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The paper is concerned with the distributions of the random variables ¥, Jand W
which represent the number of aaa, aba and abb transitions respectively, in a second
order muitinomial Markovian sequence, i.e. a Markovian sequence in which the
transition probabilities depend on the two preceding observations. The probabili-
ties for the aaa, aba and abb transitions and also those for aa, ab, a, b, etc. at any
stage of the sequence have been calculated for given initial conditions. The appro-
ximate probabilities for the states a, b, etc. reduce to two sets for the second-order
chain. For the kth order chain they reduce to k-sets. The asymptotic values of the
expected values, variances and covariances of ¥, &, and W have been obtained by
two methods: (i) by using the solution for the joint probability generating function
of 1, Z, and W, and (ii) by using the transition probabilities at any stage for given
initial conditions.

Using the asymptotic values of the variances and covariances for the (ijk)
transitions, the expected value and the variance of ¥* defined by

p=Y (-

LT

have been determined. The distribution of this statistic tends to the yi-form with
AYB degrees of freedom. Hence a test of hypothesis that a given sequence
follows a second order chain defined by a (k*x &%) matrix (p;jx) can be made with
the x* table by taking the observed ¥9= (4 ¥*/B) with (42/B) degrees of freedom,
where 4 and B are as given below:
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The asymptotic values of 4 and B have also been given,

I. InTRODUCTION

In handling observations arising in Meteorology, Physics, Geology, Economics,
Transport etc., sequences in which successive observations are not random frequently
occur. The observations are correlated and the correlation is often of a complicated
nature. When such data is quantitative, they are analysed by Harmonic, Spectral or
Autoregressive methods. Sequences of a qualitative nature, on the other hand, can be
analysed using the results established for Markovian sequences. Most of the data met
with in practice can be reduced to multinomial sequences and therefore the results of
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investigations into simple and complex Markov chains are extremely useful in ana-
lysing sequences observed in the course of many scientific investigations,

A simple Markov chain is defined by the transition probability matrix (p;}
where g,; is the conditional probability that state i is immediately succeeded by state
J- The problem in simple chains is to estimate the transition probabilities (p;;) for a
given sequence of observations. This naturally involves not only the estimation of
(py) but also the complete distribution of the number of (7j) transitions with the
moments. Much work has been carried out on these aspects by Whittle -(1955),
Billingsiey (1961), Goodman (1961) and others. This work is quite extensive in the
case of simple chains. However, for chains where the dependence extends to more
than one observation, existing studies are very limited. In this paper we propose to
discuss the following problems in relation to a second order Markov chain:

(i) The distribution of transitions (ifk) and (i) between successive observa-
tions.

" (ii) Asymptotic results for conditional and unconditional probabilities for

different states.

(iii) The probability for transitions like (k) when i, j and k are separated by

| and m observations.

(iv) The evaluation of the first two moments of these distributions.

II. DistriBuTioN oF THE NUMBER OF TRANsITIONS LIKE (ifk)

For convenience and simplicity we shall consider a second order chain with two
states, say, 2 and b. The results for k-state chains can be derived along the same lines
as for two state chains. The second order chain is defined by the matrix .

Succeeding two observations

aa ab ba bb
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.2 (#1) (g1

] .
>

8 ab 0 0 Paba )?,u, 1)
'§ (pe) (qs)

°

z

w ba Pbaa Pbas U 0

E o (g

s

5]

& b 0 t Proa Pass

-~ {pa) (94

The conditional probabilities for (p(ajaa), p(blaa), p(:h/ab), p_(b-lbb) Ct;;
are written as (P, ¢1); (s 92)5 (P> 95)5 and (Py g4): they are | he transition condi-
-tional probabiligle’s f:))l,',aaa?aa; ;’é:bqj abb; baa, bab; bba, bbb gs_explaqu‘. by thé.symbols
" above. - .: . h :
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Suppose we are concerned with the joint distribution for transitions like aaa,
aab and abb. Let P, (n;r,s,u), P, (n;r,5,u), Py, (n;r,5,u), Py, (n;r,s,u) be the probabi-
lities for r, s and u transitions like aae, aba and abb respectively from » observations,
where the last two observations of the sequence on the right side are as given in the

_suffix attached to P’s. Then the following difference equations hold:

Py, (nsrsu) =pP,, (n—1, r—1, s, u) + p3Py, (n—1;1,5,u)

P, (nyrsu) =q,P,, (n—1,7,5,u) + 95Py, (n—1;r,5,u) (2)

Py, (nsrysu) =poPy (n—1, 1, s— 1, 4) + p,Pp, (n—1;r,5,u)

Py, (nrysu) =qoP, (n—1, 1,5, u—1) + q,Pyy (n—1;rs,u).

