Indian J. pure appl, Math., 12(1) : 41-54, January 1981

PARTITIONING ACYCLIC STOCHASTIC PRECEDENCE GRAPH

A. K. CHAKRAVARTY
School of Mathematics, University of Science, Penang, Malaysia

(Received 6 October 1979; after revision 17 September 1980)

The problem of partitioning an acyclic directed graph with stochastic tran-
sition from node to node is very important in many different fields such as
computer program software and logic circuit design. We analyze the
problem by creating segments (partitions) of the graph in such a way that on
any route from the initial to the terminal node on the graph (a) no segments
are accessed more than once and (b) the expected number of segments
accessed is a minimum.

1. INTRODUCTION

Consider an acyclic directed graph G = (N, A), where N = {N.}, is the set of
all nodes and A4 = {au/i £ J), is a set of all directed arcs between nodes N; and Ny.
Note that aiy € 4 only if Ny can be reached from N; without reaching any other
node,

We define a partition (S, T) of the graph G such that

S,TCN
SUT=N
SNT=4¢

We call such a partition feasible if for any node Ni(N: € S) and N«N; € T), Ny
does not precede Nj, i.e., there is no directed arc from N; to N; (arc ay & A).

Such a feasible partition will be known as a feasible segment. If the feasible segments
minimize or maximize a certain objective function then they are also optimal.

The above problem becones stochastic when, although the precedence relation
and hence the possible successors of nodes N; are properly defined, the exact route
taken from Ni(i.e. transition from N; to one of the possible successor node) depends
on the state of the system at the Node N;. Exzamples of such problems are a
computer program and a logic circuit among others. We elaborate the problem
further for a computer program.

A computer program is a set of instruction which can be represented by the
nodes on a graph. The logic of the program connects these nodes with directed
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arcs so that instructions are executed in a certain sequence. However, since the
program is only a general representation of the problem not all the instructions in
a program need be executed in any processing run of the program, Thatis, any
path from the initial node to the final node is a possible sequence of operation and
as shown in Fig. 1 only instructions 1, 2,5 and 6 will be executed, as a possible
sequence of operations, in a particular run. Branching of control occurs at node 2
(and node 3) such that the next instruction to be executed would be 4 or 5. The
actual route from node 2, however, depends on the state of data, after the instruction
2 is executed. This can be expressed by the transition possibilities p,, and p,;, i.c.,
the probability of transition to node 4 or node 5, given the system is at node 2,

FiG. 1.

Now each of the instruction of a computer program requires storage space in
the main memory and since this space, which may also have to be shared by other
programs, is expensive and limited, partitioning of the program in smaller segments
becomes necessary so as not to exceed the stipulated storage limit.

Usually, the whole program is stored in the cheap mass memory and trans-
porated to the main memory one at a time for execution, the number of segments
required to be transported depending on the branching probabilities at the nodes
and the way the segments are constructed (feasibility). Obviously, it is desired
that the number of segments transported to the main memory is minimized (since
all the segments may not be required for a particular run) but at the same time the
segments should not be too large to exceed the specified segment size limit.

The partitioning problem as defined above is modelled, first, by establishing
an algorithm for the generation of feasible segments and then regrouping them using
dynamic program to minimize the expected number of segments accessed in a run,

In what follows we have used the words “partition™ and “segment” synony-
mously. '

2. GENERATION OF FEASIBLE PARTITION
Note : N; { N, implies “N; precedes N;” as defined in section 1.
Definitions

Let E, = N,, the initial node and let E;(s) be any other set of nodes (to be
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defined) at stage i and state s, i.e., the path connecting N, and any node in E(s)
passes through exactly i — 1 other nodes. In other words, any node in Ei(s) can
be reached from N. in exactly i“transitions”, The state s of Ei(s) can be defined
as a possible choice of nodes from all the nodes that can be reached in i transitions
from N,. The state variable is defined more rigorously using power set transfor-
mation shortly.

Let Cy = E, and let Ci(s) be a feasible segment as defined in section 1, i.e.,
for all N; € Ci(s) and Ny € N — Ci(s), N; is not contained in nor equal to Ni. The
Ci(s) and Ei(s) can then be linked by the following recurrence relation,

Cia(k) = Ci(s) + Eina(k) (D)

Thus if C, and all the Ei(s) are known, all the Ci(s) can be generated. We now
demonstrate how to generate the E(s) starting from E, such that the recurrence
relation, above, generates ail the feasible segments. (The validity of the procedure
of this section is established in two theorems in Appendix I).

