Indian J. pure appl. Math., 12(8) : 945-949, August 1981

QUASI-PROXIMITY AND ASSOCIATED BITOPOLOGICAL SPACES

MONORANJAN JaS
T.D.B. College, Raniganj

AND

CHHANDA BANERJEE

Department of Mathematics, Burdwan University, Burdwan 713104

(Received 3 October 1980)

A quasi-proximity on a non-empty set X is a proximity minus its symmetric
property. Given a quasi-proximity on X there is another such on X called its
conjugate, and X becomes a bitopological space. In this paper a characterisa-
tion of pairwise completely regular bitopological spaces has been established
in terms of quasi-proximity.

§1. A non-empty set X on which are defined two topologies = and €/ is called a
bitopological space (X, =, C}/). Kelly (1963) has studied consequences of introducing a
quasi-metric, namely a distance function p on X satisfying the classical conditions of a
metric minus the requirement of symmetry. Given a quasi-metric p on X one at once
finds another quasi-metric ¢ on X called conjugate of p by defining ¢(x, ¥) = p(y, x) for
(x,3) € X x X. This situation leads to a bitopological space (X, p, g) wherein
Kelly (1963) has obtained some of the symmetry of the classical metric situation by
proving generalisations of Urysohn’s Lemma and Urysohn’s metrization Theorem.
The results thereby reveal that quasi-metrics are related to real-valued semi-continuous
functions in much the same way as metrics are related to continuous functions. On
the other hand one finds a proximity structure more general than uniform structure
(see Naimpally and Warrack 1970) and it is wellknown that uniform structure is more
general than a metric structure on X. In this chain of generalisations workers concern-
ed have kept the symmetry property of the structure unchanged. Lane (1967) has
dealt in good length a quasi-uniform structure i.e., a uniform structure minus its
symmetry on X. We call a relation 3 on the power set P (X) a quasi-proximity
(Definition 1.1) on X and in this paper we study its consequences.

Definition 1.1 — A relation 3 on P(X) is said to be a quasi-proximity on X iff it
satisfies the axioms (Q 1 - Q 6) where

QlL X3 X
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Q3. ACB3CCDimpliesd 3D

n
Q4. A 3 Bk =1,2,..,n)implies 4 3 N B:
k=1

n
Q5. Ax 3 Bk =1,2,...,n) implies U 4 3 B
k=1

Q6. 4 3 Bimplies existence of a subset C of X such that 4 3 C < B.

A quasi-proximity 4 on X induces a topology 14 on X arising out of neighbour-
hood system J7: of x € X as described in Theorem 1.1.

Theorem 1.1 —For x € X let I ={4 C X:{x} 2 4}, then T is a
neighbourhood system at x for a topology .

ProoF: By routine verification the proof follows.

Theorem 1.2 — Given a quasi-proximity 3 on X the relation 3* on P(X)
defined by X 4* X, and 4, BE€ P(X), 4 3* B iff X\ B 3 X\ 4 is a quasi-
proximity on X.

The proof is easy and left out.

Definition 1.2 — Quasi-proximities § and 3* are called conjugate to each other,

§2. By what has now been described so far (X, ©;, v+ ) is a bitopological space.
We have the following definitions.

Definition 2.1 (Equivalent to Definition 2.3 in Lane 1967) — In a bitopological
space (X, =, C1/), = is said to be completely regular with respect to C{/ if for each G € =
and for each x € G, there exists a t-upper semi-continuouns (r-u.s.c.) and C{-lower
semi-continuous (C{/-L.s.c.) function f: X — [0, 1] such that f(x) =0 and f(X\G) = I.
(X, 7, €1V) is called pairwise completely regular if v is completely regular with respect to
CY, and CY/ is completely regular with respect to <.

Definition 2.2 — A bitopological space (X, ¢, C{/) is said to be quasi-proximizable
iff there is a quasi-proximity % on X'such that vy = v and 7y« = CJ..