Define the generating function for the joint distribution for aaa, abd and abb by
dtitantgin) = X Pnsrys,u) 4,7 6,5 t5%. 3

We may write this for convenience as ¢(n) and note that

¢(tbt2’t8;n) = ¢aa (tl’tz:ts;") - ?sab (thtz:tsm') + ‘?Sba (tlatz;ts;") + ¢bb (tntzats;n)'
4

Multiplying eqns. (2) by 4" ,° t,* and adding, we obtain

¢u (”) = pltl¢aa (n_l) + p3¢ba (n-l)

¢ab (n) = q1¢¢a (n-‘l) + q8¢ba (fl-—l) (5>

Boa (1) = Potabay (n—1) + padpyy, (n—1)

bup (1) = Qatabay, (n—1) + g4dy, (n—1)

This can be written in matrix form and reduces to

Paa (n) hty O b 0 g (n—1)
$ap (n) 0 0 5 0 bap (n—1) |- (6)
P50 (1) 0 pets O b b5y (n—1)
$u (7) 0 gats O 94 $os (n—1)
It may be noted that the column vector
[#y (M]=4" [4, (2)] ™

where 4 represents the 4 X4 matrix in (6).

If Aj, 25, A4 and A, are the roots of the determinantal equatxon of the matrix 4,
 the general solution for ¢, (n) is given by

¢U (n) = zi'hrkr" (8)

where the o’s are determined so as to satisfy given initial conditions. As the roots of
the determinantal equation cannot be determined readxly, we depend on (7) to obtain
the generating function.

The cumulants can be obtained by using the usual methods for evaluating
cumulants from generating functions. We substitute ¢, ¢ and '3 for t,, ¢, and 1,

in (8), differentiate log ¢, (n) with respect to 0, 6,, and 0, and then put
0,=0, 6,=0 and 6,=0.

. E AT log ¢(9.1,9a03§' n) : Akt loghy )
ie. kK, = ( 78, 2°9, 2°F, ;%0 ~ ( 70, 9°05 %05 [} om0
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where i=1,2.3
and 4, is the largest root of the determinantal equation for the 4 x 4 matrix 4.
The procedure has been explained in detail by Krishna Iyer and Kapoor (1954)
and it can be easily established that the cumulants tend to be linear functions in n.
This follows from the main property that one of the roots of the determinantal
equation is equal to 1 when ¢; = {, = t3 = 1; while the other roots are less than one.
The expected values, variances and covariances for the number of aaa, aba and
abb transitions obtained by differentiating the determinantal equation and using
eqn. (9) are given below for large values of # :

Let 7, £ and W stand for the number of aaa, aba and abb transitions in a sequence
of n observations.

Then
E(Y) =np .. .. N (10)
V(Yy = np {14-2p,+2p2+2p 3 — T4}
A-2n O+ 1% (pr2—pspat+20 3 s—r1pabs—b1700)] - (11)
EZ) —nt .. y . . . 2
V(Z) = né {142pyq5+2p2p30,— 76}
4-2nE0(nE+po(po—Pat2b104 D105 —D1b2— 20304+ 2P1P3b4
— P15 —Pr1DepsFD12Daps D105 —2p1"5h4)] .- (13)
Cov (1, Z) = n{—TPpE+¢ (qupatpiqap2) +E(papr-tpstr®)}
+nf[2€n 0+ pp 012 — papat2p1 00— 01®— p12be
1ot pr203ps— 201 p4) +51£0(ps— poF2Dobs
—2papatp1203—b 32PN 2D:120ap s bi2bebs—P103%0s)
FD102p 0% (p2—pa)] . - . .. (14)
E(W) =nl .. o (15)
VW) =nl{14+2p4q:95—7(}
+2”50(775'!‘?4(2102_2ﬁ4’2ﬁ1172_2ﬁ2ﬁ3+P3ﬁ4—ﬁzz+zﬁlﬁ4
+2P2P4+2P11’2P3—2P1P2P4—92P3[’4+P22P3+P1P22+P32P4
“'2/’1ﬁs[74"‘P2P32ﬁ4‘ﬁ1P22P3+2P1P2ﬁ3[’4)] .- . (16)

