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The author extends the results of Ganapathy Iver concerning 'metrically
bounded functionals and metrically bounded transformations for the space
of entire functions over the field of complex numbers to a more general class
of spaces. i

1. INTRODUCTION

The space of integral functions over the field of complex numbers was
introduced by Gapapathy Iyer (1948). For any set X and a function s : X - N, N
being the set of non-negative integers, we define

A(X, C, 5) = {& : X - C | for every
e > 0 there exists only finitely
many x € X such that | a(x) | %* > ¢}, (11D

t being defined as 1(x) = 1/s(x) if s(x) = 0 and = 1 otherwise. It was shown by
the author (Kankurikar 1978) that A(X, C, s) is a complete metric linear space with
respect to the metric arising from | . || defined on 4(X, C, s) as

lal = sup |a(x)|u= .(1.2)
xE€X

| . | satisfying the following properties:

le] >0 and |«| =0 ifand onlyifa = 0 -(1.3)
le+pl<lal+18] -(1.4)
I Az || < A@) [ a | .(1.5)

where A € C and AA) =max {1,|A |}

It is easily proved that every element « of A(X, C, s5) can be expressed as

o = le u(x.~).x,~ ..(16)

for some sequence (x») (depending on «) in X, each x € X being identified with the
element of 4(X, C, 5) defined by x(») = 1 if y = x and x(y) = 0 otherwise.
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In this paper we extend the results of Ganapathy Iyer (1956) concerning
metrically bounded functionals and metrically bounded transformations.

2. METRICALLY BOUNDED FUNCTIONALS

Definition 2.1 (Ganapathy Iyer 1956) — A linear functional f : ' — C will be
called a metrically bounded functional if there exists a positive real number K
such that

[ f(w) | KK |«] forevery e« € I

We denote by I'* the set of all metrically bounded linear functionals on I
I'* is a vector space with respect to the natural operations of addition and scalar
multiplication. We can also define || . | on I'* as

[ fl=mf{K| | f(@)| < K|a] forall « € I} ...(2.1)
{8s | n 2> 0} is a proper base for I' (see Ganapathy Iyer 1956). The following theorem
is due to Sisarcick (1975).

Theorem 2.1 — A linear functional F : '~ C is metrically bounded if and
only if there are complex numbers a and b such that if f = z:’_o a3, € T then
F(f)=a,a + a,b and in that case |F{=]a|+4 |b|. In fact a = F(3,),
b = F(3,).

The following corollary follows immediately from the Theorem 2.1.

Corollary 2.1 — T'* is isometric isomorphic to the Banach space C x C with
[ . || defined on it as

l@d)|=1lal+1b].
Proo¥ : It is easily verified that the map
L:IM*>CxC
S= (f3), f(3)).

is an isometric isomorphism.

Definition 2.2 — For any set Y by L(Y) we mean the following Banach space
L(Y) = {§: Y- C| there exists a number K having the

property that Z:;l | B(xs) | < K for any (xs) in Y} ...(2.2)
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the norm on L(Y) being defined as
[+
lel=smp {3 160 1|0 C 7} - 23)
We now study the space A(X, C, s)* of metrically bounded linear functionals

on A(X, C, s). The following theorem gives the structure of A(X, C, s)*.

Theorem 2.2 — A(X, C, §) * == L(Y), where ¥ = s2(0) U s72(1). In other
words, to each B € L(Y) there exists a unique f € A(X, C, s)* such that | | = |8}
and conversely.

PrROOF : Let B:Y—> C be an element of L(Y). We define fon A(X, C, 5)
as follows: :

) =p(x) fxeY
=0 ifxeX-—17
We need to prove now that f &€ A(X, C,s)*and | /|| = | B ] Let

@ = Zin a(x) Xi € A(X, C, 3).

