A CERTAIN CLASS OF ANALYTIC FUNCTIONS IN THE UNIT DISC
by V. KARUNAKARAN,* Ramanujan Institute, University of Madras, Madras §
(Communicated by S. M. Shah, F.N.A)

(Received 6 April 1974)

o0 0D
Let fl@)=2z+ J a* and g(z) =z + X b,z* be analytic and
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satisfy
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We determine in this paper the radius of starlikeness of f (z) under the
following conditions.

(i) Re { (z)}>o
(i) Re {g()} %;n:]

(i) Re {": (z()z)} BO<B<)

We also determine the radius of univalence of f(z) under the following
condition :

(iv) g (2) is simply univalent.

We also find a lower bound for the radius of starlikeness of f (z) under the
conditions (i), (ii), (iii), and (iv) in the case when a>1; 0 < /] < 1.

f(@=z+ § @zt and g(z) =z + f bez* be analytic and satisfy
k=n41 kmntl
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- f@ .
1+4°

H+A =gk
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1382 V. KARUNAKARAN

We propose to determine the radius of starlikeness of f(z) under the following
conditions

(i) Re {@}>0;

z

(ii) Re {g(z)} 3 in=1;

(ifi) Re {zj(z()z)} SBO<B<])

We also determine the radius of univalence of f(z) under the assumption that
g (2) is simply univalent.

We also find a lower bound for the radius of starlikeness of f(z) in the cases
(1), (11) and (iii) and give an estimate for the radius of univalence of f(z) under
the assumption g (2) is univalent, when « > 1 and 0<CA < 1. The results of Merkes
and Causey (1970) and Padmanabhan (1972) are special cases of ours.

We need the following lemmas,
Lemma 1 —If ¢ (z2) =C,z" + C, 1 2" + ... is analytic and satisfy
|| <1 for |z] <, then
WD le@ <]z

nlz|”

@ ¢ @) <" L] 2

ProoF : (i) is an iterated form of Schwarz lemma and (ii) is a result of
Goluzin (1945).

Lemma 2—Suppose G (2) is analytic for |z| <1 and G(0) =1. Let |G (2)
~a| < a where « is real and a > 4.
Let
G@=14+dz"+dy 2"+ ...
Then

R 1C

where ¢ (z) is analytic and satisfies

|6’ (z)l izl — 6@ F]

TI—[zP

@<zl

for|z| < 1.
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G(z) —
o

PROOF : Writing h(z) = % and setting

b - LELE

we see that ¢ (z) and 4 (2) are regular for |z | < 1.

We see that ¢ (z) satisfies the hypothesis of lemma because
|a(2)] <1 for |z]| < 1.

Substituting we get the result required.

Lemma 3—If g(z) =z + byz* + ... is analytic and univalent for |z| <1
then we have

g(z) — g(z)

.__r2)
e for |z| =|z| =r.

> 18(z) | lg(z2) | (1
e

ProoF : May be found in Goluzin (1946).

Lemma 4—() If p(2) =1+ ¢z + ¢,z + ... be regular for |z] <1 and
satisfies Re {p(z)} >4 for |z| < 1.

Then
-r. |zl=r<}~

’ 1+ 3
Re {-zp (2)} > r

P ) —(\/2—]_1,2_'2)2;|2|=r; 13 <r<J8J2=T1.
(i) If g(2) =1 +d,z»+ ... be regular for |z| <1 and
Re [g(9] >0 for |z]| < 1;

then

zq' (2) nr .
5) (<1_ s |zPr=r<1.

PrOOF : (i) can be found in Merkes and Causey (1970).
(ii) can be found in Shah (1972).

Theorem la—Let

f@=z+ :‘,‘o a z*
k=n+1
and

e(@=z+ 2’0 byzr
bnia
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be regular and satisfy

f(2)

FO+0-Dg@ %<
where

1 ]

§<a<WA; 0<i<l. for |z| <1
Let

Re {g%z)}>0 for |z] <1.

Then f(z) is starlike for | z| < R¥» where R is the least positive root of the equation
G=DP+12 Ra(t—2)—(0 —2)—n( —0] —r [(t—2)

+zn(l ~D+n(1—0l+1—-2)=0
where

and the bound is sharp.

