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A two-dimensional osciallatory flow over a flat flexible surface with variable
suction is analysed. Low and high frequency solutions are developed
separately. The response of skin friction to fluctuating free-stream and
suction velocity is studied for variations in suction velocity and flexible

wall parameters.

1. INTRODUCTION

Increasing attention is now being focussed on studying the effect of a flexible
boundary on the characteristics of flow in the domain of boundary layer research.
The basic stimulus comes from the possibilities of flow stabilization and conse-
quent substantial drag reduction by the use of a flexible boundary. Kramer
(1960) reported considerable drag reduction in water for under-water solid bodies
of revolution covered with flexible surface coating. Since then considerable
theoretical investigations have been conducted by Benjamin (1960), Landahl (1962),
Kaplan (1964), Gyorgyfalvy (1967) and others to explore this new method of
boundary layer control.

In the present paper a new aspect of laminar boundary layer flow over a
flexible boundary is considered. Since foam or similar porous and rubber-like
materials are being tried to serve as a flexible boundary, it appeared relevant to
study flows over such surfaces. Oscillatory two-dimensional flow over a porous
and flexible wall is considered. Both the free stream velocity and suction velo-
city at the wall are assumed to be oxcillating about a constant non-zero mean.
The solution is obtained by perturbing the flow (Lighthill 1954) and solving the
governing equations so obtained under appropriate boundary conditions. The
flexible wall model considered is a membrane supported over an elastic base, which
can be treated as a spring-mass-dashpot system undergoing forced oscillations
from an external oscillating flow. Both low and high frequency solutions are
developed. The respounse of skin friction to fluctuating free stream and suction
velocity is studied for variations in suction velocity and fiexible wall parameters.
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2. Basic EQUATIONS

Consider a two-dimensional time-dependent laminar boundary layer over a
plane porous flexible wall. Both the free stream velocity U and suction velocity
v, at the wall are oscillatory in nature and can be expressed as

7 = U, (1 + € cos @t), 2.1
?,=0,( + ccos @t) (2.2)
where @ is the frequency of oscillation and e << 1.
An overbar is used to represent the dimensional form of a quantity.
The basic governing equations for the flow are

Wbu_bU D2ﬁ

da i

37+ + bE bt+ y R ..{2.3)
dq |, W _

o 4 5}7 =0. ..(2.4)

.(2.5)

equations (2.1) through (2.4) take the following non-dimensional form

U= 1+ ecoswf, } ...(2.6)

v, = v, (1 - ecos wt),

+ buvay_bU_}_b zu’
Ax dy Aty
..2.7

The boundary conditions to be satisfied are

y=0: u=0, v=v,+(—v.);}

y — 00: u— 1+ ecoswt, €<1 ...(2.8)

where v, is the normal velocity of the flexible wall.

3. MODEL oF THE FLEXIBLE SURFACE

The flexible surface model considered is a membrane supported over a foam-
like elastic base and whose behaviour is characterised by its mass m, tension 7°
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damping 4, and compression stiffness or spring constant K,, and thus can be
treated as a spring-mass-dashpot system. In the absence of any oscillations in
free stream, this flexible surface will behave more or less like a rigid one. But due
to velocity and the corresponding pressure oscillations in the free stream, the
flexible surface will undergo forced oscillations. Its equation of motion can be
expressed as

2 _32
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&Y k-7 (3.1
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where p,, is the pressure at the surface.

Introducing following non-dimensional quantities

7 o L4 K
BT I T/ R X (7178 R /A
..(3.2)
_ P
Y=g PeThte 1T vy
eqn. (2.8) becomes
bk
T"D—F—"m btg)'—dn‘bT - wyzpwa ...(3.3)
where p, = € iwx . €, is the dimensionless wall pre#sure.
The solution of egn. (3.3) is
_ ,iw Hw-0)
=== ..(3.9)
where
= [w? d3 + (@ m — K212, }
_o*m—K, ..(3.5)
tan¢ = T s

Do = € i0X.

In the above result complex notation is used with the obvious implication that
only real parts will have physical significance.