Then

@1 =] D7 atx) £

= % atx) S|

€Y

< D7 Texl 86 |
)QEY

< D7 18 |- sup | a(x) ]
xgyr-l x5 €Y
<lelfe«l

Hence we have proved that f is metrically bounded linear functional and that

tri<isl

To prove the reverse inequality it suffices to prove that for any sequence (xa) in Y,
[+ o]
> e < IS

For any ¢ € C we define ¢ as ¢ = |CTl if | ¢] 50 and = 0 otherwise. Let (xa)

be any sequence in y. For each p > 1 we define
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Uy == Z;;l [3(5(;) . Xy

Obviously || «p | = 1 for every p. Since f is metrically bounded functional we have
| flan) | < | f] forevery p > 1

e |37 x| < 1S (2>

ie. D7 L l<Isl (>

Therefore z:—l | 8(x:) | < | f]. Hence || f| = | 8 |. The uniqueness of f follows

easily from the definition of f.

Conversely let f: A(X, C, s) - C be a metrically bounded linear functional.
We define a corresponding B : X — C as B{x) = f(x). For x € X such that s(x) > 2
and for any ¢ € C we have that

[ fle@x) | < | f]lel
ie. fel*= | f)I<]fllcl
ie. [ i< Slte]r==

Since s(x) > 2 by letting | ¢ | - oo we conclude that | f(x) | = O foreveryx € X
such that s(x) > 2. Therefore without loss of generality we can assume that
B:Y — C, and B is such that for any

@ = Z‘f’__l a(x) . % € A(X, C, 5),
f@) = z:l a(x:) B(xs).
X €Y

Now to prove that 8 € L(Y) and | 8 | = | /[, let (xa) be any sequence in Y, then
by defining

dp == E ? lﬁ(;c,-).x; forevery p 2 1
%=
we conclude that

D7 18 < IS] forevery p 3> 1.

Therefore

z:l Lex) | < 1 £I-
Hence BE L(Y) and B < | S
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For the reverse inequality let
@
o = ZH a(x:) X € A(X, C, 5).
Then

L@ 1= | D7 atx) Bz

€Y

< DT 1B | eew |

€Y
< ,;Y'*‘ FBxa) | gy V() |
<lgllel

This completes the proof, uniqueness being immediate from the definition of the
function B.

3. METRICALLY BOUNDED TRANSFORMATIONS

Definition 3.1 — A linear transformation T:I'— I' is called a metrically
bounded transformation if there exists a positive real number K such that

[ T@) | < K|e]
foreverya € T
Theorem 3.1 (Ganapathy Iyer) — If T:I'— I’ is a linear transformation such
that | T(«) | < K | a | for every « € T, then
T(8y) = agedp + 4013,
T(3,) = aydy + and;
T(Sn) = an", n > 2,
where a; are complex numbers such that | ai | € Kand | ks | < K* forn 2> 2.
We use Theorem 3.1 to study the stucture of the set B(I', T') of all metrically

bounded transformations from I' into I'.  Obviously B(I', ') is a vector space with
respect to the natural operations. For any T € B(T, I') we define

| T]| =inf{K{| T(x) | € K|« ] foreverya € I'}. ..(3.1)

It is easily verified that || T | defined above satisfies (1.3), (1.4) and (1.5).
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Now we consider the set

B = {k. = (k,.)w 5 | ko € C and there exists K > 0 such that
R=

| kn| " L K forevery n > 2} ...(3.2)

B is a vector space with respect to componentwise addition and scalar multiplication.
We define, for any k € B,

o

Ikl = sup Lkn|tim, k= (k) ) (3.3)

==
It is easy to verify that | k | on B satisfies the properties (1.3), (1.4) and (1.5).
Theorem 32 — B(I', I) = I'"* @ I'* @ B. In other words for each element
(fo, Sk = (k,.):o_z) of I'* @ I'* & B, there exists T € B(I', I') such that for