Let D; be a set of successor nodes of E: at stage i and state s (E; would have
been generated at stage i — 1) such that

Dy(s) = {Ni/Ns { Nz, for Nx € N and N; € Ey(s)}.
Let P; be the set of the predecessor nodes of the node Nj, i.e.
Py = {N:/Ni. { N1, Ny € N}.
Let L(s) be a subset of D;(s) such that
Li(s) = {Ni/Nx € Di(s) and Px C Ci(s)}.

Then E, (k) is the subset of the power set of Li(s) by the transformation, [, such
that

I IL;'(S) = Ei+1(k)

corresponding to the binary number & in the boolean lattice isomorphic to the
power set of Li(s), i.e., Ei.(k) is the kth choice of x elements (x = 1, 2, 3, ..., m)
from Ly(s) where m = | Li(s) | ; Max k' = 2™ — 1.

Example — Let Li_y(s) = (Ny, Ny, Ny).
Herem = 3, Max k = 28 — | = 17.

Then, E(l) =N,, E(2) =N, EQ3)= (N, N,), E4) =N, E(5)=(N,N,),
E‘(6) = (Nar Ns): Ei(7) = (Nv Nzn Ns)-

The Algorithm
Step 1 : Add dummy nodes N, and N;.. Connect N, (directed away from N.)
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to all nodes with no incident arcs. Connect N; (directed towards N;) to all nodes
which have no arcs emerging from them.

Step2: Seti=0,E(l) = Cy(l) =N, s=1.
Step 3 :  Let the set Z = E(s), label E(s).
Step 4 :  Generate set D, the successor nodes of the node(s) in set Z,

Step 5: Generate L, a subset of D, such that the nodes in D whose prede-
cessors are not contained in Ci(s) are excluded from L. Let the number of nodes
inL = m.

Step 61 Select r(r = 1, 2, ..., m) nodes from L at a time. Denote the kth
choice of r nodes as E;1(k), k = 1,2, ..., 2m — 1.

Step 7: Generate Cy (k) = Ci(s) + Eip(k).
Step 8: If N. € L, go to Step 11; else go to step 9.

Step 9: Scan Ey(k), k = 1,2, .... If an unlabelled Ei(k) is found, set s = &
and go to step 3.

Step 10: Updateitoi + I, reset s = 1 and go to step 3.
Step 11: Terminate.
For a specified example, the Ci(s) are shown in section 4.

3. OPTIMIZATION

Consider a feasible segment C of a graph which is composed of 2 sub-segments
C* and 4* as shown

ool c«
)

]

such that C* is a feasible segment

A*=Cm — C¥,m=1,2,3 .., M
where M = Total number of feasible segments.
It follows that 4* will never precede C*.

3.1 Number of Segments Accessed
Let the probability of reaching C™ = pp.
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Let the probability of reaching only
= Dkim
C* given that C™ is reached

Let the probability of reaching only 1

== p %

Ak given that Cm is reached Afm

Probability of reaching both C* and A* ‘]?
: . : = 1 — (px/m + D g;,)

given that C is reached .

Let n(C™) = Expected number of segments need to be accessed given that
Cm is accessed

i.e. n(Cm™) = E [Segments accessed/C™ is reached]
n(C™) = pm . n(C¥) + Pk - n(A4¥)
+{(1 ~ (Prym + P} (R(CH) + n(4¥)}

=1 - px,,) - mCH + (1 — pum) . n(4%).
Let the value of k be such that
Size of A* < size constraint of a segment
n(4¥) =1
n(Cm) = (1 — pAyc/m).n(C") + (1 — prym).
Now 1 — p x,, = Probability of reaching C* given that C is reached
and 1 — pim = Probability of reaching 4¥ given that C™ is reached

n(C™) = P(reaching C¥/C= is reached) . n(C¥)
-+ P(reaching A¥/Cm is reached)
which can be written as
n(Cm) = P(C¥/Cm) . n(C*) 4+ P(A¥Cm).
In the context of the whole graph, let N(C™) denote the expected number of
segment accesses contributed by C»
N(C™) = P(C™).n(C™)
where
P(C™) = pm.
N(Cm) = P(C™) [P(C¥C™).n(C*) + P(4*/C™)]
= P(C* N\ C™).mC*) + P(4* N C™).



