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The paper describes a method for the numerical solution of a certain type
of integral equations of the second kind. Numerical results arc given for an
example from aerodynamics.

1. INTRODUCTION

The theory of aerodynamics gives rise to integral equations of the second kind in
the following form:

Fls)=F(s) - le(s,t)f(t) i, 0< s < 1 . . o

where the kernel K(s,t) has the form,

K(s,t) = P(s, t) log |s—t]| + Qs, 1) .. .. .. @
P(s, t), Q(s, t) and F(s) being continuous functions.

In § 2, a simple numerical method of solution of (1), based on the generalized
trapezoidal rule, will be given and § 3 describes an error analysis for this method.
In § 4, the method will be applied to an integral equation occurring in acrodynamics
and finally, § 5 contains a discussion of results.

2. NumrricaL MerTHOD

The method of approximating the integral term of (1) is simple and is described
here briefly. Details of derivation and computation are given by Sastry (1972). The
integral equation (1) with the kernel (2), may be written as,

n—1  j+ih .

=3 1 LP(s, () log | s—t] +Q0, t>] Sy di = K.
i=0  yh

Setting s=ik and ¢==ph-ph, this gives,
n—1 1
sty—h 3. ([ n, jherh) og | 77700 |+ it |
j=0 [

S (Jh+ph) dp = F(ik).
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Applying now the generalized trapezoidal rule and using the notation f; =f(ik),
we obtain,

1

n—1

> S [{<1~p> Py fi+0Pi 51 fia } log | i~j—ph | dp

j-'—O o

1) Quf + b Q,-,,~+1.;€,-H}] do—f; Ik = —F, h

1=1,2,3 ...., n—1. (3)
For the example to be considered in this paper, it was found that f, = f, = 0; so
that, in this case, (3) may be reduced to a system of (n—1) linear equations in (n—1)
unknowns f;, fa,- - -5 fuo 10

3. An ERROR ANALYSIS
Consider the integral operator K, such that, _
(A7) (0= | Kls, o) fio)do 0, <5< 1, (@)
where [ € ¢{0,1].

If we define the maximum ncrm,
1F] =max |9 | )
0<s< 1 )

then the set ¢ will be a Banach space. We adopt here the general theory of error
analysis due to Anselone and Moore (1964), and Atkinson (1967).

Let M=max | X (s, 0) | for 0 € x,» < 1. Thus .#" is bounded and,

1 .
i —sup § [Kino)|do< M. _—
0<sg 10

Since the set {Xf: || [ < 1} is bounded and equicontinuous, it has compact closure
by Arzela’s theorem (Collatz 1966). Hence " is a compact (completely
continuous) operator.

For the numerical solution of (1), we replace 2" by X, and consider the a’ﬁﬁrb-

ximating equation, o
(I-x,) f, = F. .. .. .. (7)

Then, assuming the hypotheses,

(A) X, f— Hf forallf € [0, 11

and

(B) theset U= {o", fin21: /] < 13

has compact closure in ¢ [0,1],
Anselone and Moore obtained the bound,

Lf—f, I<| I—o,|* | HF=HF | + | K= @)
Noting that,
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=) (f~f,) = —F+(I-X,)f
= —{=X)f+ UK ,)f
= (=) f = (X —-KH,) (F+Xf)
= HF-A F+ (A ) f
and assuming the existence of (I—2" )"}, one obtains
S=fu=U=H )" AAHAF—AF + (A=A ) [}

from which follows the result (8) above. In practice, however, the computation of
| H2— # | is difficult, and a better bound is therefore necessary.

Assuming the split,
A (s, 0) = H(s, o) L (s, a) . . .. 9)

where L (s, o) is continuous and H(s,0) is bounded, integrable and equicontinuous,
Atkinson obtained the bound,

h2 (s, 0 o
et <y ) Ly o

for the generalized trapezoidal rule. Clearly, the order of convergence is A2,

4. NumericaL ExameLe

In the study of boundary-layer development and in a variety of other applica-
tions, a study of the pressure distribution on a body of revolution is required. In
general, the problem reduces to finding the solution of a linear integral equation. This
equation is satisfied by the velocity distribution function on the body surface from
which the pressure distribution can be found by Bernoulli’s equation.