Setting n = y/&, & being the boundary layer thickness, eqn. (3.4) can be
recast in the form

p=ne¥ - ...(3.6)
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where

. _i;;,,e“’
= Zg O

The normal velocity of the fiexible surface is then given by

J ..
v“’:% = jwn . » ..(3.7)

4. MATHEMATICAL ANALYSIS

The oscillatory flow field can be expressed as the sum of steady and oscil-
lating components

u=u1~{—€u2€'m
dwt
V=10 + €9,

..(4.1

On substituting eqns. (4.1) into eqns. (2.7) it is found that the steady mean
flow u,, v, satisfies

duy du,  tuy
Uy — -+ V) =
J J dy?
¥ Y Y ...(4.2)
duy + bvl _
Ix 2y
with the boundary conditions
y=0: w0 m=—o) e
y—oo: u =1,
and that harmonic components u,, v, satisfy the following equations
| du Uy 2% u
iwuz—i—ulp—u—z—}—uzzﬂ—{—vz»—l—#-vl— +-—2
ox X oy oy
b ...(4.4)
bu v
2 + 2
with the boundary conditions -
iwf - .
y=0: u=0, n="2—0, n<1,} s
y - 00! Uy = 1.

To' solve eqn. (4. 2), the following expression for uy, consiste_nt with boun-
dary conditions (4.3), is assumed

uy = A; (n — 3% + 3n® — 1*) + (6n° — 87° + 39) ...(4.6)
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in which 4, is an unknown function of x and is related to boundary layer thick-
ness & by the relation

12
Alzm . .(47)

The additional boundary conditions utilized are
2
(b 1:1 S— 6 (bul
o n=0 In—o

bul> 50, (o u)
7->1 71

Integrating eqn. (4.2) from y = 0 to y = 6 and using the boundary conditions
(4.3), the following integral equation is obtained

1 1
> 1/
SJ-c(fsf uidn—éf uldn>+3 ”1> 0. ..(4.9)
(] [ ]

After substituting for u, and 6 and introducing suction parameter

...(4.8)

¢ = (— v,)? x, eqn. (4.9) takes the form
a'A1 . — 175 A%

dE T (5A% — 2143 + 2247 — 144 A, 1 28%) ...(4.10)
The initial condition for A4, is
x=0; 4,=2 | (411

The above first order eqn. (4.10) is solved numerically by Runge-Kutta
fourth order method on IBM 1130. Since there is a singularity at £ = 0, the
solution was started by inverting eqn. (4.10) and solving it as such for first two
steps. With these current values of 4; and £, the integration of eqn. (4.10) is
then eontinued.

Also, the exact solution of eqn. (4.10) is

54, — 21 In A, — %‘:‘ +;-f - §§+ 9.55 = — 17-5 £, (4.12)
1 1

Low Frequency Oscillations

In order to solve eqns. (4.4) for low frequency oscillations, #, and v, are
expressed as the sum of in-phase and out-phase components

Uy = Ug, + I Usyg } ...(4.13)
Vy = Wy, i Uy
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Substituting in eqn. (4.4) and separating real and imaginary parts, the following
sets of equations are obtained

du duy, . du, dyy, 2w
— Wiy + Uy D;' + u‘irrxl + 37' + 02"5‘)‘3 = -by—:!
...(4.14)
buQ, 4 20 Dvg, -0

with the boundary conditions

y:O: ufr:Os V= — Oy, :
y— 00! Uy, — L 0} . - (4.13)

and
dudg; | diy iy du, 32 Uy,
Yy, + sy T uzcﬁ +‘ULT}) 'T_‘UZSS‘}T =w+ _—be2
- ...(4.16)
Qg L
X dy
with the boundary conditions
wh
y=0: uy=0, 9yy=—;
H ®e } .(4.17)
y =00l Uy — 0.

For the case of low frequency oscillations, the quasisteady solution of eqn.
(4.14) is obtained by assuming the following ecxpression for u,,
)
= (47® — 390) + Ay g — 370+ 299 - {2202

X (Azy + A1) (’fl2 — 278+ ) ...(4.18)

which in addition to boundary conditions (4.15) also satisfies

L CRNORIC)Y
).

Integrating eqn. (4.14) from y = 0 to y = & and using boundary conditions
(4.15), the following integral equation is obtained

Z (25 j ity d'q) - 53} (5 ;f ( + u;.) dn)
( ) | ...(4.20)
p ]

(4.19)
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Substituting. for u,, u,, and instroducing ¢, the eqn. (4.20) becomes.

d4, 1dé

dA
ey L 252 Ao+ Ty + T3 2 =0, ..(4.21)
where
10 1 1
I= 5504~ 5400 A — 55000 + 105
1001 2
T, = 504 ~ 50z Yo 5)/12,— 362005-41
4 s 1
I‘(E‘Uo Bk . P ...(4.22)
JUREN [t B
Ty 105 At 550 A = St 58 s ) 4
1 A, 2
210”05(A?Y+A1 _§6~7'

Equation (4.21) can be put in the following convenient form
(T2 dAl 12 dA, Ty A:, >

v(,Af'd'E"a‘ +v§62
T,

dAz,

...(4.23)

As it is not possible to solve eqn. (4.23) analytically, this first order equation is
solved numerically on IBM 1130 by using Runge-Kutta fourth order method.
Integration was started by using the relation A4, = A2%/2 [obtained from boun-
dary condition (33 u,,/37%),., = 0] for the initial step. It is found that the function
A,, is not sensitive to slight changs in initial value.