¢ o]
any o = E . aher
i=0
T(a) = fol@) 3 + fi(@) &, + E > ankidy (3.4)

and in this case

[Tl =sup{lfol I fil,]ka]tin} +(3.5)
np2

and conversely for any T € B(T', T') there exist f,,, f, € I'* and a sequence of complex
numbers (k,,)OQ ) such that for anya = zm 0 ad;, €T
I=

n=

[¢ o]
T(e) = fo(e) 8 + fi(®) & + Zi=2 aik 3
and in this case

ITl=suwp{{fl. 1Al 1ka]
n22

PROOF: Let ( fosfur k = (k“)” 2) be any element of I* ® I'™* & B. Since f,
n=

and f; are elements of I'* without loss we can assume f; = (Cyy, Co)s fi = (Co1> C11)
(see Theorem 2.1). Now we define T': T — I' as follows:

T(so) = Cooso + Co131
T(al) = Cmso + Cusx
T(sn) = ann, n > 2.
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To prove that the above defined T satisfies (3.4) and (3.5) welet « = zw 0 ad €T
==

then
T(a) = Z:o aT(3)
— S8+ L@ 8+ > 7 akd
This proves (3.4). To prove (3.5) we proceed as follows:
[ T(@) | = |fo(®) 8o + fi(@) 8 + Z:Z aikisil
= :;g{ P fo@) |5 | fu(@) |5 | ankn | 2/n}
érgg{lmulal,iifllllal,lknl”"}

| T(e) | <:gg{ll Solb TAL T ka {2 e . (3.6

Since (fo, fi, k= (k,.)w 2) is an element of I'* @ I'* @ B we have that the set
n=

(b1l L kaltin] n > 2} is bounded and hence the supremum in (3.6) exists
and we conclude that

IT{<sop{| ol il ]knl?m) -(3.7)
np2

To prove (3.5) we need to prove the reverse inequality and we prove this in the
following three parts:

[AI<IT] ..(3.8)
IAT<IT] ..(3.9)
[hn |t < | T ..(3.10)

Let 8; € T be defined as B, = Cpe8 + Ciod;- Since by(3.6) T is a metrically bounded
transformation and | g, | < 1 we have that

ITE) | <ITH B I T

ie, l @ooCoo + émclo < “ T “’
ie. [Col +[Cl<IT],
ie. 1Al <ITH.

(3.9) follows similarly as (3.8) where we define §, € I' as B, = 60180 + 6118,. Since
T is metrically bounded we have for any n > 2, that
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[ TG | < | T
ie. [kadu | < | T
ie. ke |Un| T

which is nothing but (3.10). 1In view of (3.8), (3.9) and (3.10) we have

:;g{ll Lol ifil Tk I MM < T - (3.11)
(3.5) is now an easy consequence of (3.7) and (3.11)
Conversely let T:I'— I' be a metrically bounded transformation, then in view of
Theorem 3.1, we have that

T(3p) = aged + Ao,

T(8,) = a9y -+ @113,

T(@u) = kalu, n 22

where ai5 and kn, n 2> 2 are complex numbers such that | ais | < Kand | kn | € K
for some positive real number X, We now define

Jo = (300, a,0) € T'*
fi = (o1, a;;) € T*

and k — (k,.)”, € B.
n=>2

Then by an argument similar to that in first part of the theorem we can easily

prove that (f,,, Sk = (k,.)w 2) is an element of I'"* @ I'* @ B and that (3.4), and
Ne==
(3.5) are satisfied. This completes the proof of the theorem.