Cov (¥, W) *_*”{_75““*“/’(/)14192'*‘4142)+€P1P3P4}
‘l‘n[Q'/’;"l6+P1¢9(2P4”2P2+/’22"‘P12+2P1P4—2P1P2+2P12P2
+P22P1+P1P2ﬁ3“2?121’4—2?1?2104“‘2?1 2pa0s—b1beps— 120"

+ 0oL 0(pr2ps+ prbsps— 201030 s+ 20,2 p3pa—2b102bshs)
10402 (Dop3 b b1bebsl 41 2y — i — 1320 4+ bebs®)] (17)

Cov(<. W) :”{_7{:{4‘5(‘12‘15‘*'?3?192)‘f‘gﬂzﬁﬂs} .
A-n[28Ln0-+po0(2ps—po—pstbr1b2 T Paba —2p1pa T‘P1P2P23 .
Fprps? 2 pspat 20 sps—brt2bs" — P %0, 5) ‘f;h; 0(ps j’ﬁ] 23
‘“2P2P4+2P1172174‘PiP2P3;'P1P22+2P2P3P4—2?z Pstorbeps
4223321 pobsba) +020 40 (01 320420104~ Y102 ils
+2ppspa—01% a“[’1P2P3+2P12P2P3—21’121’2104)] ‘e (18)
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where 0={p,(¢,+p3) +4:(g2+Pa)}
N=(3ps—p,—2ps+3p1p2+3pspa— 1024 P213)
y=P,P(a| a)py, £=P,Pp(b|a)p, L=P,P(b|b)p,
and P,, P(a | a), P(b | b) are as given later by eqn. (21).
It will be noted that the contribution of the terms included in the square
bracket [ ] for the variances and covariances given above is very small compared to
the other terms and can be neglected for all practical purposes.

ITII. AsympTOTIC PROBABILITIES FOR THE STATES aa, ab, ba and bb

The difference equations for the probabilities for the states aa, ab, etc. are similar
to those given in (2). Defining P, to be the probability that the Ith and [—1th
observations are in states ¢ and a etc., we note

Paa (l):plpaa (lﬁ_])+p3pba (l'—l)a
Pab (l):qlPaa (l”l)+q3Pba (l'ﬁl)? (19)
Py (D)=poPoy (I—1)+p Py ({—1),
Py, (y=qoPgy (I—1)+q 4Py (—1).

When [ is large P, ([)=P,, ({—1) and wc find

e 2 (20
P3Py Pagr  Patr 7192 (20)

Asymptotically P,,=P,,. Further, the asymptotic conditional probabilities are

b | 1—p, 3
P = P = = =
aa (a'a> l—ﬁl +ﬁ3’ Pab P(bla) l_pl +p3
b, 1—p,
P =P b)) =———— ; P, =Pb|b = —
aa (a]b) - Ty bb (6]8) Py .
also Pa — P.;(l“‘ﬁrf—ﬁ,;)
pa(l—=py+p5) + (1—p) (1—patp,)
P, = (1—=p1) (1—pytpy) .

pa(l=prtpa)+ (1=p1) (1—=py+py)
These results have been given by Bateman (1948).

IV. DETERMINATION OF P, (I), P, (I), P,,(l) AND P, (I) FOR GIVEN
Inrriat. CoNDITIONS

Putting equation. (19) in matrix form, we note that

P, = ¢ 0 g5, O P (-1) . (22)
an(l) 0 ﬂz 0 pl Pba(lwl) .