Next eqns. (4. 16) are comnsidered.. Consxstent w1th the boundary condmon
(4.17) the following expressxon for Usg I8 assumed _

Uy = Aoy (7 — 37) -+ 29%) —[v"a Ay + —(1 + W"A1>]

X — 2%+ ). - ‘ o ..4.29)

Additional boundary conditions imposed are

Dtk ( bul - (a2 s\
— =+ '
(by 90 2y ymo 22 )t-o

bi?i) - 0.
0Y Jysw

...(4.25)
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Integration of eqn..(4.16) over the entire boundary layer thickness leads to

1
2
o [ (a=1dn+3 (5 o d”)“Lw (Duzi |
1]

1
12
_h_;c((sf u2id"7>=0~ ..(4.26)
0

Substituting for v,, u,,, #,;, and introducing £ in eqn. (4.26) yields

dAy; Ay 1 dé SA1
dé T1+A2‘T4+vzo= "5 dE { 252 105)

%9 4, % (1 T )](m ﬁ5>};— Ty =0...(4.27)

where
o lr.d4, w8 dAl v, 5
T4"504[5 dE 2 2 d¢ ]+ °d§
_ @ Yo Ly 12 w0
Ts = "5{[ 4, ) (504+4zu 1054,

.-(4.28)

...._x
+ 504 (12”05 -+ v}

3
~ (o + 40— 35 Ay +3)

] dA1 ’U 45
41)

The ﬁrst order eqn. (4.27) is integrated numerically on IBM 1130 using Runge-
Kutta fourth order method. Integration was started by using the relation

._5 A1(1+

. 2
[obtaincd from the boundary condition (ab.nl:“") = O] for the first step.
-1

High Frequency Oscillations

For high frequency solution of eqn. (4.4), u,, v, are expanded in following
series

== 5 (l(l))-.i u{‘, (x9y)$
w0 .(4.29)
0 atl
=3 (i) ® o (v 7).
n=9Q
where

Y = ylio)'?,
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Inserting eqn. (4.29) into eqn. (4.4) and collecting coefficients of like
powers of (iw)1!? yields the following equations

2 ,,00)
2wt 1=0
32 u(l.‘l' Bu(OD
S g0
2 u® @ duH
Syr T T gy =0 )
...(4.30)
2 ,.(8)
S — g — b
. Yz buw)
T b7 3y
2)
au + b4 ”;o) = 0
where
LA ,_1[dd, A, db
bA‘—“(')-“ and b4--—4 E ngx:l'
Integration of eqn. (4.30) leads to
U =1 — ¥
uzﬂ-) = — 9, e~ Yy
uP =vie¥r(l — Y),
...(4.31)

u® = by (1 — %) -+ b;l:— Yt e""(% Y+ v
+ o w)] + vf;e"’v'(l _7

where b, is a constant which shall be determined from the following boundary
condition at the flexible wall

bu2 ( Dul (a Uy 4.3
(vA oy )1-0 + by 1-0 @+ .(4.32)
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Utilising eqns. (4.32) the solution finally takes the form

Uy = (1 — ¢eY) <1 + 4 2WK> + (i) V2 [3,00 -+ Yy A21Wt

—eY (Svo + '—’9—-4-%4/—15 — v, e“’v:l

v A, Wy
2 ..(4.33
+ v2eYy(l — Y)> + (imy312 {(— b, v% + 1108 ‘

8
e ,421 WK) (I — ) + verv2 (1 — ¥/3)

+ o[ (= e (b0, - w5+

’ _ 3 3 2 1 3 b
+b,[—Y+eY(§Y+§Y +1—iy>]}.

