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The method of differential operators has been used for finding the thermo-
elastic stresses, displacements and the temperature in an infinite slab of
constant finite thickness when one face of the slab is rigidly constrained and
the other is assumed to be stress-free. At the stress-free face there is a
prescribed heat input and the other face is maintained at constant tem-
perature. The effect of inertia has been considered in the equations of
motion but the mechanical coupling term in the heat conduction equation
has been omitted. The general solution is obtained by applying Mittag-
Leffler theorem to the solutions in terms of differential operators. The
variation of temperature, heat input, stresses and displacements have been
shown grraphically.

1. INTRODUCTION

In this paper we study the thermoelastic stresses in an infinite flat slab
which arise due to a prescribed heat input at one face of the slab. We take
the slab to be elastically and thermally isotropic and make the small-strain,
linear elasticity assumptions, The effect of inertia in the equation of motion
has been taken into account. The linear heat conduction equation and the
equations of elasticity are solved for the temperature, displacements and
the stresses in the slab by ‘Symbolic Method’ in terms of differential operators
(Lurye 1955 and Lekhnitskii 1963). The general solution to the thermo-
elastic problem has been obtained by the application of Mittag-Leffler theorem
(see Whittaker and Watson 1962). The operators of the type fl(g)/g(q),
q = 0/0t, are decomposed into rational fractions and the solution for the
thermoelastic boundary value problem is obtained in terms of simple integrals
in an elegant form. Numerical results are obtained by expanding the solu-
tion in the operator form as infinite series in terms of derivatives of the pres-
cribed function of time and the approximate results are obtained by truncat-
ing the series after a few terms.
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Several papers have appeared in the literature on problem similar to
this. The method of differential operators has been used by Wadhawan
and Singh (1970) for finding the steady-state thermo-elastic stresses in a slab
under prescribed surface temperature. Martin and Payton (1964) and Martin
(1966) used the theory of complex variables and Fourier transform in the
solution of a similar problem. Other references may be found in the paper
of Sneddon and Lockett (1960).

2. STATEMENT OF THE PROBLEM

Using the rectangular cartesian system of co-ordinates x, y,z, let the
infinite slab, bounded by two parallel planes x = 0 and x = L, be infinite
in y and 2z directions. The face x = 0 is held rigid and is maintained at zero
temperature, while the face z = L, taken to be stress free, is exposed to a
continuous heat input varying with time ¢ only.

The displacement components u, v, w in the z, ¥, z directions respectively

are
u = u{x,t), v=w=0. .. (2.1)

The equations of elasticity here are ((Sokolnikoff 1956) :

oo, 0%

o =P aE (2.2)
B
o = (m [ (].—'V) g“:-'—a(l'—l’V)T] s ees (2.3)
E i
Oyy = Ozg = m [ vb%—a(l—}‘v)’f], . (24)
Tay = Tyz = Tzg = 0. v (2.5)

where (0., Oyy, 02z) and (Tzy, Tyz, T;z) are components of the normal and shear
stress respectively. Following the usual convention, p, E, v, « and 7' are
respectively the density, Young’s modulus, Poisson’s ratio, the coefficient
of linear thermal expansion and the temperature distribution in the slab.

The appropriate boundary and initial conditions are
u(0,t) =0, t >0
o'm;(L’ t)=0, t>0 - (2.6)

U=Cp=0Oyy =0=0, t<0
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The heat conduction equation here is

*T _ pc T
S = t>0 . (27)

where k& and c are respectively the thermal conductivity and specific heat
of the solid.

The thermal boundary conditions are

TO,8)=0, ¢t>0, ]l
k-%ﬁ— =¢¢), atax=1L, J> ... (2.8)

where ¢(t) is the heat input which is a continuous or piecewise continuous
function of ¢.

Introducing the dimensionless quantities

r .

kt
JE— J— t* *
Tgr’ :I:

T = %, = ;)Ei, U = (2.9)

el
L

where 7'g is any reference temperature, the form of eqns. (2.2) to (2.5) remains
unchanged and eqns. (2.7) and (2.8) may be re-written as

arr* oT*

T = % 0<a*<l, >0

T*0,t*) =0, t*>0 (2.10)
%

%—i—; = ¢*(t*) at 2*=1.

In the subsequent discussion, we shall drop the asterisks.