46 A. K. CHAKRAVARTY
But since C* C C™ and A* C Cn,

P(C* N Cm) = P(C*) = p:

P(4* N C™) = P(4Y) = p o

N(Cm) = P(C¥).n(C¥) + P(A4¥)

= N(C¥) 4 P(Cm™ — C¥).
If Cm represents the whole graph, then the problem can be simply stated as

Minimize N(C™), which is the same as

Minimize N(C¥) + P(C™ — C¥) -(2)
where Ct € I(C™) and I(Cm) is the set of all feasible segments C¥ which are

inclusive in C» and which do not render C* — C* too large.

The problem of minimization of the recurrence relation (2) can be solved by
Bellman’s dynamic programming technique,

All the segments A* = C™ — C* thus generated for the optimum solution will
be the optimal segments.

4. EXAMPLE
Consider the example shown in Fig. 2. The size of each node and the transi-
tion probabilities from node i to j are labelled on the diagram. Assume that the
upper limit of the segment size is 1500 units,

250-

1.0

FIG. 2.

First the feasible segments (so as not to violate the precedence relation) are
generated as shown in Fig. 3. The size of the feasible segments are labelled in the
diagram.
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Explanatory notes relating to the tree-diagram, Figure 3.
1. The node Nj; is represented by i(f = 1, 2, 3, ...) )
2. The cluster of nodes in a rectangle represents a feasible segment.
3. The set Ei;a(k) is separated from Ci(s) as E;a(k)/Ci(s). For example,
the feasible segment 4, 7/1, 3, e has
E(k) =4, 7)
Ci(s) = (1, 3, ¢).
4. The numbers in the square on the extreme right represents the stage
J of the segment. '

5. The numbers on top of the rectangular boxes are the segment index m
and its storage size. The segments are indexed in the increasing order of
storage size.

The segments C* which are subsets of a large segment C™ and which do not
violate the segment size constraint (4* < 1500) are shown in Table I and are deter-
mined as follows :

(a) If the size of C™ = « then all feasible segments of size less than « — 1500
are disqualified.

(b) From those remaining, determine whether they are proper sub-sets of C™
or not. If not disqualify.

The reaching probabilities of, P(C™ — C*) are also shown in Table I. The -
method of computation of these probabilities are shown in Appendix II.

The dynamic programming calculations are shown in Table II. A few steps
of the calculation procedure are shown in Appendix II.
The optimal segments
C® — C° C2 — (9, C# — C20, C27 — C
are shown in Fig. 4.
ofABLE 1
Estimation of P(C™ — C*), the reaching probabilities

For segments numbered 1 to 10 in Fig. 3, all the inclusive segments are dis-
qualified because of the storage constraint of 1500. The reaching probabilities for
these segments are:

Segment No. 1 2 3 4 5 ~ 6 7 8 9 10

P — C° 6 13 12 12 2/3 56 1/3 1 5/6 1/2.
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FiG. 4.
For the remaining segments the P(C™ — C¥) values are shown below:

Index No. Index No. k, of C¥ € C such P(Cm — C¥)
of Segments that size of A* < 1500
Cm(m)
11 1,2,3,4,5,6,8,9 5/6, 16/18, 1, 13/18, 5/6, 16/18, 13/18, 1/6
122 23,67 1118, 1/3, 1)9, 1/2
13 27 1/9, 1718
14 2,3 6,7,9,12 15/18, 15/18, 15/18, 13/18, 1/9, 13/18
15 2.3,4.567,8, 10, 12 14/18, 172, 11/18, 1]3, 5/18, 4/6, 1/9,
* 172, 1/6 .
16 4,7, 10, 13 1/9, 14/18, 1/18, 1/6
17 6,7, 12, 13 1/9, 10/18, 1/18, 1/2
18 67,89, 10, 11, 12, 14, 15 1/, 16/18, 15/18, 5/18, 13/18, 1/9, 16/18,
1/6, 13/18
19 7,8,10, 12, 13, 15, 16, 17 . 13/i8, 1/9, 10/18, 14/18, 4/6, 1/18,1/2, 1/6
20 7.9, 12, 13, 14, 17 14/18, 1/9, 14/18, 13/18, 1/18, 13/18
21 10, 11, 12, 13, 14, 15, 16, 17,  14/18, 1/9, 17/18. 16/18. 4/18. 14/18,
18, 19, 20 13/18, 16/18, 1/18, 13/18, 1/6
22 14, 17, 20 /9, 7/9, 7/9
23 17, 18, 19, 20, 21, 22 17/18, 7/9, 7/9, 1718, 7/9, 1/6
24 020,22 5/6, 47/90
25 21, 22, 23 17/18, 43/90, 43/90
26 21, 22, 23, 24 5/6, 62/90, 47/90, 1/6
27 23, 24, 25, 26 1, 43/90, 47/90, 43/90
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TABLE 11
Solution of Min N(C™)
Form = 1 to 10, Min N(C®) = P(C™ — C9), since the C™ have no inclusive
segments in Table I. For m = 11 to 27 the values of Min N(C™) are shown below:

m N(C™) = P(C™ — C¥) + NC* Min N(C™) K for Min N(Cm)

