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This note is concerned with some results on Hermitian operators on Banach
spaces.

1. INTRODUCTION

Here (x, y) represents semi-inner product as introduced by Lumer (1961) and
Giles (1967).

Giles (1967, Theorem 1) has shown that every normed vector space can be
represented as a s.i.p. space.

Definition 1.1 — Let X be a Banach space and (,) be any consistent s.i.p. on X.
Then numerical range of an operator 7 on X is defined by

W(T) = {(Tx, x): | x || = 1}
Vidav (1956) defined the following notion of Hermiticity:

Definition 1.2 — An operator T on a Banach space is said to be Hermitian iff
1 I-+i@lf=1< o)fora— 0.

Lumer (1961, Lemma 12) has shown that an operator T is Hermitian iff W(T)
is real.

Nieminen (1962) has proved, for the case of Hilbert space, that the operator T is
Hermitian iff the following conditions are satisfied:

1. o(T) is real;
2 [ Rl < gl
where p is real and Rip = (T — iul)~L.

In this paper, we generalise Nieminen's result to Banach spaces by semi-inner
product techniques.

Here we quote Proposition 2 of Sinclair (1971) which will be needed in the
sequel.
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Proposition (Sinclair 1971) — Let 4 be a Banach algebra with identity e. Then
I 2+ el =10+ Be)|

for each Hermitian element / and each complex number 8.

2. HERMITIAN OPERATORS

Theorem 2.1 — Let X be a Banach space. An operator T on X is Hermitian iff
| Rip | €[ g% preal.

PrOOF : Let T be Hermitian. Then W(T) is real. Therefore by Theorem 4 of
Lumer (1961), o(T) is real.

Let A = iu where x is any non-zero real number and i = 4 —1.
Now suppose x € Xand | x| = L.
Then | ({T — M}x,x) | = | (Tx, %) —A| 2 1p|, as W(T)is real.
or, el <TET =A% ) | < (T —A)x]|.
Since a(T)isreal, | (T — AN | < | | -
Thus, [ Rl < ||
Converse : Let | Rip | < | g | ~* for y real.
If « is a real number then (7 + T)YI — iaT) = I + o*T=
Thus for ¢ — 0,
11+ @l |<|d— @)™ |04+ o@)
=|a|"Ro — 11 + o)
<la]=tlal(l+o@
=14+ o ().
Therefore by definition, T is Hermitian.

This completes the result.
Corollary 2.2 — If T is Hermitian, then

[RA < | e ™
where p is the imaginary partof A € C.

Remark 2.3 : Istratescu (1975, Theorem 1) proved that the operator T is
Hermitian iff

[Rw | < Tp| Ml +0(]p]Y), preal



ON HERMITIAN OPERATORS ON BANACH SPACES 1221

Remark 2.4 : Tt would be interesting to know whether every Hermitian operator
T satisfies the growth condition G,,

[ Re | < (d(x, o(T)))* for « & o(7).

Remark 2.5: Tt would be interesting to know whether every Hermitian operator
is a generalised scalar operator [for literature see Colojoara and Foias (1968)].

Stampfli (1965) has proved that the resolvent of any operator T on a Hilbert
space has a first order rate of growth with respect to the closure of numerical range.

We generalise this result to Banach spaces.

Theorem 2.6 — If T is an operator on a smooth Banach space X' then 7 hasa
first order rate of growth with respect to the closure of numerical range.

Proor : Since X is smooth, semi-inner product (,) on X is unique. Since T is
bounded, W(T) is compact. Therefore W(T) is not the whole complex plane. Let
Ag W(T). Then

d=Inf{|y—A]:y€ WT)}>0. (D

Now let z€Xand|z]| = 1.

Then [T — A} z,2) [ = | (T2 2) — A | > dby(l)
or, d<|({(T—-2M}z,2) | < |{T — AL} z|
or, d | (T—ADz)|. (2

Again by Theorem 4 of Bonsall and Duncan (1973, p. 22),
o(T) C W(T).
Therefore from (2),
1 (@ — a0 | < (@@, WD) for A @ PAT)
which is our required result.
Corollary 2.7 — If | W(T) | < 1 then
F =A< A — ] W(T) )" for|Aa]< 1
ProoF: Let|A| < land A£0.
Thenl — | W(T) | <1 — |y]|.|A|fory € W(T)
<|1-n]|
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or, 1—|W(TN)|< Inf {|1—yr|}=][2].d0", W(T)).
YEW(T)

Therefore, by Theorem 2.6,
fa—an* <@ —| 1))
This completes the proof.

Theorem 2.8 — If P is a polynomial with complex co-efficients whose roots lie on
the imaginary axis and T is a Hermitian operator on a Banach space X then

| WP(T)) | = | P(| W(T) | ) |-

ProoF : Since T is Hermitian then W(T) is real and by putting 8 = 0 in
Proposition 2 of Sinclair (1971),

ITl=1eT)|=]|MD].
Therefore, | W(T' — al) | =[] T ] — « | for all imaginary «.

Hence by Proposition 2 of Sinclair (1971),
IT—alf=[1T]—al. ()
Let P(T) = (T — oy )(T — ) ... (T — an)

where «;, &, ..., an are not necessarily distinct.

or, IPMI<IT—o | | T—an]
= [T —=a | . ]| TlI—en|by()
=[P(ITHI=1P(=1T|)}|
or, [P <IPUITI=T1P(=T)I. (i)
From (ii),

| PCI T ] )] <Sup|PQ)|forr € oT)
<[WEO)ISIPMISIPAT])]-
Therefore, | W(P(T)) | = | P(| W(T) | )|
which is our required result.

Corollary 2.9 — | W(P(T) | = | P(T) | = | o(P(T)) | .
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