Theorem 2.1 — A bitopological space (X, 7, C/) is quasi-proximizable iff (X, «, &)
is pairwise completely regular.

The proof of Theorem 2.1 is accomplished by application of Lemmas 2.1 and 2.2
which we prove first.

Lemma 2.1 — Let (X, vy) be a quasi-proximity space, the topology <; being
induced by the given quasi-proximity 4 on X. If A § B, then
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A 3 xy-IntB .11
and ‘tys-closure 4 3 B. (2.1.2)
ProoF: Let 4 2 B; so there is a subset C of X satisfying 4 S C 4 B. Now

g —IntB={x€ B:BE Jls} = {x € B:{x} 3 B}, by Theorem 1.1.
If ¢ € C,then ¢ € B and {¢} C C 3 B gives {c¢} 4 B, and hence ¢ € ;-Int B.

Thus we have 4 3 C C =;-Int B, and hence A 3 =;-Int B, establishing (2.1.1).
For proving (2.1.2), if possible, let t4 « -closure 4 ¢ C ; then there is

x € (rqys-closure A)N\Cie x € X\C.

But 4 3 C gives X\ C 3*X\ 4, showing thereby X\ 4 € Jl= (w.rt. 3*) and
X\ 4 fails to meet A4, a contradiction that x € 74 «-closure A. So wehave 1, « -closure
ACC.

Further C 3 B gives 7 «-closure 4 3 B.

Lemma 2.2 — Let (X, v;) beasin Lemma 2.1. If 4 3 B, then thereis a v -u.s.c.
and 7y«-Ls.c. function & : X — [0, 1] such that

h(A) = 0 and A(X\B) = 1.

Proor : The proof follows techniques as applied in classical Urysohn’s Lemma.
First applying Q.6 under Definition 1.1 twice we get subsets C and D such that
A3C<23D 3B Using Lemma 2.1 we have 4 C vysclosure 4 3 1;-Int
CCC 3DCrysclosure D 3y —Int BC B Put ty.-closure 4 = U,
¢-Int C = Vyy,, 14+ -closure D = Uy, 7¢-Int B = V;. This gives

ACU, 3V, 3U,,3V,CB

and hence 4 C U, C Vy, C Uys C ¥V; C B. On repeating the construction for
each pair of sets Uy, V,,, and Uy;,, ¥, we obtain < -open sets V,,,, V3, and ©y« -closed
sets U}, Uy 4 such that

ACU, 3 Vyyy 3 Uy 3 Vyy 3 Uy 3 Ve 3Usu CViCB
and hence
ACUC WV, CUHpCVyy CU CVaa CUya T CB

Continuing this process we have two families {Us} and {Vs} of ©;+-closed sets and
=4 -open sets respectively for s = % (pr=12,..,20—1 g=12.;
For any other dyadic rational s put Vs = ¢ fors <0, Ve = Xfors > I, and U, = ¢

for s<0, Us= X fors > 1. Then we have ¥, C Vs C UsCUforrgs<t
and Us C V: for s < t. Now define h: X - [0, 1] by the rule

x)=inf{t:x€ i}, x g X
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It is not difficult to show that A(x) =inf{r:x € U:}, x € X; Clearly then
0 Mx) <1 for x € X; Further A(x) = 0 if x € U,, and hence h(4) = 0; and
h(x) = 1 if x € X\\V;, and hence A{( X\ B) = 1 ; Further using the sets U, and V5 it
is easy to show that 4 is t;-u.s.c. and < »-1.s.c. function; and proof is now complete.