Pyy(l) 0 ¢ 0 g, Py, (-1}
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Defining the 4 X 4 matrix on the right hand side to be A, we obtain
(PD)=A"*(6)

where (#8) is the column vector representing the initial probabilities for the first two
observations.

The general solution depends on the roots of the determinantal equation

| A=A | =0 . . . . Co(29)

which is equal to
(A=1) [(A+q1) (A—q4) A+ 2 {g1(g2—q4) +P2(91—43}
—(g1—93) (p294—7:00)1=0. .. = .- R . (24)

If the constant term is small, we may take the roots of the above equation to be 1,
(—g1+ 8,), (¢5+8,), 0, where 8, and 3, are small and can be determined easily by
solving the quadratic resulting from (24) making the constant term zero. It may be
noted that one of the roots is negative and the other is positive.

The general solution for P, (!) takes the form

P,([y=P,+aA e 2/\2’"2 .. - .. .- (25)
where A, and A, stand for (—¢,+8;) and (g, ;) respectively and P, is the asym-

ptotic probability for two successive observations to be @ and b as /— oo, Using
the initial conditions and putting /=2 and 3 we get

?51 = (eab_Pab) = a;+a,,
by = (‘/’ab_‘Pab> = al)\lJraz)\g, .. .. .. .. (26)

where 6, is the probability that the first two observations are in states @ and b, and
¢, is the probability that the 2nd and 3rd observations are in states a and b for given
initial conditions.

Since
(Pul)=Pu= 25 (aitoagy = Bl ) (27)
17742 17 2
and
Poy(D+Puall) =Po(1—1) (28)

it can be easily seen that
(Pa(l) —P,)y=Cy( A, = A~ =M= 2 29

Since one of the roots is negative and the other positive,
(P (1) —P)~Cy A1 4Cy | Ay | /7" if Lis even \

and . j
P, —P,) ~CUATIHCY | A (2iflis odd

(30)
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where €, and C,’ are as obtained from (29). When A; = | A; | , the solution finally
takes the form D | A, | "1 or D | A; | 172 according as [ is even or odd.

V. DETERMINATION OF P (r) AND P,(r) BY A DIFFERENT APPROACGH

The solution for P,(l) obtained above depends on the nature of [ (odd or even).
We shall now obtain the same solution by a different approach. The difference equa-
tions satisfied by P,(r) and P,(r), the probabilities that the r'* observation (from
the left end) are in states a and b are as follows:

Pa(r) :Pa(r_Q){paP(ar—l I ar—2) 'hb 2P(br—l I ar—2)}
+Py(r—2){psP(a,_, | b,_g)+p L6,y | br—zi}

}

i

31
Py(r)=P,(r—2){gP(a,_, | a,_9)+q:P(b,_, | a,_, (D)
+Py(r—2){qsP(a,_; | b,_9)+q.P(b,_, | b,
From the previous discussions it can be seen that
p(ar l ar—l) ""’Pzw_*—a'l)tlrwl—*_Bl)‘2r~1
P(b, I ar—l) ~Pab+a3)‘1r_l+BSA2r‘] (32)

p(a, | by y) ~Pyy+agdy ™ 4 Bydy !
pb, | b_) ~Pyytady B2

where P,,, P,, P,,, and P,, are the asymptotic transition probabilities and « and g8

are constants which depend on the initial conditions.

Equations (31) reduce to the form
(E®—6,) — 0, > (P (r)> .
, ¢ =0 33
(0 e X 39
where 8, 8, ; 8, and 8, are the coefficients of P,(r—2) and P,(r—2) in eqn. (31).
Now #,+60,=1, and 8,4+ 0,=1.

Therefore P,(r) and P,(r) satisfy the equation
(B—1) [A2—(6,—8,)]=0. (34)

It may be noted that

(85— 84) ~ (paa',f_“'l)‘lrﬂl + Bx’\zr_l) g+ (l’ab‘*“aa)‘lhl‘{"ﬁs)‘zhl)%
—(Poataa ™ Bady ") ga— (Pptaah” T H Bads gy
~ (Do tPasda—Ppads—bppds) AN T BT L .. (35)

where A and B are small quantities less than one. Therefore for all practical purposes
the contributions from A,"~! and A"~} can be omitted and (8; — 8,) may be taken
10 be (pa,q14-Pasde—bPoads —Pesds). The solution of the difference eqn. (33) can
be written as one of two expressions according as r is odd or even.