10 1/2 1/2 —

111, 11/9, 3/2, 22/18, 9/6, 31/18, 31/18, 1 1 1,9

12 17/18, 15/18, 17/18, 15/18 15/18 3,7

13 8/18, 7/18 718 7

14 21/18, 24/18, 30/18, 19/18, 17/18, 28/18 17/18 9

15 20/18, 1, 20/18, 1, 20/18, 1, 10/9, 1, 1 1 3,5,17, 10, 12

16 11/18, 20/18, 10/18, 10/18 10/18 10, 13

17 17/18, 16/18, 16/18, 16/18 16/18  7,12,13

18 33/18, 22/18, 33/18, 21/18, 22/18, 20/18, 20/18 11, 14
31718, 20/18, 31/18

19 19/18, 20/18, 19/18, 29/18, 19/18, 19/18, 19/18 17,10, 13, 15, 16, 17
19/18, 19/18

20 20/18, 17/18, 29/18, 20/18, 1, 29/18 17/18 9

21 23/18, 20/18, 32/18, 23/18, 21/18, 32/18, 20/18 11,20
23/18, 32/18, 21/18, 32/18, 20/18

22 31/18, 30/18, 31/18 3018 17

23 33/18, 34/18, 33/18, 34/18, 34/18, 34/18 33/18 17, 19

24 32/18, 197/90 32/18 20

25 37/18, 193/90, 208/90 185/90 21

26 175/90, 212/90, 212/90, 175/90 175/90 21, 24

27 255/90, 203/90, 240/90, 218/90 203/90 24

From the computations shown in Tables I and II, the expected number of
segments transferred = 203/90.

The accuracy of the above result can be checked as follows. The various
routes from N, to N; with their probabilities and the number of segments accessed
are as below:

Routes Nodes Probability No. of segments
accessed
1 N,, N, 15/90 1
2 Ny, N, Ng, N, 18/90 3
3 Ny, N, Ng, N, 27/90 2
4 Ng, Ny, Ng, N; 8/90 3
5 N, N,, N, N, 12/90 2
6 Nsa N7’ NQ’ NssNS 2/90 4
7 N;, N,, Ny, N, N, 3/90 3
8 N,, N,, Ng 5/90 3
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E (Number hit) = 1/90[15.1 4 18,3 4+ 27.2 + 8.3 + 12.2
+ 24 433 4+ 53]
= 203/90.
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APPENDIX 1
Theorem 1 — Any set Ci(s) as generated by the algorithm of section 2 is a
feasible segment.

ProoF (by induction) : Assume that for some 7/ and s, Ci(s) is not a feasible
segment. Then, for at least one Ni € Ci(s) and one N; € _C—'i(_s), Nj { N;.
LB N£ . (D)
Now from the relationship (1) of section 2, Ci(s) = Cia(s') + Es) (i=1,2,3,..)
where s and s’ are defined by
Dy : Lis(s') = Ei(s). -(2)
Therefore, Nx € Ci(s) => N € Cia(s') or Nx € E.(5).

Consider the two cases separately
(@) Nx € Ei(s)
This implies, by definition (2), Nx € Li_1(s")
5P C Cia(s) -(3)

From (1) it follows that P. ¢ Ci_1(s) (not a subset of) which is in contradiction with
(3). Therefore, the assumption must be false. Hence Ci(s) is a feasible segment.

(b) N € Cia(s")

This implies that Ny € Ci-o(s") or Nx € Eis(s'). Now if Ny € Eia(s’), then the
theorem can be proved as in (a) above and if Ny € Ci_g(s"), then N € Ci-s(s”) or
Ni € Ei»(s") and so on .... If the logical process is carried on to the limit it can be
shown that either the theorem is true as proved in case (a) or; Nx € C, A {N}. But

by definition for all Ny, Ny is not contained in nor equal to N,, Hence the theorem
is true,
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Theorem 2 — The set of all Ci(s) is the exhaustive set of the feasible segments
of the graph (i.e. there cannot exist a feasible segment which is not generated by
Cz‘(S).

