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A recent paper (Delves et al. 1979) described a Galerkin method for solving
linear Fredholm integral equations of the second kind with weakly singular
kernels, for which the total solution time using N expansion functions is
O (N®In N) compared with the standard Galerkin count of O (N%). We
describe here the application of this method which retains this operations
count to a close-coupled equation :

1 1
£ = g() + j dy Ky(x, ») j dr Koy, 2) £(2).
-1 -1

The method provides error estimate which is cheap to compute.

1. INTRODUCTION
A recent paper (Delves ef al. 1979) described a modified Galerkin algorithm to
solve weakly singular integral equations of the second kind:
1
1) = £ + | (x5 0@ 3 F0) dy (L)
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where p is a smooth function and Q contains the singularity, using a Chebyshev
expansion for the solution f(x):
N
S(x) = fa(x) = z aiTy(x) ..(1.2)

i=0

and fast Fourier transform technique to .evaluate the integrals appearing numerically;
with operation count O (N* In N) for seiting up equations and O (N?) for solving the
linear equations defining the coefficients a;,i = 0, 1, ..., N. Also the algorithm
provides an error estimate which is cheap to compute in the sense that it relates the
estimate to quantities which are available during the course of the calculation. We
show in this paper how this algorithm can be employed to solve integral equation of
the form

1 1
) =2+ | a K | k0250 (13)
—1 -1
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This type of equation arises in quantum scattering (Horn and Fraser 1975) with
infinite interval [0, o] instead of [—1, 1]. Using the transformation

E=0—a)/n+a),a%0

the infinite interval [0, o] can be converted to [—1, 1. An error analysis of the
method is given in section 3, while the efficiency and stability of the method have been
tested numerically by an example given in section 4.

2. DESCRIPTION OF THE METHOD
The Galerkin method computes the numerical solution of eqn. (1.3) by comput-
ing the coefficients a; of expansion (1.2) as the solution of set of (N 4 1) linear
algebraic equations:
D—-Ka=g (2.1
where D is (N 4+ 1 X N -+ 1) diagonal matrix with elements

Dyp=2Dui=11<ig<N . (2.2)

g is an (N + 1) vector with elements gi:
1
7= % j dx g(0) T/ — 22, i=0,1,., N (23)
—1
and K is (N 4+ 1 X N + 1) matrix with elements

1 1 1
o= 2 | armeoia — =y j K@) | d K2 T,
-1 - -1

Lj=01..,N .24
Define the two functions
B(x,y) = Ky(x,») (1 — y)'? and C(y, 2) = Ky, 2) (1 — 222

with Chebyshev expansions

B(x, y) = Z’ EHT.‘(X) THy) ...(2.5)
i,j=0
C(,z) = z CuTi(y) To(2) ...(2.6)

i, j=0
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(2 denotes a sum whose first term is halved) with Chebyshev coefficients
1 1
— 4
By= o S AT — 22 [ aykx, ) Ty) Q)
=1 -1

4 1
Cu‘—‘—l;c?j

1
@nmm—fwzjﬂ&mnn@ 29
1

and hence satisfy bounds of the form (see Bain and Delves 1977):

| By | < Weij® (5,7 > 0) (2.9)
[ Cu | < Wei-vj—s (i, 7> 0) .(2.10)
where
. (i, i>0
i=
(1,i=0

and Wp, Wc are constants. The coefficients «, B and v, 8 depend on the analyticity
properties (the smoothness) of B(x, ) and C(y, z) respectively, and so we should
expect for smooth K, (x, y) and Ky(», z), « and v are large but p and § are small. Sub-
stituting eqns. (2.5) and (2.6) into (2.4) we thus have

N

Ki = Kij = z (% E;r) (% 6,,) L(2.11)

r=0
hence
E=K=B.C | ..(212)

where B and C are square matrices of order (N + 1) with elements defined by

(%— Eu) and ( TZL éu)
respectively. The solution of eqn. (1.3) may now be reduced into two parts : First, the

evaluation of the coefficients g; and By, Cy, i, j = 0, 1, ..., N numerically and we
refer to the fast algorithm (Delves et al. 1979) to effectively approximate the integrals
(2.3), (2.7) and (2.8), it does this by considering the fact that g are Chebyshev
coefficients in expansion:

g(x) = Z z.Td(x) ..(2.13)

i=0



A FAST ALGORITHM FOR SOLVING A CLOSE-COUPLED EQUATION 365
while relating Bis to Chebyshev coefficients K1,s, £ in expansions of
Ki(x, ), (1 — y*72,

and Cis to Chebyshev coefficients K244, ki in expansions of Ky(», z), (I — y?)!/* where

K \(x,y) = Z’ K14Ti(x) T(y) .(2.19)
i,j=0

Ky(y, 2) = z K24Ti(y) To(z) ..(2.15)
i, j=0

where

1 1
Rio= 2 [ @it = s | k) TN = 5,
-1 -1

...(2.16)
1 1
B2 =25 | asmoia = | dekion a i — 2y,
- - 1T)
(I =y = z RT(Y). ...(2.18)
i=0

Use the fast Fourier transform technique (FFT) with operation count O(N? In N) to

evaluate numerically K1 and K23, i,j=0,1,..., N and O(NInN) to evaluate
numerically zi, i = 0, 1, ..., N, while % can be estimated exactly (Delves et al. 1979);

[O(N? In N) operation count for setting up the matrix D — K]. Secondly, the solu-
tion of algebraic eqns. (2.1) and this we do using the iterative procedure (Delves 1977a)
in O (N?) operations.