For r even (P,(r)—P,) = (P, —P,) ¢,
r-1
Forrodd (P(r)—P,) = (P, —P,) (P —Py Ve T, .. .. (36)
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where P,/ and P, , P,/ are the inital probabilities for first observations to be a
and the transition probabilities for the second observations to be a respectively
and £2=(0,—40,).

A closer solution will be given by

7
(Py(r) =P~ (P/—P,) € 1?l{14-~%(V1A1’+72A2’)} )

] nh | Ve ) roo . (37)
1 A0 I N
(1+2 - T i=a/J

A

N

~ (P —P,)¢

[where the y’s are small quantities compared with ¢.]
A similar solution can also be given for r odd.

The importance of this approach lics in the fact that this indicates that for a 2nd
order k-state Markov Chain the solution can be reduced to £ sets and will depend
on r=mod | k|, where k is the order of dependence between the observations.

VI. MOMENTS FOR THE DISTRIBUTIONS OF THE NUMBER STATES AND TRANSITIONS

It has already been pointed out that the cumulants for these distributions can be
obtained from the solution for the probability generating functions. But the solution
depends on the roots of the determinantal equation and this cannot be determined
for k-state and higher order chains. Consequently, it is not possible to obtain the exact
expression for the cumulants in any manageable form. The asymptotic values,
however, can be determined on the basis of the largest root of the determinantal
equation using the procedure outlined by Krishna Iyer and Kapoor (1954) mentioned
earlier. This can also be calculated by finding the expectations of the different terms
involved in the moments as explained below:

Taking the distribution for the number of transitions like aba for the second-order
two state Markov Chain, we may note that a transition is obtained from three conse-
cutive points and the total number of transitions is the sum of (n—2) random varia-
bles like z, ,.;, ,,o which take values1 if the 7 (r4+1)® and (r42)" obscrva-
tions together yield one aba transition and zero otherwise i.e. 7tk observation is a,
(r+1)™ is b and (r+2)™ observation is a. Assuming that £ represents the total
number of transitions like aba in a sequence of n observations

K=2zy33tZasat -+ - Zn-tn-tin - - (38)

where

ifr, 741, and (r4-2)th observations are

a, b and a respectively.

,=0 ifr,r+land (r+2)t™ observations do not
give a transition aba,

Ry ret, re2™ 1

Zr,ur, +
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n-2
E(Z) = Y E(z4u1, re2)- . . (39)

r=1

The probability for the 7® and (r+1)* observation to be 2 and 4 under any initial
conditions has already been determined and is

P,(ab) =Py +a, A "2+ a2 .. . (40)
Therefore E(z, r+l,r+2)=(Pab+al)\1r_2+a2)‘2,-2)p2'

Substituting the above value in E(J) we get

1A YL
ER) = (1—2) Papurtps {or 4 —+a,——5— |
IR § Nz
~ (1=2) Poypot { “ vl . y
(n—2) Poppstpe T + ) (41)
n-—-2 n-2 n-—2
E(Z2)=2 E(Z2 r,r+1,r02) +2 2 2 E<zr,r+l,r+2’ Zras, res+l, r+s+2)
r=1 r=| s=2
n—2
= 2 E(ZF,"1,1+2)+2 z z E(Zr,r+l,r+2 ’ Zr+s,r+s+l.r+:+2> . (42)
r=1

we have already evaluated 2 E(z, ,.1, r42) In (41).

To evaluate E(2, ,11.,42 s Zres, resel,resea) WE use the general expression for
P,(aba) for given initial conditions. It may, however, be mentioned that the basis
for this evaluation is P (ab | (ab), ) which is obtained by modifying the initial con-
ditions in (26).

The asymptotic expected values and the variances and covariance for the number
of aga (¥) and aba (J) transitions are given below:

E(Y) ~nP(aa)py=ni, .. (43)
where P(as) is the asymptotic probability for aa transitions dxscussed in Section
I11.