Theorem 3.3 — The | T | defined in Theorem 3.2 on the space B(T', I') satisfies
the following properties:

[T]>0 and | T| =0 ifand onlyif T =0 .(3.12)
IT+SI<ITI+{S] ...(3.13)
AT <A | T ...(3.19)

where A € C and A(}) = max {I, Al
If A, —> A, then it is not true in general that

AT — AT for T € B(I', I). «.(3.13)
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ProoF : (3.12), (3.13) and (3.14) are immediate consequences of the definition
of | T|. To prove (3.15) it is sufficient to give an example of a sequence

( c,,)co and an element 7T € B(I', I') such that ¢, — 0 but that ¢,T does not tend

to zero,

Letco =2"forn>2and T = (0,0, ks = 1,n > 2) € B(I, I') then we have
that ¢, — 0 but that

[ enT || = sup (2-)*/7 > §.
pP2

This means || ¢,T || 2> 1 for all n and hence ¢,T does not tend to zero.
The proof of the following corollary is straightforward.
Corollary 3.1 — If T,, T, S are elements of B(T', I') then:
If T, — T, then c¢T, - ¢T(c € C) ...(3.16)
T+SeB(I,T) . (3.17

Remark 3.1: B(T', ') is a group under addition. (3.17; shows that B(I', T') is
in fact a topological group. But B(T, I') is not a metric linear space like I since the
scalar multiplication is not continuous in the variable c.

Theorem 3.4 — T* @ I' @ L(3. | n > 2) is the greatest subset of B(T', I')
which is at the same time a linear metric space i.e. if ® is a linear subspace of
B(I', T') and ®, regarded as metric subspace of B(I', T), is also a metric linear space
then ® C I'* @ I'* & L(8 | n > 2), where by L(3. [ n > 2) we mean the linear
subspace of I spanned by 8,, n > 2.

ProorF: T'* @ I'* @ L(8s | n 22 2) is a metric linear subspace of B(I', I'), since
I'* is a Banach space and L(3s | #n > 2) is a metric linear subspace of I'. In view of
Theorem 3.2 we have that I'* & T* @ L(3. | n > 2) C B(I', '), and is also a metric
subspace of B(I', I').

Let @ be a metric linear subspace of B(I', I'). We need to prove that
dPCT*®I'*e®d L3 | n > 2).

To prove this we assume the contrary. Hence let if possible T be an element of
B(I'T)suchthat T€ O but T @ '* @ I'* @ L(3a | n > 2). Thisis possible only
if | kn | 1/n does not tend to zero, where by Theorem 3.2 we can assume

T = (fo, 1, k = (kn)n>3)-

Hence we can find a real number % > O such that | ka | ¥/» > y for everyn > 2,
Now we define
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1

= n > 2
¢ (1+1))"n>

Then clearly Cn = 0 and
{ CpTH=nS;IZJ{ LG AL TG IIALIC ] ka|tin

m

{ [Col Al LG 1A ( + n)”/n}

:

L/
e i

[

_n
I +19
does not tend to zero, which is a contradiction to the fact that & is metric, linear.
This completes the proof.

Hence we have proved that | C,T || > for every p > 2, consequently cnT

Theorem 3.5 — If Tu— T in B(T, I') then Tu(x) - T'(«) for every « € I' and
this convergence is uniform on the unit disk in I".

PROOF: [(Tu~Ta| <[ To—T||a]
and (T —DNa | K| Tw—T] if |[«| 1.
The proof is now immediate,

Let A denote the set of all metrically bounded transformations of 4(X, C, s) to
A(X, C, 5).

Note 3.1:  We consider the set Cy(X) = {f : X - C | for every ¢ > 0 there exist
only finitely many x € X such that | f(x) | > . It is easily verified that c(X) is a
Banach space with respect to the norm defined on it as

1 £ =sup | f(x)]. ..(3.18)
xEX

We further observe that each element f € c,(X) can be represented by ( Jz)iz1 for
some sequence (x») in X, since the set {x € X | f(x) 5% 0} is countable,

Note 3.2 :  Let B be any Banach space. We define L(X, B) as follows:
L(X, B) = { f: X — B|there exists K > 0 such that for
any sequence (x,) in X z::l | flxa) | € K}- .o(3.19)
For any f € L(X, B) we then define

Irh= iy Zm | ) |l .(3.20)
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L(X, B) becomes a Banach space with respect to the norm [ f |

