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Under restrictions on the parameters, expressions for the Appell functions
F, Fy,and F; at (x, —1) and at (x, }) are obtained. The Mellin-Barnes
integral representations and transformation formulas are used in the
derivations.

1. INTRODUCTION

A number of cases in which the Appell functions have been shown to reduce to
simpler functions for special values of the variables have appeared in the literature; see,
for example, Appell and Kampé de Fériet (1926), Bailey (1953), Erdélyi et al. (1953),
Exton (1976), Gupta (1965), Karlsson (1976), Srivastava (1973). Other general relations
which, by specializations, can lead to such formulas appearing in Burchnall and
Chaundy (1940, 1941), Erdélyi (1940, 1948), Olsson (1964, 1977), Panda (1974), Singal
(1974), Srivastava (1981). Some results for which both variables take on special
numerical values are given in Karlsson (1972). The formulas would appear to be
classifiable into the reducible types F(x, —x), F(x, x), F(x, 1) and “other”. A study of
the results indicates gaps in our knowledge; some of these gaps appear to be quite
difficult to fill. In this paper we add a few entries to the list of reducibility formulas.

We obtained (see Buschman 1977) identities for the H-functions, among which
was one which connected an H [xy, y] to an H [x, y]. Since the Appell functions havea
Mellin-Barnes integral representation and since the choiceof x = +1or y = 1, or other
choices, lead to the various reducibility classes for the Appell functions it appears that
there are connections among these classes and that the integral representations should
lead to some results. It should be noted that the H-function identity does not lead to an
identity among Appell functions, since the H-functions involved cannot simultaneously
be Appell functions. However, further formal manipulations do lead to those formulas
for F, which were given by Appell and Kampé de Fériet (1926). Rather than use this
H-function identity we work directly with the specific simple double contour integrals.
These provide an analytic continuation outside of the region of convergence of the
defining series. In particular, we obtain some results involving F(x, —1) and conse-
quently for F(x, }) by use of transformation formulas. Although we obtained (see
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Buschman 1979) the H-function identity for functions of more than two variables and
this suggests possible generalizations, we here confine ourselves to Appell functions.

The abbreviated notation for quotients of I'-functions will be used; for example,

+io
Tfa, 8; ] for P@)I()/T'(y). Since all integrals are of the form [ taken along lines,
. —i®
with perhaps indentations, we suppress the limits. Notation for the H-function corres-
ponds to that used in Mathai and Saxena (1978).

2. RESULTS AT (—x, —1)

Expressions can be obtained for F; and F, which we list. Since the derivations
are similar, we outline only the one for F.

Fie, 8, 8,1 +a—§; —x —1)

= 370l +a — B a, ] Hgg[x' ((10’“1)(?’(2’9 = %%“’ B ] (2.0)
Fy(o, 8,87, 85 —x, —1) = 27%,F(x, B, v; — $). . (2:2)

Consider the double contour integral representation for Fy(—x, —y), which
converges absolutely for |arg (x) | < =, | arg (») | < = [see Buschman (1977) for
convergence tests, for example], and replace y by 1, since this integral representation
provides an analytic continuation outside of the convergence region for the series. We
use the linear transformation u = s, v = s -+ f, which maps the (Im (s), Im (#))-plane
onto the (Im (u), Im (v))-plane and for which the Jacobian equals 1. This gives us the
representation

File, 3,8 v; —x, —1)

" no | D+ vD(— )T+ )Du—PE +v—u) _,
= Tlvia 6 81 o | | & Lt x* du dv

(2.3)

which converges absolutely for | arg(x) | << =/2. The integral with respect to v can be
evaluated in terms of the Gauss hypergeometric function at —1 to which Kummer’s
Theorem can be applied, provided 1 + a = B’ + y. Proceeding under this additional
restriction we have the single integral representation

Fie, 88,1 +a —81—x,—1)
—w)T(/24+4/2)T
= 3Tl +a~ e fl L IF(I,(I")+(:£ f”é )Jr(f;;”) x* du ...(2.4)

2ni
which gives us (2.1). Since this last integral converges for | arg(x) | < w, an analytic
continuation is provided by (2.1), and similarly by (2.2) into the cut plane. [Conver-
gence tests are developed in Dixon and Ferrar (1936); preservation of identities under
analytic continuation is discussed in Hille (1962).] It should be noted that the
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duplication formula for the I'-function allows the result to be expressed in terms of a
G33 function, or ultimately as a sum of two 3, functions.

A difficulty occurs in the evaluation of the single integral in the derivation of the
result for F,, since Kummer’s Theorem cannot be used. However, the ,F; is reducible
in the degenerate case §' = v’ (or 8 = y). A similar difficulty prevents the method
from yielding any such results for F;. For F, there is a problem of convergence of the
original double integral and hence with analytic continuation.

3. OTHER RESULTS

Although reduction formulas involving F(—x, —X) can be obtained by this
method, including Appell’s formula for Fj, it seems that nothing really new can readily
be obtained beyond those results listed in Karlsson (1976), or those which result from
those formulas in Burchnall and Chaundy (1940) or those from Erdélyi et al. (1953,
p- 238). A similar situation occurs for F(x, —x). The difficulties in improving those
results seem to be a lack of knowledge of the values of the G-function at -1, although
some such values are available in Erdélyi ef al. (1954). A similar problem occurs for
F(—x, —x?).

From the transformation formulas 5.11 (1), (7), (11) of Erdélyi et al. (1953)
we can next obtain results at (x, 1) from (2.1) and (2.2).
F(1—8,88,1+a—p%—x1)
=1 —x)yP2¢ 101 +a —p;a B

f x4 =81, 1« )
XH”[T—T[ ©, 1); (8 — 1a, 1) ] (3.1

Fye, 1 — @, 8,8, 1+« — 85 —x, )
= 22-1P[1 + « — B'; @, B]
1 — {39 1)9 (l - %“’ %);
x H“[x} ( , . (32
#[F] 00 @ ~ je b 32
Similarly, now that F(—x, 1/2) is available, we have
F(l—~p,a,8p8,14+a—p8;—x —1)
=30 ~-0)Pr[l +a—faf
- B’ 1)’ (1 - %“’ %)’ ]
X H 1’[ ( ; . ...(3.3
2% 0, 1 @ — 30 b G-
Since the F,(—x, —») would degenerate to a ,F; under the needed restriction on the
parameters, that result is omitted.
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