ProorF : Let

_ f(z)
PO = Fa 9@

Then h(z) satisfies | h(z) —«| < afor |z| < 1; h(2) is regular and we have by
Lemma 1

1+¢( ., 1—ua
h(z)~1+l¢(z)’t_ %

where ¢ (2) is regular and satisfies | (2) | <|z|* and

|¢l (z)l <n‘zl“’l(l — @ P

I —fzim :

(1 =Ngl k(2
A ="m=mer

let g(2) =2p(2);

N O NN C) N zh’ (z)
NG p(z k(@ [1 -]

Re (p(2)) >0 for |z| < 1;
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. zp’(2) z2p (z) 2
~ Re {p(z)}> > @ T r=|z{*<1 [Lemma 4],
Re zh' (2) < zh' (2)

@ (1 —(2) = k@ (1 =4(2)

N (1 —1)z4'(2)
SITF90IA D +0-D90@

A=l —|¢(2)[»
ST=10@ONI—2—C=DI¢@ )T =

We have used the fact that
|¢'@| < |z (L—[o@PUA— [z .

zf'(2) 2nr (I —1t)nr
Re {f(z)}>1 T—r (1-—r)(1—/1—(t—,1)r)

provided
oN=@—Nr+rr [-Q0 =D+ 2r(t—24) —n(l—1)]
+r[—-@¢—=H =21 =) —n(1—=01+1—A>0.
2O =01—-1H>0; g() <O,
Therefore there exists a least positive root R of the equation Q(r) =0.
.. f(z) is starlike for |z| < R,

We show that the bound is sharp.

Let
1 —2z
We have
1 —2z

p(z)=g_;€)=1+zh

zp'(z) _—2R . 1z 1-4

p(z)"‘l_RsatZ'—-R, leth(f) 1—-tz"t— e,
We have

zh' (2) —nR(l —¢)

h(z) (1 — Ah(2)) ST-R(I—-A—-(@—hHR)-~ at z* =R,

If

_(1=) @@
A Y 16) I
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we see that

zf'(2)
f(2

and this shows that the bound R is sharp.

=0 at z» =R

Theorem 1b—Suppose f(z) =7z + a,,, 2"t + ... and
g(@) =z +b, 2 + .
are regular and satisfy

f -
M@+ (0 —Ng(2)

for some o >1 and for |z| <1

o <a:

"where 0 <A< 1;
and
Re {g-(zi)}> v; 0<<v<i.
Then f(z) is univalent and starlike for |z| < RU» where R is the least positive
root of the equation
A=2v) (=1 (=1 +a)* +7r 2v(@—1) (¢ —1 + al)
+(1—2v) 224 —ad) +20(1 =V (e —1) (@ —1 + ol)
+A =2 (@=DQe—n] +r2[n(@—1)Q2a —1)
—(@—=1) (¢—1+ad) —(1 =2V (1 — 1) + 2v (2021 — atd)
+2n (1 =v) (2022 —ad) —an(l —2v)(2e — 1) + rad — 242 4
—oan e —1) — o (1 — ) (2v + 2n —4nv)] + o2(1 — 1) = 0.
PrROOF : Let

£2) .
o= rora-ne@)’

h(z) satisfies |h(z) —a| <a; for]z|<1.

=14zt + ....

Therefore by Lemma 1,

1+é(m , , 1—ua
D=1 Te0 T

¢ (2) is regular and satisfies |$(2) | <|z|*; and

0@ | < LELA=2 0D gorpz <,
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‘Now

_ QA —=Dp@h(2
1@ ="—m=Zen

where g(2) = zp (2).

L F@_, 20O

- zh' (2)
S MY e

h(z) (1 — 2 (2)

+

Q‘:(_z)__l'< 2niz*(1 —v)
U f(2) \(l—lzl“)(]+(1——2v)lz|")
zh' (2) i

-

") i (Shah 1972).

[T=2: (2
We know
| @ <nlzf =] P — | 2.

Substituting the expressious for ¢ (z) and ¢’ (z) in terms of & (z) and simplifying

we get
, o nlzpt (20 —1 - R
Ih(z)|<(2m~1)1-|z[2"{( o )[ZR"’(Z)-‘ ) ]}
zh’(z)l< nlzi {__ T—z®
Clh@ T =z “[1+l_alz.[~]
as
1=z
h(z) | = —
| 1+ 2 zp
o

from the repesentation.