Let the generating curve of the body of revolution be parameterized by the
distance along the curve measured from one of the two points where the curve meets
the axis of revolution, y=0. If the total length of the curve be taken as 1, then any
point on the curve may be written,

x =x(5), »y =30 .. o oo (1
where  x(0) = 0 2(0) =) =0
Imposing the conditions that r»' = :ili, y’:% are continuous and x'24-3'2=1,
s

Vandrey (1951) deduced the following integral equation for the velocity distribution
function (s): ’

1
2(s) = 2'(s) — L-S K(5,0) (o) do, 0 < s < 1
Q
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K(s, 0) = ! [ 2270 B8 gy
V(x—§€)2+(y+n)2L J :
Ry [P EE L, ¥O—m ) } ] . (12)
{ 2y (=82 (y—n)*
where ¢ = x(0), 7=y(0) !

" Rl
(x— &)+ (y-+m)*

Kk = § r (13)
F \/1 —k2 sin%8

and E(k) = S V11— 5in36d6.

0 J
Since the complete elliptic integral of the first kind K (k) has a logarithmic singularity
at k%=1, the kernel K(s,c) will also have a logarithmic singularity when o=35. Using
the expansions of K(k) and E(k) given in Dwight (1934), the kernel K(s,0) can be
split into the form:

K(5,0) = P(s,0) log | s—ao | + Q(s,0) .. .. .. (14)
where
1 y—y'(x—§ 2 1
Plsg) — — [ T B
V(x— €2+ (541)? |
N gy 9 L)
-y e 2 ) )] |
[P T . E { Kk~ (k) |
Q.(s,6) = K(s,6)—P(s5,0) log | s—o | j
and k2 = 1—k2.
When o = s, it is found that )
P(s,s) = — -g; l (16)
= ®y =y _f,.. [ —log 8y). )
and  Q(s,s) = 3 % ( )

In the pamcular case of the body of revolution (sphere) considered here, at points
where y=0, x' will be zero so that there #(s)=0, which are the stagnation points
of the flow. For this equation, t therefore, the discussion of § 2, holds, and the system
of equations is:

Av = B

~
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where
! )
a; = Py S [ plog | i+-1—j—ph| 4 (1—p) log | i—j— ph | :ldp
0
+Qy, for ¢+#£7
1
=PIJ S [plog I i—}—l—*j——ph| +(1—p) log ] t—j—ph l]dﬁ
¢ > (17)
+Q,-,-+—’/§, for i =j
1 =12 .. ..,n—1
J=12 .. ..,n—1,
and b,=.?{_xi',i=l,2,.. co,n— 1,

A solution of (12) using Everett’s formula was given by Kershaw (1961).

5. DiscussioNn oF REesuLts

Numerical results for a sphere are given in the Table I. As the solution is centro-
symmetric, the results are given only upto s==90°. The programme was run twice
with 2==10 and n=20. The accuracy is quite good, and the order of convergence is,
clearly, 4% This example shows that the generalized trapezoidal rule would generally
be sufficient for practical problems,

TasLe 1
Accurate value
i s . Computed E Rati
(in degrees) —:Ofllfs (ssx)n A o(s) rror atio
n o= 10 04572 0-0063
18 0-4635 4
n = 20 04619 0-0016
n = 10 08812 0-0005
n = 20 0-8816 0-0001
n = 10 1-2158 0-0023
5¢ . 1-2135 4
n o= 20 12141 0-0006
! n o= 10 1-4303 0-0037
72 1-4266 4
’ n = 20 1-4275 0-0009
n = 10 15042 0-0042
90 1-5 4

n = 20 1-5011 00011
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