Proof of Theorem 2.1 — Suppose (X, =, V) is pairwise completely regular.
Define a relation 2 on P(X) by the rule: for 4, B € P(X), 4 3 B iff there is a
z-l.s.c. and “V-us.c. function f: X — [0, 1]such that f(4) = | and f(X\B) = 0.
We now verify that  is a quasi-proximity on X. Taking f= 1 we see that X 3 X
holdsie., Q.1 holds. Let 4 | B hold. Then there is a =-1.s.c. and “V-u.s.c. function
J: X — [0, 1] such that f(4) = 1 and f(X\B) = 0; so 4 N (X¥\B) = ¢ and assuch
A C B. Hence Q.21is established. For Q 3 suppose 4 C B3 CC D. Then there
is a t-1.s.c and “V-u.s.c function f: X — [0, 1] such that f(B) = 1 and f(X\C) = 0.
But X\\D C X\C and 4 C B. So we have f(4) = 1 and f(X\\ D) = 0 showing
that 4 8 D. Nextlet 4 3 Bu(k = 1, 2, ..., n) and consequently there are <-l.s.c. and
V-us.c. functions f;, f3,..., fo over X satisfying fi(4) = 1 and fu(X\\Bx) = O for
k=12, ..,n Put f=min{f], f,, ..., fo}. Then fis a z-1.s.c. and “V-u.s.c. function

n n
over X such that f(4) = 1and f ( U X \Bk)> = f(X \kn Bi) = 0 and hence
k=1 =1

n
A -Skﬂ By, and Q 4 is established. Q 5 is similarly established. Finally for Q6 let
=1

A 3 B; so we have a =-ls.c. and YV-us.c. function fover X such that f(4) = 1
and f(X\B) = 0. Take 0<a"<a <a<a <a,<1 and then the set
C = {x:f(x) > a} is v-open ; Vi = {x: f(x) > a,}ist-openand Us = {x: f(X) > a,}
is V-closed. Also A C Us C V: C C. This is similar to the main step in the proof
of Lemma 2.2, and proceeding as therein we obtain a z-Ls.c, and “V-u.s.c. function
@ : X — [0, 1] such that ¢(4) = 1 and ¢(X\\C) = 0 and hence 4 3 C. Also the sets,

XN\C = {x: f(x) < a} is t-closed ;

Up = {x:f(x) < a"} is t-closed ;

and Us = {x:f(x) < a'} is V-open ;
further XN\BC U, C U, C X\C

So, by the same argument we get a C[/-u.s.c and =-Ls.c function 6 : X — [0, 1] such that
0(X\\B) = 0and 6(C) = 1and hence C 3 B. So 4 3 C 3 B holds ie, Q6 is
established. Thus 3 becomes a quasi-proximity on X.

It remains to show that +; = + and vy« = C}/, 3* being conjugate to 3. Let
G be a v-open set. For x € G, using pairwise complete regularity we find a =-1.s.c. and
CP-us.c. function f: X — [0, 1] such that f(x) = 1 and f(X\G) =0. So{x} 3 G
ie, G € Jls (w.r.t. 3) for every x € G ; Hence G € 7. Conversely, let 4 € 3
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then {x} 3 A4 for x € A and hence there is a 7-1s.c and CJ/-u.s.c function g : X — [0, 1]
such that g(x) = 1 and g(X\\4) = 0 ; By t-Ls.c. property of g we find a s-neighbour-
hood N of x such that g(y) > } whenever y € N. Clearly then N N (X\4) = 4,
showing that N C A4; i.e. 4 is a t-neighbourhood of x. Hence A4 is =-open. Conse-
quently * = 74. By a similar procedure we arrive at C}) = <;+. On the other hand
suppose there is a quasi-proximity < on X such that r = «; and CJ/ = 4. Let O
be any member of v; ==+. If a € O, then {a} 3 O, and by Lemma 2.2 there is a
(= v¢)-us,c. and CY( = vy+)-ls.c function 2 X — [0, 1] such that A(a) = 0 and
A(X\0) = 1. Hence by Definition 2.1, it follows that v is completely regular with
respect to C{/. By a similar argument we can show that C}/ is completely regular with
respect to r. Hence (X, =, CU/) Is pairwise completely regular.
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