Theorem 3.6 — If T is a metrically bounded transformation from A(X, C, s)
to A(X, C, s), then for each x € X there is an associated sequence (x;) in X and a
sequence (azz,) in C depending on x and x; such that

T(x) = zil Gas, ¢ (321)
Hxg)=1(x)

| Gaz, | < K¥® for all i ..(3.22)

I azx‘ l-—)' 0 as 0‘—> o0, ...(3-23)

Proor : For every x € X, T(x) being an clement of A(X, C, s), in view of (1.6)
we can assume that

[e o}
T(x) = zi,:l azz‘ xd

Letc € C, then
| Tt .x) [ < K| c],

ie. sup | ¢ | #=/H@) [ gop | Ue) K | ¢ |
izl
ie. | Gos, | < K | ¢ | (D010 * (j > 1), ..(3.24)

Therefore by letting | ¢ | — 0 or oo as required we conclude that
| 822, | = 0 for any i such that 7(x;) 7= #(x). Hence

T 0 .
(x) = Zir—-l Az, . Xi

H(x;)=1(x)

Hence we have proved (3.21). (3.22) follows easily by substituting #(x) = #(x;) in
(3.24) and (3.23) follows from the fact that T(x) € A(X, C, ).

In view of the Theorem 3.6 above we can view a sequence (d:z,)as anelement
of ¢, (t*l(t(x)) ) We then have

I §a=z,) || < K12,
Theorem 3.1 — Let T be a metrically bounded transformation from A(X, C, s)
into A(X, C, s). For each p > 1 we define

Ty: t73(1/p) = co(12(1/p))
X - (axz‘)
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Then T, €L (t—’(l /p), c.,(t“(l/p)))

and
| 75 || < K7

Proor : Firstly we claim that for any v € £-)(1/p) and any sequence (xn) in
t-(1/p), zw . | a2y | € K». For this let (xs) be any sequence in X such that
n=
t(xn) = 1/p for every n > 1. We define for any m 2>1, Bm as follows:

ﬁmZX'*C
y—>0if y£x, I <nm

Xn —> Az v

Without loss of generality we can assume that || B | = 1, so that

176w | <K

. m ~

i.c. T( el Az v - Xn

. m >

1.€. zn=1 Az,v T(x»)
. m N ¢ o]

1.C. E n=1 az"u Zl=l ax”m"'_ x,,‘
B ) m

e ] p=1 n=1 a""‘a"‘”") e l <k
. m N t{zy)

i.¢. ‘S,:]i ’ E n=1 aa:ﬁu a:c"zo

m »
n=l aznu az":nu

In particular when x, = v we have that

z:;x | a., | < Ko

Since this is true for everym > 1

<K

{

<K

. 1/p
ie. sup <

varl

we have that

220:1 las, | < Ko. (3.25)

Hence we have proved our claim.
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Now we prove that, for any sequence (x,) in 1-1(1/p),

D @) | < e

For this we assume on the contrary that

PN [OVRT Y

Then there exists N such that

an=1 | (@, | > K2.

. N
1.e, zn=1 ls;r; | 22, | > K?
N
ie. su a > K,
e m>pl n=1 ! Fatni !
1<ngN

Therefore there exists n; = v (say) such that

ZN
l “EMY l > K*.
n=1

This being a contradiction to our claim (3.25) we are through.

A, the set of all metrically bounded linear transformations of A(X, C, s) to
A(X, C, 5) is clearly a vector space with respect to natural operations. We define for
any T € A

| T|=inf{K|| T | < K]a| forevery « € A(X, C, 5)}. ...(3.26)
Then clearly

IT@ | <[ Tf{a«] foreverya € A(X, C,s), and | T| satisfies (1.3), (1.4)
and (L.5).