3. SorurIiON OF THE PROBLEM IN THE OPERATOR FomrM
The solution of the heat conduction equation, on using the thermal
boundary conditions is
sinh z /¢

T= Vg oosh vg~ $(t),

0

¢9=z5- .. (3.1)
Writing eqns. (2.2) and (2.3) in the operator form, we obtain after simplifica-
tion, -

I cosh zVq

Vs ) . (32)

(DE—mg®)u =
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where Ty is taken as the unit of temperature for simplicity and

D,,—Ei l

_ a(l4) B4 (1—2)
3 == m . ... (3.3)

= TE(1—v)pcL?

Solving eqn. (3.2) for » by applying the boundary conditions (2.6), u is
obtained in the following form :

w = —i— [sinh A/mag(sinh v/mg—+/'mq sinh V/g)--cosh V/mgq

x (cosh 24/ q—cosh V/mxg)Id(t), v (3.4)

where
A = (1—mq)q cosh V'mq cosh Vq. ... (3.5)

Substituting the values of » and T in eqgns. (2.3) and (2.4), the stresses
are obtained in the following form :

(1—2p)
Bo

Opw = % [V'mg cosh v/maxg (sinh +/mg—+/mg sinh V/g)
—1/myg (sinh vV'mag—+/'mg sinh £V/qg) cosh Vmg] $(t) ... (3.6)

t—?—l(f—]———»tt_zv) Oy = —Z— [\/— cosh A/mzq (sinh V'mg—+/mq sinh Vq)

+{w‘1;~(mq——vmq+2u—l) 4/g sinh 4/gz—4/mgq sinh \/qu}
% cosh \/ﬁq] #(t). o (3.7)

Equations (3.1), (3.4), (3.6) and (3.7) constitute the general solution to
the given thermoelastic boundary value problem in the operator form. The
function ¢(t) has to be prescribed to get the numerical results.

4. SOLUTION BY MITTAG-LEFFLER THEOREM

The expressions (3.1), (3.4), (3.6) and (8.7) for the temperature 7', displace-
ment % and the normal stresses o,,, 0y in terms of the differential operator
g are of the form [F(q)]¢(t). The function F(g), as a function of the complex
variable g, satisfies the conditions of Mittag-Leffler theorem and can, there-
fore, be expressed in rational fractions of the form

Ld 1 1
Flg) = FO+ 3 bu{ o=+ o— | e (41)

where a,, a,, ..., a, are simple poles of F(g) and b,, b,, ..., b, are the residues
at these simple poles. ‘
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In the case of temperature 7T, the function F(g) has simple poles at
qg= -———i-(2n+1)37r2, n=20,1,23, ..., and is analytic at the origin. The
value of F(0) and residues a ——i— (2n-+1)272 in this case are

. 7 )
F(0) =z, Res F(q) = 2(—1)» sin (2n-}-1) 5% |

(4.2)

at ¢ = ]

J
Using Mittag-Leffler theorem, the solution for temperature T takes the
form :

. (21»:1}—1)2 g

oD _ " 12
T = xp(t)+2 X (—1)# sin (2n+1)%z [e @n+1)- ¢ "
n=0
t (2n 2ﬁ1
6[8( +11 3 ¢(T)dT'?rT2:¥l_)2—¢(t)]' v (4.3)

The corresponding function F(g) for the displacement u and the stresses
O . Oyy is analytic at the origin and has simple poles :

1 2nt1l)mr . o _
m’ + 2,\/,”7 L (2n+1) 1’ n=0,1,23,.. (4.4)
For the displacement u, we have
F(0)= Lt F(g) =} . (45)
g0

The residues at the simple poles using the expression (3.4) for the dis-
placement % are obtained as :

1
Res F(g) =0, t = 1
" Yo Tm . (4.6)
Res F(q) = H(z,n) at q = (2n+1) 21’/_7; 1,
Res F(q) = H(z,n) at q= *%"—t—\/%_)m }, e (4.7)

where

Hiz, n) = (— 1) sin zy, 188 Ya— V™ 8y(1-+4) sin (1) Sn]} 48

. Yn(l_'\/ﬁ ')'n" cos (1"‘":) Sn

‘ (n+1)7 _ m
. S'%;W’ Ya = (20+1) 5
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and H(z, n) is the complex conjugate of H(x, n).
2
Res F(g) — G(z,n) at q— —(2n+1)2"T} e (49)

where
Gz, n) = 2(—1)n1

[cosh B, cosh y, x—(—1)%y/my,sinh g,y ,4/M x—cosh B,(x—1)] ]
(1+'\/mﬁ'n YVa COShﬁ'n g
| ... (4.10)
and Bo = vi(nt 17T |
. m 4 J

The displacement « is obtained in the following form :