2 Al 2 .
VT) om0 4202007 P2 g Zabl), (#)

E(Z)~nP(ab)py=n¢, .. .. .. . (49
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where P(ab) is the asymptotic probability for the ab ransition.

(46)

2 Af 4
V(Z)Nﬂf ( l+2q3p2+2p3q1p2_7§+ Bl/’z 1 2BZPZA2 )

1= =X

Cov(1R) ~n[ — Ty o pa b Dby ud bt Y (l”l";' n ___l”";')
— M — s
8,0

52)\2“)>]
+ én (1__/\1 + T, (47)
where

‘11:[(1"Paa) ’\2‘(P1_Paa)] /(Az'— >‘1>
ag=[(1=Pu) 4 —(p1—Pua)] [(A—A5)
Bi=[(1—Pu) do— (p2—Pap)] [(As—2y)
Ba=[(1—=Pu) &y —(po—Pop)] [ (M —1s)

. Pab(A2_l> - Pab("—)‘l)
Y11= 3 Y = ——
(Ay—2p) (A—24y)
P(2—1) Poo(1—A)
§,— _taltel) o TalU T
(A —2) (M—2y)

Comparing eqns. (43), (44), (45), (46) and (47) with (10}, (11), (12), (13), and
(14) we note that asymptotically the difference between the respective values is very
small and negligible. Similar results can be obtained for the variable W as given in
Section II. I may be mentioned that the results given above and in Section IT can
be made applicable for a £ -state Markov-chain by putting P, Poras Poaas Peba
for py, pa, py and py and Pops Passs Poap 30 Pppy 101 41, 92 43 and ¢,.

VII. Tests oF HypoTHEsis OF DOUBLE DEPENDENCE

To test the hypothesis that a given sequence of observations belong to
a multinomial Markovian sequence with double dependence between successive
observations defined by a (k?x k%) matrix (p;;), as given in Section II, we may use
the statistic '

("i;‘ — My )2
e -

where n,;, and m;, are the observed and expected number of 7k transitions i.n
the sequence. This statistic is an extension of the usual X2-test and can be approxi-
mated to the likelihood ratio test by maximisation of the probabilities. Patankar
(1953) has shown that the distribution of this statistic tends to the X2-form Yvith
42/ B degrees of freedom and (4¢?)/B as the observed value, where 4 and B are given
by

B~ S T g, (49)

m; k.
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=23 il ki _9p. (50)

mi]k T -
Imn  ijk
In the above expressions
2 2
0% = Elny — myp )2 (31)
Cijkdmn = E(nijk - mijk) (nlmn - mlmn)' (52)

This can be easily seen by taking the expected value and variance of (4y2)/B. -
E{(A44*)|B}=A%B .. .. .. .. (53)

24z
Vi(44")/B}= 4

(54)

They are the same as that of a X ?-distribution with A%/B degrees of freedom.

The variance and covariance for the number of ijk-transitions have been given
in Sections II and VI. Using them. 4 and B can be calculated, the observed X2 and
its degrees of freedom can be determined and the probability that the given sequence
has its parameters defined by (p,; ) can be evaluated. It may be mentioned that
for a sequence in which the observations are independent

E(Y?)=(k3—1), V (2) =2(k3+2k2+2k-5). . . .. (55)

If they are not independent, they are given by Krishna Iyer and Samarasimhudu
(1968).

E(¢2):k3~5+2 z pii;‘+2 2 EPJU pm 2 2 2( 1— = ) P(€+2) (56)

vy =20+ 2k 42 Y Lm b Py mim;” mi 95
i Uij

mij

+8 2 piii +6 2 byji by +4 Z P
i

+4 2 Bijm Dimi Pmij T2 z Dimr Bruri Byij Pijm

idzjm ikjmEr
(s+1) (s+2) (s+3) (s+4)
+422“ {P R }
e S2\ p(s1tsa+4)
+4}j Y (- >(1 =) P ] (57)

51, 53

where Pg) = pg) — Pi and pg) represents the usual conditional probability.

It may be noted that the contribution of the terms involving z 2 in the
above expressions is very small compared to &, the number of states.
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