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In the present paper we have not only generalized a theorem of Ray (1969) by

extending it to | N, Pa | summability but also replaced the factor log (k/t) in
his theorem by a more general function Q(1/¢).

§1. Let I an be a given infinite series with the sequence of partial sums {Ss}. Let
{p«} be a sequence of constants real or complex, and

n
Po= X p\,#O, and P_1=p_1=0.
V==
The sequence to sequence transformation

n

n
1 Z 1 Z
n = E vaV = }—)—: (P,. —_ Pv_l) ay ...(1.1)

v=1 v=]

defines the sequence {z,} of (V, ps) mean (Hardy 1949) of the sequence {Su}, or of the
series X an, generated by the sequence of coefficients {ps}. The series & a, is said to

be absolutely summable (N, pa) or simply summable | N, pa | , if the sequence {fa} is
of bounded variation, that is,

oo}
Zl l tn — tn__l , < oo, ...(1.2)

n=

The conditions of regularity of the method of summability (N, ps) defined by (1.1) are

lim | Pn| = oo ...(1.3)
and
gol Dyl = O(C]| Pal). ...(1.4)

If {ps} is real and nonnegative, (1.4) is automatically satisfied, and then (1.3) is a
necessary and sufficient condition for the regularity of the method.
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§2. Let f(¢) be a periodic function with period 2= and integrable L over (—=x, x).
Let

[ro)
f(t) ~ La, + 21 (@n cos nt 4+ by sin nt) 2.1
n—

be a Fourier series of f(¢), then the series conjugate to (2.1) at t = x is

0 [=¢]
Z (bncosnx — ansinnx) = I Ba(x), say. ...{(2.2)
n=1 n= '

We write §(1) = } {f(x + 1) — f(x — 1)},
ki
¥() = [ Y gy = g0 1) (23)
t ‘
where O(T), T = (1/t), is a positive differentiable function tending to -} co as t — -+ 0,
such that Q'(T) is a positive decreasing function of T tending to zero as 7 — +-oo.
Denote
A Un = Un —Uni1.

Ray (1969) proved the following theorem on | R, log w, 1 | summability of a series
associated with the conjugate series of a Fourier series.

™

Theorem A — Let ¢,(r) log (%) = j %—@ du, k > =
t

T
If $,(t) € BV(0, =) and [ | §,(t) | /tdt < oo, then
0

Bu(x)

m is summable | R, logw, 1] .

In the above theorem we have observed a relation between the factors of $1(1) and Ba(x).

In the present paper as a bid to generalize the above theorem we have replaced
the factor log (k/t) by a general function Q(l/r) and also extended it to | N, pa |
summability.

We prove the following :

Theorem — Let [ "—I"-z(l—u) du = ¢,(t) (T
f
where O(T) defined as in (2.3).
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If §(1) € BV, ), J '—i‘i@idt < oo, and T%—;g) is bounded, then
0

Z Ba(x) P,' is summable | N, pa | where {pa} is a sequence of nonnegative, and non-

increasing numbers such that the sequence {Q(n)/Px} is bounded.

§3.  We require the following lemmas for the proof of our theorem.

Lemma 1 — If {ps} is a sequence of nonnegative and non-increasing numbers,
then {n/Px} is non-decreasing.

ProOF :  Since {pa} is a nonnegative and non-increasing sequence,
n
Po= Z pv 2+ 1)pn

n _n __n+1_nP1.+1——(n+l)Pn_npn+1—~Pn
Now A(E‘)—Pn Pn+1 - PnPn+1 - PnPn+l <0

Hence the proof is complete.

Lemma 2 — If {ps} is a sequence of nonnegative and non-increasing numbers,
then the sequence {ps/Px} is non-increasing.

The result is obvious. We require the following estimates.
If { pn} is a sequence of nonnegative and non-increasing numbers, then

n
lz sin vt

v=0

..G.D)

n
l P v—1

On2t) for all ¢
sin vt =={ (1) ...(3.2)
P,

o) for 2 nt

v=]

PrOOF : The estimates (3.1) and the first part of (3.2) are trivial. We prove the
2nd part of (3.2) using (3.1) and Abel’s lemma.

