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The propagation of a sonic discontinuity in an optically thick grey gas at high
temperature has been studied by using the ray theory and taking into
account the effects of thermal conductivity and thermal radiation. The
velocity of the ray and that of propagation of the sonic discontinuity have
been determined and interpreted. The fundamental differential equations
for the growth of the sonic discontinuity are determined and solved. Explicit
solutions for the plane wave are given. It is concluded that if the sonic
discontinuity is a compressive wave of order 1, then it terminates into a shock
wave after a critical time 7, which bas been determined. On the other hand,
when the sonic discontinuity is an expansion wave of order 1, then it will
decay monotonically and will be damped out ultimately. The results have
been computed and graphed in order to show the effects of thermal conduc-
tion and thermal radiation on the variations of the strength of the sonic
discontinuity during propagation.

1. INTRODUCTION

Using the theory of singular surfaces Thomas (1957a) investigated the propagation
of weak discontinuities in ideal gases. He derived the growth equation and discussed
the conditions under which the discontinuities either terminate into a shock or decay
out. Kaul (1961) studied the propagation of weak discontinuities in ideal gases by
considering the entropy and sound speed as dependent variables instead of pressure
and density. They both assumed that the medium ahead of the wave is uniform.
The study of anisotropic wave propagation has attracted much attention recently and
has found many applications (Lighthill 1960, Buchwald 1959, Nigam and Nigam 1962,
Moore and Spiegel 1964).

In this investigation we have used the theory of singular surfaces and the
method of geometrical optics (ray theory) due to Luneberg (1964). We apply this
method to study the anisotropic wave propagation of weak discontinuities through
thermally conducting and radiating gases. The medium of the gas is assumed to be
optically thick. The fundamental equations governing this systemare (Pai 1969):

g% + tip,e + pwiy = O (continuity equation) (L)
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at + PUsUi,j + (1 + 4-RP) D,i — 4 _RPPy‘ =0

(momentum equation) ...(1.2)

(g? + um,') T — KeyT,is — 12DrarT*(Ty)® = 0

{entropy equation) ..(1.3)
P = pRT (equation .of state) ...(L4)
Tdn = {c., + dax -Té—} T — {}ax s } . (1.5)

where the comma followed by an index denotes differentiation with respect to x;; p, p,
T, u denote density, pressure, temperature and velocity of the gas respectively; n is
the effective entropy in the radiating gas; and Rp is the radiation pressure number
given by

radiation pressure _ arT*

_RP e =
gas pressure 3p

and ar is the Stefan-Boltzmann constant; Dg the Rosseland diffusion coefficient for
radiation; K the coefficient of thermal conductivity; and K.;y = K + 4DgrarT?3.

By weak discontinuities we mean that the field variables describing the medium
are themselves continuous across it while their derivatives may be discontinuous.
Also we have made use of the first and second order compatibility conditions derived
by Thomas (1957b) in our investigation.

2. RAY THEORY

The ideas presented here originate in the theory of optics. We consider a
moving surface X (rf) which is described by the equation of the form: f(x), x,,
X3, 1) = 0. Let n; be the components of a unit normal to the surface considered
directed into the upstream region so that the normal velocity G of the surface X (r)
will have a positive value. We denote the jump of any quantity = across £ (¢) by
[z] = z; — z, where z, is the value of z ahead of Z (¢) and z, is the value just behind.

In order to relate the singular surface theory with the ray theory, we first
observe that the derivative with respect to time ¢ of any function F(x,, x,, Xy, t) along
the normal trajectory is given by (Thomas 1957b)

BF _ oF
T

Since n; is orthogonal to the wave surface the §/8t commutes with tangential differentia-
tion. Further if V, denotes the velocity in the ray direction, then the derivative of F
along this direction is given by

+ Fu G 21)
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dF _JF |

From (2.1) and (2.2) we obtain

d.F 3F
Lo (Vs — Gny). .23
g = 57 T FVe = Gno 2.3)

Based on the ray theory (Nariboli 1968) the following relations have been derived

AN e G

Vi = 7 = Gn; + (8:5 e n;ni) 5;1"' '(24)
drF SF «

& =5 T U -(2:5)

3. PROPAGATION OF A SONIC DISCONTINUITY

Taking jumps of (1.1) and (1.2).and making use of the first order compatibility
conditions, we have

(n —G) L +pA=0 .(3.1)

o(tn — G) & + (1 + 4Rp) En; — 4 %sz;ng =0 (3.2
where

s ms = A [pulmi = § [pilm=§
are functions defined over the surface X (¢).

From the law of conservation of energy of the fluid for which K,;; = 0 across
X (¢) we have (Pant and Mishra 1963)

[T’j] n = 0. (33)

Now differentiating (1.4) with respect to x;, taking its jump and making use of the
compatibility condition of the first order and (3.3) we get

£ =aly .(3.4)

where a, is the isothermal velocity of sound. In consequence of (3.1), (3.2) and (3.4)
we get

(un — G) L =—pd, p(un — G)A =§ ...(3.5)

{(un — G — a2} =0. ...(3.6)
Since { £ 0, the relation (3.6) yields

G = us + a,. -..(37
Equation (3.7) gives the velocity of propagation of the weak didcontinuity.
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Differentiating (3.7) with respect to nj, we get
9G = uy. ...(3.8)

Substituting from (3.8) in (2.4) we get
Vj = U; + an; ...(3.9)

which gives the velocity of the ray. The relations (3.7) and (3.9) are the same as
those when radiation terms are neglected. Therefore we can conclude that for the case
under consideration the radiation effects do not influence the velocity of propagation
of a weak discontinuity.