Also

[h(z)|<__l_+L

=)l

. zf’(z)_ 2n)z|*(1 —v)
..I———-f(z) 1<

A~TzPI+0 =) [z
nlz __ =]z e —(e—=D|z
+l—lz|”"{2 ae+(oc—-1)l?_|’7}{(a——oel)—(a-—l+al}|z["}

This last inequality is valid for

A —Aa '

Izl =r<agva=1
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The right-hand member of the above inequality can be made less than one
[after a lengthy but straightforward calculation] provided

Ar* + Br* + Cr2 + Dr+ E>0 (1)
where

A=(1—=2v) (¢—1) (@—1 + ad)

B=2v (@—1) (¢~1+ad)+ (1 —2v) Q24 —al)+22(1 —v)
X@—1N(@—1+ad)+n(d—2v) (a—1) Qe—1)

C=—(—1 (@g—14+al) —(1 —2v)(l —2) + 2v (221 —ad)
+2n(1 —v) Q2Ad —al) —an(l —2v) 2z — 1)
+a(—1)Qx—1).

D=al —2024A —anet —1) —>(1 — 1) 2v + 2n — 4nv)

E=a(1 — ).

Denoting the left member of the inequality (1) by F(r) we see that F(0) = E > 0;

F[ 511 _IM“] <0if a >% and if e <} F(1) <0.
al +a—1

There exists a least positive root R of the equation F(r)=0 in 0 <r <1.
Therefore f(2) is starlike for |z | < RUs.

Special cases :
(1) @a=1; v=0, we get Theorem 4 of Shah (1972).
(2) Allowing & — oo and v =0, we get Theorem 1 of Shah (1972).
(3) Let v=0; 1 =0; n=1, we get Theorem 1 of Padmanabhan (1972).

Note: (1) When 1 =0; n=1; v =0; the result is sharp for all «. This
was shown by Padmanabhan (1972).

Theorem 2a—Let

o0

f@=z+ X a7
k=3

and

o0

g@=z+ X b2
ka2

be regular and satisfy

@ —
T@+a-Re@ *=°
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where
<a< —; 0<<A<1 for |z| < 1.
Let

Re {g(z)}>2for lz| <1.

Then f(z) is starlike for |z | < R, where R, is the smallest positive root of the
equation

Pl =2 +8¢ -+ 20— (1 —3t+2)—16 (0 —2)
X@—=D]+r [(1~3t+202+4(1—1) (1 —2)—8(— A2
+8(1 = +r[A0 -2 A =3+2)+16 (1 — DA —1]
—4(1 -2 =0 "

and the result is sharp.

PrOOF : As in Theorem 1 we have,

#'(@z)_, 22 () zh' (2) vy _
16 =1+ 716 + K@~ @) where g(z) = zp(2).
Now
Re (p(2)) > 3.
2O <Ly fzl=r<
and
zh' (2) < a—-nr r
T - @) ST=D( —2—G—=Dr) “T=7
as r<l.
7f'(2) r_ 1
,Re{m}>1"'r:—r >0f01‘l’ 5.

But to see that f can be starlike for |z| < R, where R, > I /3, we sharpen the
estimate for

Re {zll;(g)} forr> 5 3
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By Lemma 4
N E R R Lt
{Zf (Z\} o1 W2=JT=rp _ (I—0r
7@ 1 —r2 A-nld—4H—@—Nr]
(0] 0 151
and hence
"(2)
Re{?(ﬁ;}>0 for [z|<r
provided

O, =r (1 —2+8¢—1+r [2(0—1) (—31+24)
—16(0—=N =D+ [0 =3t +22+41 -1 —1)
8 — AP +8(1 — A +r[A0 =D (1 —3+2)+161—2)
x (t— D] —4(1 — A2 <0,

] -
Ql(%) <Oasa<s; O /82 —.:11)>0~

Therefore there exists a least positive root R; in

1

3<r<J8JI—1IL
Thetefore f(z) is starlike for |z | < R,.

The result is sharp. Let

g2 _ . 1+ bz
T—P(z)—l+2blz+z"'
where
bﬁ=£——5 p=J3T =) —1.
1 ~2zn 1—a
M) =y—m: 1=
If

_(=De@r(
_f(Z) A [1 — Ah(Z)] -
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then f(z) satisfies the hypothesis of the theorem and
#f @)
f(@

This completes the proof.