5. DIScusSION OF RESULTS

'v"For‘_Iow frequency oscillations the longitudinal component of velocity is
given by

u=1u + € Rycos (wt + a,), (5D

where

...(5.2
a4=tan“1@. (5.2)

T

Ry = (uz, + 13" }

The oscillating component of skin friction at the flexible wall, in case of low
frequency oscillations, is given by

T?L = € R5 COS (U)t + a5) ...(5.3)

where

Ry = ?IS(A‘,', + A3
..(5.9

A
= tan~? 2.
% A?r
For- high frequency oscillations, the oscillating component of skin friction

at-the- flexible -wall-is given by -

o= € Rg.COS (00 + ag). =(5.5)
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where
Rg = (b2 + b2)'2 N
p
— -1 77
= tan b,
1/2
bs = (1 + AIW" “’ 5 + <2vo + ”——A‘ My
- ‘Uo A, v Ay We\ 012 ..(5.6)
A, W, 12 VEA W
172
xw <b4v2+vs+vg'4 W —~b>

The results discussed below are based on the output of a computer programme
which makes use of the values of A;, 4,, and A, obtained from another programme.

The steady velocity component #;, and unsteady in phase velocity compo-
nent u,, depend upon the suction velocity, characterised by suction parameter
£ =(—1v,)" x, but these are independent of the flexible wall properties, The
functions u, and u,, are shown in Figs. 1 and 2 respectively for various values of
suctlon parameter.

10 eenae
08 |

06}

0.4

0.2 L l/"‘

S0
Fro. 1. Steady velocity component uy versus 7 for different values of suction parameter &

“The unsteady out-phase velocity component uy, is a function of wall properties
@,, d, and m, suction parameter ¢, and the frequency parameter { = w/(— v,)3



OSCILLATORY FLOW OVER A POROUS FLEXIBLE SURFACE 1483

ar

10

08

06

04

02

Fic..2. Unsteady in-phase velocity component u,, versus 7 for different values of suction
parameter ¢,

It is desirable to study the effect of ¢ and on u,. Keeping the “wall
properties and ¢ unchanged, the variation of uy; versus n for different values of
{ is exhibited in Fig. 3. Increase in { results in an increase in uy, at all points

m =031, do= 00025, D> 0-50

1:0+

08

0

"L ’ N |
Fic. 3. Unsteady out-phiase velocity component uy, versus 7 for different values of frequency
Parameter &,
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inside the boundary layer. One new feature to be mnoted is that u, is positive
throughout the boundary layer, that is, near the flexible wall as well as near the
edge of the boundary layer. Thus the velocity oscillations in this case are always
leading the free stream oscillations. Obviously this change in the nature of func-
tion uy is due to the introduction of suction at the wall. Also it is relevant to
point out here that the u, curves for rigid surface for the sake of comparison are
not shown, since these themselves are functions of ¢ and {, and have the same

nature.
Next keeping the wall properties unchanged, the effect of suction para-

meter £ on uy, is studied. This is illustrated in Fig. 4. An increase in the value
of suction parameter causes an increase in u,, at all points inside the boundary

layer,

m =031, dy=0-025, D= 0:50

1-2 ¢
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¢8r . .
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o4 . ™ \
R s \
\
- ,’ \\\ \
[N \ N
I3 A ~
"( \\ \
02 F// \
(0 NN
i NN
" N
L/ N
; R
d RS
i NS
o : L ' i 1 i ) A “Ciiad
0 02 -4 (o4 08 10

Fic. 4. Unsteady out-phase velocity component uy; versus 7 for different values of suction
parameter {. .

By keeping ¢ and { constant, the effect of each wall properties on u,; can be
studied. It is found that increase in w, below a critical value causes increase in
ty, and thereafter any increase in w, causes decrease in wu,, increase in d, results
in a decrease in u,,, and lastly and increase in m causes a decrease in uy,.

The variation of oscillating skin friction amplitude R;6 versus frequency para-
meter { for various values of suction parameter £ is shown in Fig. 5. It is found
that with increase in suction parameter £, the amplitude R;5 also increases. Also
it may be noted that the value of R;6 for any ¢ is always higher than the corres-
ponding value for the rigid wall.
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Fm 031, dg=0-025, c.>°=o-50J
1201

10-0

8.0

60

RS

40

Fic. 5. Skin friction amplitude R versus frequency parameter { for different values of suction
parameter £.

In Fig. 6 is shown the variation of skin friction phase tan a; versus frequency
parameter ¢ for various values of suction parameter £. The value of phase tan
as decreases with increase in the value of suction parameter,

!7m=06‘, d,=0-025, 0°=°'5°J

12:0 ¢
fo-ot
80 0-25

L 10 L

.
6or R
Tan s . ’,—’/
L0} s
/' ”
/:4/
2-0F /,::”
f‘:, { n i s 4
0 " i i i I\
° 0-2 04 0-6 0.8 -0

3

Fic, 6. Skin friction phase tan q versus frequency parameter { for different values of
suction parameter &.
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