3. ERROR ANALYSIS

The error in the numerical solution ex(x) = f(x) — fa(x) contains three distinct
components:

(@) The “truncation error’” due to cutting off the expansion (1.2) at the Nth
term and this is represented by N | an | (see Delves 1977b).

(b) The ““discretization error” which can be written as (see Delves 1977b)

leaj~QIlleK|al] + | |¥il—-Q]K]] (3.1
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where Q@ = || (D — K)~'|. From Delves (1977b) a rough estimate for Q can be
taken to be

O~ lgl/lal ..(3.2)

while 3K is the error represented in the matrix D — K and 8g is the error in the vector

g. In case of 3g it is a quadrature error while in case 3K, it has two components:

(i) “product error”, represented by 3K, due to the multiplication of the two
matrices B and C [eqn. (2.12)] having quadrature errors represented by 3B and 3C;

(ii) “truncation error”, represented by 8§Kr, due to truncating the series (2.11)
at the Nth term.

(c) - There are also errors arising from the numerical solution of the linear
equations, and from round off error. In practice the Galerkin equations are well
conditioned, and may in any case be made arbitrarily small; we do not consider
it further.

Hence from (a) and (b)
len| ~Nlaw|+|8a]. .(3.3)

The truncation error of (a) and the quadrature error of (b) were previously
considered explicitly in Delves (1977b) and Delves et al. (1979) in which discussion
remains valid subject to the provision of appropriate estimates for the error norm || 8K |
which we now consider explicitly.

(i) Product error 3Ky
From eqn. (2.12)

3K, = (B + 3B) (C + 3C) — BC ~ B.3C + C . 3B

then
13Ks | ~ [ BIISCl+Cl]3B] -(3.4)

where from Delves et al. (1979),

188 ~ 5- N[ Bjw (] Klw] + | Klow]) (3.5

I8C | ~ 5 Nlhle (| K2no | + | K2w |) .(3.6)
his an (N -+ 1) vector with elements ki, i = 0, 1, ..., N.

(ii) Truncation error 3Kr
From eqn. (2.11)
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(o 0]
2 - —
|Gk | <% > 1Bl |Gl
r=N-+1
using the bound given by (2.9) and (2.10)

o0
2

| BK1)is | < 7_t4— WsWei-=j-5 2 r(B+Y)
r=N-+1
= T WalWci-s fNr®m)@ + y) — 1)
2

| 3Kr Joo < 7 WaWeN“-®+1 2 + 13 — DY@ +v) — 1]

| 8K loo ~ - N [ By | [ o] -

367

EY))

Adding (3.4) and (3.7) we compute approximation for || 8K |, and hence an estimate
for || 3a [« is available provided | 8g | is taken to be either | g, | when g(x) is smooth

or N | g, | when g(x) is not smooth (see Delves 1977b, Delves et al. 1979)

A Bound on the Elements of K
Finally, we derive the following bound on | Kys | :

Lemma — Fora, 3 > 1

[ Kis | < Wei®j~%  (i,j > 0)

where
We = o WaWe 3 + 16 + 1) — DI

Proor : From (2.11) using the bound given by (2.9) and (2.10)

N
2 ’ —_ —
|K.-,|<1‘4—z | B | | ot
r=0
N
TC2 S o i ! —(B+Y
< 5 WeWeij™* r(&+n
r=0

< T waWei-jt & + UG + ) — 1

and hence lemma follows.

..(3.8)

..(3.9)
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4. NUMERICAL EXAMPLE

In order to have an idea about the computational efficiency and stability of the

method described in this paper, we consider as an example the integral eqn. (1.3)
subject to

Ki(x, y) = x* + xy

Ky (p, z) = 2z° 4+ 2zsin (y2) + 1 + y cos (¥z)

g(x) = e®* — de {x2 + x (sin (1) — cos (1))}
Solution: f(x) = e=*

The computed error oy are defined to be

on = {ﬁ & (x,)/zv}”2 = { f & () dx}m (41

J=0 -1

where xj = cos (jr/N), j=0, 1, ..., N. The second and third column in the table
represents two different ways to compute ox; While in the second column o is computed
directly by considering ew(xs) = f(x;) — fw(xs), in the third column eqn. (3.3) is used
as an estimate for | ex | .

Computed results for the numerical example

N on directly oy using eqn. (3.3)
2 64 x 10 —

3 6.3 x 10-2 2.5 x 1071
4 1.3 x 10 3.0 x 10°
5 2.8 x 108 6.8 x 10~2
6 9.1 x 103 9.4 x 103
7 50 x 10-° 3.2 x 104
8 55 x 10-% 8.7 x 104
9 9.2 x 1077 2.6 x 107
10 2.7 x 1078 2.2 x 1078
11 1.8 x 103 1.5 x 108
12 1.1 x 10 84 x 1077
13 3.7 x 10-1° 33 x 10®
14 4.0 x 108 3.0 x 108
15 5.0 x 1010 1.8 x 10-*
16 1.3 x 107 2.5 x 10~

From the numerical results obtained, we can make the following comments:
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(1) The very rapid convergence obtained shows that we indeed succeeded in

applying Galerkin technique on an integral equation of “non standard” type given
by (1.3).

(2) The error estimates obtained reflect the actual error extremely well.
(3) The method described in this paper takes operations count:

Set up equations: O (N2 In N)

ITterative solution: O(N?)

hence it takes total solution time O (N? In &) while standard Galerkin calculation has
an operations count of O (NV?®) for both setting up and solving the linear equations.
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