= 0 at z=-R..

For the use in Theorem 2b we introduce the following notations for the constants
involved :

A= —1) [z —1)* +8( + 0l —1)7]
B—=Qa—1)(x—1) {(a+0i—1)(16ah +4a —4) —2 (2 — 1)}
=—d4(—1)? (@+el =1 +Qu—1)*[1 ~20 (121 (xa— 1)
82— (@—1) @+ai—~1) [4Qu— 1) + 162 (1 — )]
D20 (1 —22) (2t —1)* —da 2u —1) (x — 1) (¢ + 22 ~ 1) (1 + 23
4P Qe —1) (1 — 5 (2 —1 + )
E=Qa—1)a (I —4L—41% + 402 2 —1) (1 —2) + 8at (1 — A)°
+ 82 (I —4) (@ —1) (@ +ad —1)
Feta® (1 —4) 22 —1) [x (1 —2) + 42 Qz — 1)]
— —dat (1 — M2
Theorem 2b—Let
f@=z+ k{i“kzb
and
g =z+2 bz

be analytic and satisfy }

12 -
M@ +0 —NHg@

for |z|<1. Let

Re{@}>% for |z| < 1.
z

a]<a; 6>1;0<i<l;

Then

() If 4xA (1 —4a) + (1 + 20)< O then f(2) is starlike for |z |< x where
x is the least positive root of the equation

ra—1) Ge—2+0d) +r* [—a2(1 =] —r[a(Be —1 —4
+al)] +af (1 —4)=0
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(i) If 4ad (1 —40) + (1 + 20) > O then f(2) is starlike for | z| < R, where
R, is the least positive root of the equation

Ar* + Brs + Cr* + Dr¥ + Er® + Fr + G =0,

the symbols being explained before the start of the theorem.

ProOF : As before

Re {Zf ' (Z)} S 14+ R 2D zk’ (2)

/@ @ k) 0 ()
where
2p(2) =g(2)
and
- £ .
Re (p(2)> % for [z < 1.
. zp’ (2) —r . |
..Re{m}>1 T’ r_.'z|<§.
. zf'(2) r r 1 —r )
N Re{.f(z)}>1 T1+r 1 —r {z“mj
a—(@—1Dr
% {(m—ocl) —re+al—1) }>0 as [z]=r
provided

o =r[e—DCe—2+a)] +rt[—a2(1 =] —r[a Ga—1 —A
+ad)] +at(l —2)>0.
2©0>0; 2(1/3)<0if 42l (1 —4e) +(1 +20)< 0.
Under this condition @ (r) = 0 has a least positive root x in 0 < r< 1/3.
This gives a value x, such that f(2) is starlike for | z| < x in the case
40 (1—40) + (1 + 22)< 0,

However, we know by Lemma 4

Re{w)}‘} _ W2 2] =r; 3<r< JEJE=IL

p(2) 1 —r?
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Applying this estimate we get

Re{zf(z)} 1__(\/2 \/1‘—-r) r {2 1 —r }

1@ r TT=r\" T a+@—0r

o —{a—1)r
% {(a—oc,l) —r(x + ok -—1)}

zf’ (2) .
Re {f(z)}>0 on |z|=r if

O(Nn=Ar" +Brs +Cr* + D + Ert + Fr +G <0

the notations being those given before the statement of the theorem.
0, (1/3) < 0 by the condition in (ii)
0, (V82 —11)>0.

Therefore there exists a least positive root R, of the equation
0,(r)=0in } <r< 82 —11

Therefore f(z) is starlike for |z | < R,.

Corollary—1. Allowing o« - co we get Theorem 2 of Shah (1972),
2. 1=0; we get Theorem 2 of Padmanabhan (1972).

Theorem 3a—.Let
f(2) =z + 2 a, z*
and
o0
g@=z+ X2 b
k=nd-1

be regular and satisfy

1

<
<ES Ty

0gi<l,

1@ .
FO+0 —De@ ““1< w2

for |z| < 1. Let g(2) be univalent and starlike of order B.