‘We have

sin vt

‘ P v—-l

- 13 (- )]

v=]

(equation continued on p. 455)
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’z sin vt | + !z Py in vt

= 0(tY) + 0™
= Q™).

§4. Proof of the Theorem — Using (1.1), we have

o] 0
> =
n=1

Iy — In z Pv—lav s
n=1 n=|
where a, = 1",( )for our series.
v
k14
Ba(x) = 72:— S 9(¢) sin nt dt

0

= %j q'()smntdt
0

kid
--2 K £%(7) sin nt dt
0

{sin nt 0 (a(r) Q(T)) dt

_ 2z
k11

O 4

t sin nt dt [Q(T) i $, () + 4,0 @'(T) ( )]

II
A IN
Sty

@) B g — -i— j +Q(T) sin nt diy ().
0

I
:i[N
S,

(equation continued on p. 456)
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i PnPn-—l l z P“_l = [j O'(T) §(1) sin vt dt
n=1

- f tQ(T) sin vt ddal(t)]l

sin vt l

5| emue
0

PnPn._;_ v
n=1 v=1
[= ¢} n -
Pn Pv 1 . . I
+ 2 PoPry 2, J tQ(T) sin vt dd,(1)
n=1 el H
= I, 4+ I,, say.

The theorem will be established if we can show
Z,=0() and I, = O(D).

> - gpn,,ﬁ_li%ﬂgmw)s‘““’ /|

v=1 0
< j EXOTIo z . g n

®
Since by the hypothesis [ | ¢,(¢) | £ dt < oo, to prove X; = O(l1), it is sufficient to
0

Now

show that

= 0(l)

Q(T)z”“jz Poct sin v

uniformly forall¢,0 < t < =.

Using the estimates (3.2), and Lemmas 1 and 2, we have

o n
Pn
PnP'n—l

n==1 v=1

=3 + %
n<T n2T

Py s

sin vt
P,

(equation continued on p. 457)
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= O(ngl) + z P.P O(t“‘)

n<T nzT

= 0() z X O(T)(PLT)

n<T

- o(tP—TT-)O(TH o(z)=0(i)

Q1) 2 Py Pn-—l

Cano()-o(757) <o

@ n

IEPIE
2 PnPn-—l

n=1 v

Py, .
——— SIn vt
P,

Pox f 1Q(T) sin ot (0|
0

E vt sin Man

v=1

A

j | dby(e) | 10(T) z e

457

T
Since by the hypothesis | | d},(¢) | < oo, to prove Z, = O(l), it is sufficient to
0

show that

Py —_ 1
tO(T) z o 7 sin | = O(1)
uniformly forall , 0 < t < =.
Now using the estimates (3.2) and, Lemmas 1 and 2,
e o] n
Pn Poa .
PP 7, sin vl
n=1 v=]
= X 4+ X
n<? n2T
- pn . P (L)
—EPnP’l—-lO(nt)—*—anPn_lo !
n<T npT

(eguation continued on p. 458)
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n o(T)
=0(@) Zﬁa— + Py

n<T

= o(z%)om +0(%)
=0 %)

Hence

P v—1

sin vt
P,

(T i Pnll);:b_l
n==1

o( o 7 )

-o(3)

= 0(l).

This completes the proof of our theorem.

n
v=1

It is easy to see that by taking pa = and Q(t71) = log ztl, the result of Ray

1
n+ b
(1969) follows from our theorem. Besides the above case, our theorem yields many
other results if { pa} be replaced by the following sequences

1 1
{(n + 1) log n}’ {(n + 1) log n log Tog n}’

i
{(n -+ 1) log n log log n log log log n}’

1
“*1n + Dlognloglogn ... loglog ... log,1n(log log ... log, n)}’
with suitable Q(n).
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