;L— = :fzi o)+ % [H(ac, 'n)ew"/t } e—iy"l‘r o(Tydr
n=0 0
+ B me ™™ [T glasirt (e, n)—He, ) 90|
+3 | 6z, ) {7 [ & geryar— ¢(t)}] .. (411)
n=0 0
‘ 771.
where =V

The stresses ¢, and oyy are obtained as :

(1+4v) (1—2v)_ & tynt b —dyp'r
TA—WE Opr = n2=0 [{ H (z, n)e ({e d(r)dr

iy’

— —iyn’ t e N —
HHwme” " [T prrto (e, m—How, m) 60}

0

+ £ auwm {7 [ poar— 5 000 })
=0 J
) . — a2 t 2T 1

—2 X (—1)rsin | e ‘oj o ¢(T)d’r—-5,—§¢(t)] . (412)

G AB) oy =t [ag)+ £ { B, me™ [ ™" piryar
7n=0 o

Ya'T

)—H,(z, n) $(6)}

H,me " i
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+5 aem [ }J"z’qs(r)df—%w) }

0

—a(l+v) [2(0)+2 (1) sin 7,
n=0

—yn?t L Y ¢(t) ]
X4 e e T)AT— .. (413
{7 [ pmar— S0 (4.13)
where H (x, n) and H_(z, n) denote derivatives with respect to z. It is clear
that the expressions (4.11), to (4.13) for the displacement » and the stresses
respectively reduce to real quantities.

The integrals occurring in expressions for displacement and the stresses
given by (4.11) to (4.13) can be solved if the function ¢(t) is prescribed. This
completes the general solution to the given problem.

5. NUMERIcAL EXAMPLE

The expressions in (3.1), (3.4), (3.6) and (3.7) are expanded as infinite series
in the form

[ 2 f.am ] 90 v (51)
n=0

on
where B, are functions of = only and ¢* = 5"

The sequence {#,} is seen to be rapidly converging as is observed from
actual calculations. For numerical calculations we take

() = 1+at) 0<b<l, a>0,

and we set b = 05 and @ = 0-1. We take steel as the material of the slab
with v = 0-17, p = 7-86 gm/cm3, F = 17-2 x 1011 dynes/em?, & = 11-7x 10-8,

It is found that the terms in (5.1) form a rapidly converging series and
the first six terms of (5.1) give reasonably good approximation.

The expression for the temperature T and the displacement % in the
form of equation (5.1) is as follows :

T=“+<§3%—2i)q+<§ 3i|+41 )qg

a7 b 59:3 8lx
+(W §TarH3rar el >q3+
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2 2 525 6lx® 1385
+<ﬁ 71aT T 5741 3161 T 8! )q4

211 2 527 6la’ 1385 50521
+(11! —arorTar4T T BrerTarer ¥ 1ol x) 5+"'] o) (5.2)
U x2 xt 2*m xm 1 ¥  1im
T=2“!¢(t)+{4v (2!)2] 9¢(t)+ [ TeE T3 +(m+?!) (Z!“‘T)

o) ) oot B o)

+

1 )(x“ x2m xm
m_.

o) (=) + (mem—gp) (5=57)

41 2

®m  x2m?

(
+ (mo—merm—gr) 57) 090+ [ For Torer Hora e +1)
(

Hmg) =50 v (=2 ) v (Ga)}
+{mmm—g) (= )+ (mem 1) (G50
+(mo—msg 2me— 20 L 13 Y gy . (53)

Similar expressions for o,,, oy, and 07T/dz are not reproduced here to con-
serve space.

A series solution of the given thermoelastic problem is obtained which
is very suitable for numerical calculations. This series converges if the
successive derivatives of the preseribed heat input function form a converging
sequence but a broader set of conditions can be obtained for the convergence
of this infinite series.
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The variations of the temperature, heat input, displacement and the
stresses are shown graphically in Figs. 1 to 5 when v =0-17snd £ =1,
2,4, 6, c0.
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The temperature in the slab increases as z increases from 0 to 1 but
steadily decreases as ¢ increases and when ¢ —» co, the temperature is zero.
The displacement u increases monotonically with 2 but reduces to zero as ¢
tends to infinity.

Figures 4 and 5 plot the normal stresses o,, and oy, respectively. The
stress o, is only due to the effect of inertia and consequently its magnitude is
extremely small. At the face x = 0 of the slab, the stress oyy is due to the
inertia effects only and is neglected in the figure. Tt is noted that these
stresses are compressions at every point in the slab.
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