Then f(z) is starlike for | z| < RY" where R is the least positive root of the
following equation:
= @-n+rr [-28—-1) A —-H—-@2B—-2) (t—4
—n( —0] —rl(t—2—C8—2) (1 —4 +n( —1)
+1—4=0
and the result is sharp..
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Proor : As before we have

#f'(2) _ 28 (2) zl' (2)
f@ g RGO -]

g(Z)‘—=Z +b,,+12”+1 + ...

+

satisfies

28’ (2)
Re{g(z) }>ﬁ for ]zf< 1.

Re{zgl(g)}>ll+ gzﬁr_”’ ; r=|z] (Shah 1972)
zh' (2) zh' (2)
Re {h(z) ] —M(Z)]} SE@T =& @]

n(l —t)l' g L]
S @A —2—G—nn "=l <t
) zf'(2) 1+28—Dr n(l—Dr
"Re{f(z)}> 1+r T a-nM ——ﬂ.-—(t——/l)r]>0

provided
(=P (=D QB—1D)+r [—QF—1) (| =) —(28 —2)
Xt = —n(l=0]1+r[—C—H+28—-2) (1 -2
—n(l —0]+(0 —4)>0.
0:00=1—-4>0; Q,()=—2n(1—1)<0.

Therefore there exists a least positive root R of the equation Q, (r) =0 in
0 < r< 1, Therefore f{z) is starlike for |z]< RY"

The examples

z 1 -2
8(2)=(T‘;’En’)zT—'pTﬁ H h(z)=~‘1"_—_—t—z—.

and
-4 g@h(@
F& =" @i
show that
f(@)

can be equal to zero at 2* = R and therefore the result is sharp.
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Theorem 3b—Let

f@=z+ Z,' a ¢

k=il

and
o0
g@D=z+ 2 b7
k=il

be analytic and satisfy

/(@ _ : .
F@OTU N ¥ <® 0<i<liazl for z]<1.

Let g (2) be starlike of order B (0< B < 1) Then f(2) is starlike for | z| < RY"
where R, is the least positive root of the equation

PI-@B—D@—1D (@A +a—1)+8[e—1) Q8 —1) Qx—1)
—n(@—1) —2n (@ —1)* —Qaf — 1) (& + & — 1)] + r2[(228 — 1)
X Q2 —1) —(@—1)2f—Da(l —H)—a (@i +a —1)
+nQe —D) +rfn +0)Qx —1) —a(l —AH)(2Pa —1)] —a?
X1 —4=0.

ProoF :

' (2) _ zg' (2) + zh' (2)
(@ g@ "h(@(Q —ir(2)

g(2) is of starlike of order = as before

Re{zg (z)} 1+@28—1]:z |

g 1+]z]p
. ' (2) 1+ —-Dr _nr 1l —r
Hb e L e A L

[x —(@—1r]
{[(m —od) —r (o + al —1)]}

simplification gives

#'(2) -
Re{f(z)}>0 on |z|=r

if
PO=l--D@—D@E+a—-DIr+r[x—1)28—1)
XQ2u—1)—n(@—1) —2n(@—1)* —(2af —1) (i +a—1)]
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Fr[2ef —1) Qe —1) —a(e —1)(28 —1)(1 —4) —a(xd
+o—D+nQ2e—D]+ra(r+1) Qe—1)—a(l —2)
X (28 —1)) — a2 (1 — 1)< 0.
P(0)< 0; P(1)> 0.
Therefore there exists a least positive root R in 0 < r < 1.
Therefore f(z) is starlike for |z| < R'™

Corollary—(1) Let o =1, w2 get Theorem 5 of Shah (1972). (2) Allowing
a2 — oo we get Theorem 3 of Shah (1972).

Theorem 4a—Let g(z) =z + byz® + ... be analytic and univalent for
z| < 1.

Let f(z) =z + a,z? + ... be analytic and satisfy

[ _
H@+(0—-Ng

for |z] < 1.

! 1
o << ot §<OC<

Then f(z) is uninvalent for | z| < R where R is the smallest positive root of
r—N+rrBOA-D]1+rBAQ-D]-U—-H=0
and the result is sharp. '

PROOF : We show that f(z) is univalent on |z|=r< R. Then we can
conclude that f(z) is univalent for |z[<r.

f(z) =f(z2) =

g _(?2)7— g(z) - h(z) — h(za) N 2
g@)(z:—2z) (1 — A(z) (z2 —2) h(22) N
where
h (Z) — f(Z)

FO+0—heg@’
h(z) satisfies | (z) —«| < a for [z]| < 1.

