz

(where efn rfr, ete., are deviatoric strains and stresses) provided we choose

E = B,. Therefore, the arbitrary constant £ obtained in connection with
transitional strains and the arbitrary constant B, obtained in connection
with transitional stresses must be equal.

Therefore, (4.1) leads to the following
4=%4 R (%))
and the parameter

E — C]?,-

i

For the fully plastic state the constitutive equation may be obtained from
(4.2) as

. 3
4=E¢ . .. .. .. (4.3)
For F -0
From (3.15), (3.16), (3.17), (3.18) and (3.20) we obtain the following
1
ez=-271'7?i .. .. .. N C X

provided again we choose @ = 4,. Therefore

—(8—0)p,
P 4-c} *
-G

“ 4)The constitutive equation for the plastic state may be obtained from
4) as

6 =

3 L4
“S Ly e

Ta

(4.5)

* However, the same constitutive o i i
! quation may be obtained if iti
of strain and stress obtained through », v oo the ransitional values

re.
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Now we observe that the constitutive equations for the fully incompressible
states (¢ — 0) for both cases (¥ - + 0, F — 0) given by equations (4.3) and
(4.5) are the same equations. Therefore, they must represent the same state
which is the plastic state in this problem.
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