Let for every n 2> 0, B, denote a Banach space over C. Let
D(Byn>0)= {zm Obn‘o‘,.lb,.e B, foreveryn » 1
n=

and [ by [!'n—> 0 as n— oo}- «.(3.27)

Then it is easily verified, with the help of arguments similar to that for I, that
D ( Ba,n » 0 ) is a complete metric linear space with respect to metric arising from
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” Zlo bad ” A el (3.28)

which satisfies (1.3), (1.4) and (1.5). We consider the vector space D (Bayn20)
as follows

D (Bayn20) = {z:_obn&.lbn € B, for every n > 0 and
there exists K > 0 such that |6, Jin < K for

all 5> 1}- (3.29)
Clearly D { By, n > 0 ) is the unique maximal metric linear subspace of
D(Bnn>0),

h 1 “ b
Werelzn=0nn

(3.13), (3.14) and (3.15).

is defined on D ( Ba, n 3> 0 ) as in (3.28) and it satisfies (3.12),

Following theorem is an easy consequence of Theorems 3.6 and 3.7.

Theorem 3.8 — For any metrically bounded transformation T from A(X, C, 5)
into A(X, C, 5),

Z:;l € 5L (t—l(l o), co(t—l(l/p))), p>1)

[ o]
and |} E T,5
=1

Theorem 3.9 — | T | = “ z:’ T

|<ITL.

PrROOF : In view of the Theorem 3.8 we have only to prove

ITi<| > T

For tis 1ot « = 32 te. 3 € A%, G, ). Thn
IT@ 1= 37wt 70|

=| z:__l w(oxs) zi | a3 u

=D D wx) a3

(equation continued on p. 219)
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=222 e o)

LCIR)
AP
but #{xs) == 1(x5) = t(y»»). Therefore
| T(«) | < sup [ z o |w(x) , Gz, ]t(acj).
vl Yo=%s

In view of Note 3.1, we have that

iri<snl 3> o] | @] T

< S;};[ [ & 21t zy‘,:x“ ]f(uj)

and in view of (3.20),

| T() | < sup Jal. ] Toyuep 459,
j?1

<|>7 1 pel

This follows from (3.28). This completes the proof of the Theorem.

(azga,,) l

Theorem 310 — & = B L (1), et ) p > 1)
Proor : Consider the map

0: & > DL (), lt(Up) ), 2 > 1)

T > Z” T,3,.
p=1

Now by Theorems 3.6, 3.7, 3.8 and (3.9) b is one-one and preserves | . [.

It remains to prove that 0 is onto. For this we prove the following:

219

...(3.30)

If z: . by3p is an clement in right-hand side of (3.30). Then for any p > 1

by L (:—lam. ot

ie. by : 1711 p) = co(t=1(1/p))
x = (by,, ‘).
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Now we define a linear transformation T as

[~o]
Tt = Zi-:l boa, - 1

Firstly we prove that for any « = z;—)—l a(x5) . xs € A(X, C, 5) T(a) exists. But

T(e) = z;; a(xs) T(x1)

0 w0
= ZJ'=1 a(xs) Zi:l basuey ey X0
[+ o] o0
= zz‘.j=1( zv=1 bauzmee,: a(x’)) -

Yo=X4i

To prove that T(z) € A(X, C, s), we need to prove that

1)
lim I 2 b, ;s . oxs
i, jrw v=1 (llt(’J))xjvv ( )

Yo=Xji

x5

But

;)

Ii ‘ E b (x3)
m 1 2 ) P2 &7}
4 y1 QU= Ya;v4

Yo=Xji

. ey
< ijlgl;o [ zv;-l ‘ bartee,y,

Yo=Xji

i{23)
] | afxy) | e

< lim [ bajueyy [#59 | a(xs) | 4=
J=>oo
< lim K| a(x;) | 1=
J>oo
=0.
Hence T(x) € A(X, C, 5s). Since a convergent series can be rearranged without

altering its sum we can prove that 8(7T) = zw lb,,S,, proceeding similarly as in
r=
Theorems 3.6, 3.7, 3.8, and 3.9. This completes the proof.
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