4. GrowTH EQUATIONS GOVERNING THE PROPAGATION OF A WEAK DISCONTINUITY

Differentiating (1.1) and (1.2) with respect to x:, multiplying by n, summing
over the index & and taking jumps across Z (#) and using the second order compati-
bility conditions (Thomas 1957a) we get

o8
(un — G) T 4 oA + 3‘?‘ + ULe + 237 + pg*Pxiplie = 0 - (4.1)

o(n — G) A + (1 + 4Rp) Emy + p (”' + Us ,\.,‘)
+ (un — G) L + g*BEaxip(l + 4Rp),— 4 — RPCn.
—4 2 Rplexipg™® — 12 Rp Emi 4 32 Re En;
P p P
—20 L Rptn, =0 @.2)
pz G
where A = [uig] mm, £ = [p,u] mny and § = [p,ei] mns. Multiplying (4.2) by n, and

summing over 7, we get

olim — G) X + (1 +4Rp>é+p(§*t‘+ Ut ) — 4Rr L.

+(uu-—G)L’/\-—12 g +32_gz;—20Rp—z:2—0 ..(4.3)

Equation (1.5) can be written as

T(g:' + um,; ) (C., + Mx?) (% + uT, )

~ (4 =+ Z) (%ﬁ + o ) (4.4
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Making use of (1.3) and (4.4) we obtain

TC
[T = K.,'f, g%;“ +a';’} z. ...(4.5)

Differentiating (1.4) twice with respect to x; and x;, multiplying by n; and ny taking
jump and making use of the compatibility conditions and eqn. (4.5) we get

PRa1 4 Rax

§=aif + X, t g, =T ...(4.6)

Substituting from (4.1) and (4.6) into (4.3) we obtain

{ s + Usfa + pg B/\«-,m,a} + ¢ {% + Uiy } 1

1+ 4Ry {FREE 4 RO
3Kzl/
tap—2Rrp  pRep WRep,, (4T)
p 4 P
Making use of the relations (2.5) and (3.5) eqn. (4.7) reduces to the form:
diA
e agd + 322 =0 ...(4.8)

where
4
1}{(1 + 4Rp) ["R"‘ RarTH) g0l
3K¢f!

In view of relation (3.5), the growth equations for ¢ and § can be written as

t;t 4+ a & ____ tz =0 ...(4.9)
th + ook + __Ez = 0. ...(4.10)

Equations (4.8), (4.9) and (4.10) are the fundamental differential equations for the
variations of the quantities A, § and £ along the normal trajectories of the family of
sonic surfaces in the direction of propagation. In view of the relation (3.5) the eqns.
(4.9) and (4.10) are derivable from (4.8). Hence the eqn. (4.9) is sufficient to predict
the growth or decay of the sonic discontinuity associated with the wave Z (z).

The mean curvature 2 of the sonic wave surface X (¢) isa function of the
distance ¢ and has been calculated as (Lane 1940)

Q, — Kyo

Q=905 + K5t
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where K, and Q, are respectively the Gaussian and mean curvature of the surface = ()
at time ¢ = 0. Substituting for Q in (4.8) and integrating we get
Lo L w1 — 20,6 + Kyorjer e
A Ao

-+ % €46 {1 — 2Q.6 + K,o%}e1/2G I e4°/6 {| — 2Q.a

+ K,o%}-91 26 dg (411

where
Ra® RarT*
A=13d( + 4rp)| 2% m]}
é{( + 4Re) [ch/ + 3K,ss

Ag is the value of A at the intial time #,. In order to predict the physical situations
more accurately, we consider particular case of a plane wave for which K, = 0,
Q, = 0. In this case, the eqn. (4.9) reduces to the form :

4T e

_ a4
dr

5 & (4.12)

the solution of which can be written as

%o
= eAt 1 a,Cy(eft — 1) (2pA) T ...(4.13)

where {; is the initial discontinuity.
The solution (4.13) suggests that if the initial sonic discontinuity is an expansion
wave of order 1, ({, > 0), then the discontinuity will decay monotonically and will be

damped out ultimately.

Rewriting the eqn. (4.14) in the non-dimensional form, we have

1
8= e + Aye” — 1) ...(4.14)
where
B S . A1
P G T 2

The nature of variations of the strength of the sonic discontinuity for typical
cases is shown in Fig. 1.

It is now obvious from Fig. 1 that the effects of thermal radiation are to cause
more rapid damping effects on the sonic wave propagation.



SAVITHRI SRINIVASAN

550

FiG. 1.

06

¢-=9y
g-= Oy
e —
g-= Oy
Ol~= Oy
1 1 i
g 3 2
Lo



ANISOTROPIC PROPAGATION OF SONIC WAVES 551

On the other hand, if the initial sonic discontinuity is a compressive wave of
order 1, (, < 0), the continuity of density across a wave will break down. Hence in
this case a sonic discontinuity will grow and after a critical time ¢, given by

%]
2p4 + a; | G |

tc=to+j]4—10g

it will terminate into a shock wave.

For typical cases the effects of thermal conduction and radiation on the growth
of the sonic discontinuity and its termination into a shock wave have been shown
in Fig. 2.

It is interesting to note that the critical time #, decreases for the increasing
values of 4, Hence the effects of thermal conduction and radiation on the propaga-
tion of a compressive wave are to decrease the duration of time by which a sonic
discontinuity will terminate into a shock wave.

From the similarity of eqns. (4.8), (4.9) and (4.10) it is obvious that the other
discontinuities A and £ will also behave in a similar manner.
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