. 1+ @ ., 1—«
"h(z)-l+tz<,5(z)’ ="

2@ =118 1o -,

¥ (z) is regular and satisfies ¢ (0) =0; | ¥ (2)| <1 for |z]| < 1.
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Therefore (2) holds only if

- (=0 [ (z) — ¥ (2] 1
A=+ =D I+ ¢ G2 —2

g\(Zg) — g (21)
(za—2) g(z1)

‘ ..(3)
But
V@) — (@) = WE)d
where the path of integration is the line segment joining z, and z,.
This yields
[¥ () =¥ ()] <|zo—z | Max |/ ()] on |z]=r ()

by maximum principle applied to §’(z) since the line segment joining z, and z,
lies inside the circle |z | =r.

g =0; |¥(|<1 for [z|<1=>
[4'(2)] <1 for |z] < (J2—1) (Caratheodory 1954) and

g(2) is univalent. Therefcre by Lemma 3

e[ —r)
.

g(z) —g(z) > e 4for]ZI] :]zz\———r.

g(z)(z: — z)

A distortion theorem for g(z) gives

lg @) | > g3 7 ==

1 —r
“r(l+r)°

g(zs) —2(z)
ig(z) (22— 2)

We see that the equality in (3) will be broken if the right member of (3) does
not exceed

1—r
r(l +nr°
But using (4)

A =Y () — ¥ (2]
G —z) [ =D+ =Dy @I + ¥ (2]

< (1=
SA=-H—-C—Hrll =11

Therefore f(z) will be univalent for | z| =r if

(1—1) < 1—r
[M—2—@—1rql—-r1 “r(l+r)
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ie.,
2sN=r@—N+r2 BOAU-D]1+3r(1—-H—-010—-H<0.
0:(0<0; Qs (VZ2—1>0.

Therefore there exists a least positive root of this equation Q4(r) =0 in
0<r< /2 —1. Ifthisis denoted by R We see that f(z) is univalent for | z| < R.

The result is sharp, For consider

1+2z,

h(z)=1+tz ’

2(2) =(l—_€z—)f;

1 =T 200

f(2) satisfies the hypothesis of the theorem and f'(z) =0 at z = — R.
Theorem 4b—1Let
f@=z+auiz"+ ...
and
g(2) =2z + byt + ...

be analytic and satisfy

f@ X . )
FTOo+0—-Ngk °© <a; 0K A<Il;a>1; for|z]< 1.

Let g(2) be univalent. Then f(z) is univalent for [z[ < R, where R, is the least
positive root of the equation

T() =(a+ad—1)r™ —(a+al —1)r™ + " 1 (22 — 1)
—a(l =D —(@+ad—1D]+r[nQRa—1)+a(l —4)
+@+oad =D+l —Hr—a(l—24 =0

PROOF : As before we show the univalence of f(z) on |z| =r

ey 8D —g (@) _ h(z) —h(zd)
fe) =7 gz (za—z) (1 —h(z2)) Kz (’Za —2z) 0

where

_ f(@) X
"o = o0 —9@
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h(z) satisfies |A(z) —a|< a for |z]<1.
1+4(2) . 1 —a

T+0@ '~ =

and where ¢ (z) is regular and satisfies |¢ (z) |< |z |* for [z] <1.
Substituting for k(z) and estimating the absolute value of the right member of
the equality (5) as before we set

} h(z)) — h(zy)
(1 —4n (z0) 7 (z2) (zz — z)

2 —D A+
x {[a (I1—-2)—(@+al— l)r"]}'

Soh(2) =

nrtt
S 1 -

But

1 —r
>r(] ! on |[z]=r<1 as before.

I g(z5) —g(z)
(za— z)) g (z)

Therefore if

1—r nrt-1 Re—DA +rm 1
r(l +r)>1—r“”{a(l -A)—(a+al—-—1)r"}

then

f(zy) # f(z2) for |z1|=i22|=’-

This condition reduces to T(r) < 0 where T(r) is given in the theorem.
T)<0; T(JZ2—1)>0.

If the least positive root of this equation is denoted by R then f(z) is univalent
for |z| < R. ,
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