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In the present paper an effort has been made to establisl\'x a formule on Fox’s
H-function of two variables using the binomial expansion, which generalizes
a well-known result, Edelstein’s ‘“Addition Theorem” on @-functions and
many interesting results required in the analysis of certain problems of
mathematics, both pure and applied, and in mathematical physics.

1. INTRODUCTION

An extension of Fox’s H-function (1962, p. 408) in two variables has been
introduced by Agarwal and Mathur (1969) and we define it in a slightly variant
form as
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where

(i) L, and L, are suitable contours ;

(i)  {(ep: €p)} = (€1, &), (€xs €2), ..., (€1, €7), ..., (€p, €p) and similarly for
{(Yty Gt)}, {(7;’: c;' )} etc';

(iii)  all &’s, ¢’s ete., are positive integers > 0and 0 < 7 < 2,0 K v; < ¢
0K, 0Km e 0K M<K Qs
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The double integral (1.1) converges if

2(n+-vy+my) > pts+i+gq,

2(n-+vptmy) > pts+t'+¢,

farg(z)| < [n+vi+my—3(p+s+i+q)lm,

larg(y)| < [n+vytm,—3(@+s+t'+q)n
or p+t <stq, p+t <stq,

or else P+t = s+q, p+t' = s+q with |z|< 1, |y|< 1.

... (1.2)

o

The object of this paper is to obtain the formula on a generalized Fox’s
H-function with the help of the binomial theorem on the basis of interchanging
the order of integration and summation. The formula yields an interesting
“Addition Theorem” on Meijer’s G-functions due to Edelstein and several
other results involving the functions of common occurrence in problems of
pure, applied and mathematical physics scattered throughout the literature

in the theory of special functions.

For brevity, we use the abbreviations :

G) Alm,n) = 2, n+1 . nt+m—1
m m oy

(i) vim,m) =1— ", 1_-’—@'—1— ., 1ntmet
where m is a positive integer.

(iil) ap = a,, ay, ..., p;

(tv) {(;89: 1bp)} = (@1, by), (g, by), ..., (ap, byp).
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The following relations are employed in the investigation :
(a) Functional equation [Erdélyi 1953, p. 3, (3)]:

Plz) . .
Fm—~(2~l)(z—2)...(z-*n) ——(—1)”(—2+1)n’ s (13)
(b) Gauss’s multiplication theorem (Erdélyi 1953, p. 4):
T(mz) = (2n)%—%mmmz—%mﬁlr(z+i), m=2234, .. .. (14)
i=0 m

(¢) Certain properties of Fox’s H-functions :

m, n {(ap’ ap)} n, m {(l_bq’ /’)Q)}
H o =H x (1.5)
pa {bg; Bo)} ey {1 —ap, ap)}
_— [ {(ap, “p)}] m n { {(ap+0, ap)} J
x® H x = H x (1.6)
. PO T {(bg, Bo)} P L bgto, fo)}
an
m+1,n lr {(ap, ap)}, (—r+1,1) .
Hp+l. g1 7 = (=1
v (1), {8y, B}
m, n+1 (—7‘—{—1, l)v {(ap’ ap)}
ek 0
{(g, Ba)}, (1, 1)

2. THE GENERAL FORMULA

The formula to be proved is :
If
i) [2(n+vl+m1) > p+tstttg, |arglztu)| < [n-bvy+m—3(p-+s+i+9)im,
1

L2(ntvy4-my) > pt-s+t'+¢', |arg(y) | < [ntvyt-me—d(p+s+t'+ )

or
i) (p+t < s+q, p+t' < s+¢,
ii ,
orelse p+it = s4q, p+t' = s+q' with Jztu|<1, |y|< 1,
then B , ] {(ep, ep)} ]
" (v1 7 va), (my ; mg) Alz+u) ; {(ye, €)}; {lve, Ct")}
ot )8 (q:q) e k {(8s, ds)}
) — {(Ba: be)}s {(Be bq" )}
~ {(ep, ep)} | )
— H”: (v va)s (1 ; mz) Axp {(’yt’ Ct)}; {'(7;" G;' )} +
P, (¢ :t),8 (9" Ily’ {(68v dg’}

- 1 {(Bo b {Bes Bl
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2.1)
provided that p, o are positive integers > 0, and the series is uniformly con-
vergent for |ufx|< 1. '

I
Alx+u) } on

Proof : On substituting the contour integral (1.1) for H [ P

the left-hand side of (2.1), we have

! | I¢(E+n)¢ (€, 9)Auryen(x-+w)PcdEdy.

(21” Ly

Applying the binomial theorem for the argument (x4 «)?%, the expression
reduces to

(27rz
[1+ él_(:i)f]‘cj!—pi)k (%)"] dzdn, ; fa’; < 1.