PrOOF : Let there exist a feasible segment Y° which is not generated by Ci(s).
Therefore, Y0 + Y° = N. Also, N, € Y%and N; € Yo,

Construction

Construct X, the set of predecessor nodes such that
X, = {Ni/Ni € Y° and (3Nm € Y°) Ni { Nu} o (4)
In the example shown in Fig. 5, X; = (N,, N3, Ny, Ny).

Construct the subset ¥; of X, (¥, is the set of boundary nodes of X;), such that
Y, = {Ni/Ne € X, and aNs € Y%) Ni { Ni}. w(5)

Then, by construction ¥! = Y® — Y, is a feasible segment. For the same example, as
in Fig. 5, Y, = (N5, N) and Y! = (N,, N,, N,, Ni). Similarly, by construction
Y2 = Y — ¥, = (N,, N,) is a feasible segment, and in general,

Yr = Yr! — Y, is a feasible segment, for r = 1, 2, 3, ..., n. ...(6)

Now, from the construction (5) it follows that N. @ ¥, and as N, € Y°, N, € Y.
As the graph is connected and there is at least one directed chain from N, to Ny and
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from Nj to N:, Y, the last feasible segment of the series (6) is given by Y# = N, = C,.
Therefore, C, = Y*1 = Y, and

Yl = C, 4 Y. )

From the relation (1) of section 2 it can be written C,(k) = C, + E,(k). It therefore

follows from (7) that either (a) Y**! = C,(k) for some k or (b) For some node

Ny € Ya, Ny @ E (k) for any k. Considering case (b), it follows that Ny @€ L,. From
the construction of L;, it also follows that P; € C, = Y». This implies that there is

some predecessor of Ny, say N;, such that either N, € Y*orN, € ¥,. But from the

construction (4), it is clear that N, @ Y and similarly from construction (5), N; € Ya.
Therefore, for all Ny € Y, = N; € L,. Thus the deduction (b) above is false. Hence
Yn1 = C,(k), for some k. Similarly, it can be shown that Y2 = C,(k), for some k
and, in general, Y»r = C.(k}, (r < n, in the notation). Therefore, when r = n,
Y0 = Cy(k), for some k.

AppeNDIX I
Calculation of P(C™ — C¥)
The probability of reaching the segment A* = C™ — C* is given by
P(C» — CH = = X w— X wi.p
¢ =rp NEAE | NEar P
N;E 4%
where w; is the reaching probability of the node N;, having reached the inital node N..
Considering the example in section 4, the reaching probabilities can be calcu-
lated as below: '

Wy = Pe1 . Wey Wy = Doz . We, ..., Wg = Pyg - Wya + Pog . Wys ... EIC.

Now, w, = 1. Using the values of pis from section 4, the w;’s are,

L b gt 2.1 13
wl""‘i"wz"‘éawa“‘3,4 ) 3 3—18’
111 111 14
We= 33 T oM T3 T I8

2 3 1
w=l.o+ 5 g =g "m=351w T2
Calculation of p s for a few of the A*s are shown below:
(8) A4* = C¥" — C2 = (N,, N;)

Py =Wy + Wg — (Wa.Pgg + W - Ps2)

1,4 1 _ 43
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(b) 4* = C® — C7 = (N,, N, N,)
Pg = Wy 1+ Wy -+ Wg — (Wg . Dag + Wa.Pyg + Wi Py + Wy.Dyz
+ We . Pea + We - Pod)

1 13 14 13
— & +w - (0+0+ -1 +0+040)

_u
T 18

Solution of the Dynamic Program
The dynamic program can be stated as

Miniékmize N(C¥ + P(C™ — C*).

Consider Cm, for m = 23.
The inclusive sets of C23 are
C17, C18, C19, C2° C#, and C22.

The expected numbers of segments hit for various values of k (in C¥) are shown
below:

cr N(C*) P(C* — C¥) N(C*) + P(C% — C*)
cv 16/18 17/18 3318 <«
ol 20/18 14/18 34/18

co 19/18 14/18 33/18 <
Co 17/18 17/18 34/18

cx 20/18 14/18 34/18

o 30/18 3/18 33/18 <«

Minimum expected number of segments hit is 33/18 and the possible values
of k which would achieve this minimum are 17, 19 or 22.

N(C23) = 33/18 and the possible segments are
C# — C17 and the optimal segments of C?7, or
C?% — C» and the optimal segments of C?9, or
C23 — C?? and the optimal segments of C22,
If C23 happens to be the largest feasible segment of the program, then the solution

would be completed at this stage. If not, the solution steps must continue with C24,
C?5 etc.