Now using (1.3) and (1.4), changing the order of integration and summa-
tion which is easily seen to be justified, we obtain

ki 1 e e § ()

p=1 (1_{_@ )
L I [ pE+myE y) o ot l/l* o2ty ondEd (2.2)
(97 VB ) 7=1 2P utydidy. ... .
(27r¢)? Ly Ly '1;10 F(l k+z+g> J

The contour L, in the §-plane here is a straight line along the imaginary
axis extending Afrom —300 t0 -}-400 with indentation, if necessary to ensure
that the poles of I'(8;—b; ), j = 1,2, ..., m, lie to the right of it and the
poles of T(1—vy;4-cf), j=1,2,...,v, T(l—este-tem), § = 1,2, ...,n and

1
(i—z+a) {i=10,1,2,...,(p—1)} are to the left of the contour.

Similarly the contour L, in the y-plane runs from —ico to 4400 with
loops, if necessary to ensure that the poles of I‘(ﬂ; bw),j=1,2, ..., m,are
to the right and the poles of I'(1 —Yitem), J = 1,2, ..., vp; D((1—e5+es&+-e5m),
J=1,2, ..., n are left to the contour.
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Interpreting (2.2) in view of (1.1), we arrive at the desired result (2.1).

In the proof is involved the change in order of integration and summation
and to justify it we observed that
(i) the double contour-integral is convergnt under the set of conditions
stated in (1.2);

i) the term-by-term integration is valid since it is independent of the
argument (u/x) and conditions referred to (2.1) justify the existence
of every H-function in the series;

(iii) the series

k
5 (=D¥—plk (__?g)

k=1 k! z

is uniformly convergent as long as |u/x|<< 1 (Erdélyi 1953, p. 68,
2.1.6.);

(iv) Fox’s H-function of two variables is a continuous function of x and y
for all values of # > xy > 0 and y > y, > 0.

Hence the inversion of the order of integration and summation is admissible
due to Bromwich (1949, p. 500).

3. PARTIOULAR CASES

(i) If we take all ’s, ¢’s, etec., equal to unity in (2.1), we obtain a known
result (Shah 1972) involving the generalized function of two variables (Sharma
1965, pp. 24-40).

(ii) In (2.1), setting p = n = 8 = 0 and cancelling

m21 Ve

¢ Y]
from both sides, we get
ey, v {(‘}’t: G‘)}
H . A(x—}-u)”‘
e {(Be ba)}

V(P: 1)’ {(7#; ct)} ]
(3.1)

- k ’
N Wiad ; [ A ,
=13 ( ) e atp {(Ba> 50)}, Alp, k)

where the conditions of validity for this situation are described by (2 1) with
appropriate changes.

We know that the H-functions are generalizations of Meijer G-functions.
" By the use of certain known identities and properties of the H-functions, we
illustrate below some miscellaneous existing results in the theory of Meljﬁl' 5
(*-funotions from {3.1).
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Special cases of (3.1) :—

(a) Setting « =2, u = (0—1)2, A = p = 1, and bj=c=101<j<<Y
1 < k< t), we get a result given by Meijer [1952a, p. 376, (28)].

{(b) Another known result due to Meijer [1952b, p: 483, (33)] is arrived
at on taking x = 1/z, u = 1—_;—; , A=p=1 and replacing m,, v, t, ¢ by
v, My, ¢, tand also y; = 1—8; (1 <J < g) and By = 1—y; (1 < ¢ < 1) ete., then
using (1.5) and (1.7), and finally allowing bp = ¢ =1 (1 <« b < ¢; 1; 1 < kK ¥).

(c) In (3.1), multiplying both sides by 2!, putting u = (¢—1), =z =2,
A=p=1,1=26, f;, = 0, by = 1, then employing (1.6) and (1.7) and replac-
ing y;+6; by o; (1 <4, t), and B;+6, by & (2 <7 < ¢) ete., and after a
little simplification, we have a known formula by Meijer [1952b, p. 487, (46)].

(d) Substitutingb; = ¢z =1 (1€ i< q¢;1 <k <t)and A =p = 1in (3.1),
we obtain a very interesting result, Edelstein’s ‘addition theorem’’ (1963) on G-
functions which he has utilized in the theory of molecular quantum mechanies.

In view of the above procedure and the symmetric properties of the H-
and G-functions, we remark in passing that (3.1) not only incoroporates certain
useful results which, in turn, generalize other well-known formulae derived
by Meijer [1952b, p. 486, (42); p. 487, (47) and (48)], but it also includes most
of the commonly used MacRobert’s E-functions by virtue of the known relation
[Erdélyi 1953, p. 215, (2)].
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