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Boundary layer method has been applied to determine the heat and mass
transfer potentials in an infinite porous plate. The validity of the method has
been tested by solving a linear problem with boundary conditions of the third
kind and comparing the results obtained with the already known exact resuits.
A non-linear problem where the Luikov criterion is taken as linearly dependent
on mass transfer potential, has also been discussed.

NOMENCLATURE

x = length coordinate
R = thickness of the plate

T = heat-transfer potential

T.

f

temperature of the surrounding atmosphere
mass-transfer potential

equilibrium value of mass-transfer potential
time

thermal conductivity

= mass conductivity

thermal diffusivity

mass diffusivity

specific heat capacity

specific mass capacity

density of the porous skeleton
Soret coefficient

coefficient of internal evaporation

specific heat of evaporation

« = coefficient of heat exchange

B = coefficient of mass exchange
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4. = heat flux per unit area
gm = mass flux per unit area
X = non-dimensional length
Fo = Fourier number
Lu = Luikov criterion
Ko = Kossovich criterion
P, = Posnov criterion
P; = Predvoditelev criterion
Ki, = Kirpichev criterion for heat transfer
Ki., = Kirpichev criterion for mass transfer
Bi, = Biot criterion for heat transfer
Bi,, = Biot criterion for mass transfer
8,(X, Fo) = non-dimensional heat transfer potential
8,(X, Fo) = non-dimensional mass transfer potential

,X = partial derivative with respect to X.

INTRODUCTION

The field equations which govern a physical phenomenon are generally non-linear.
However, these equations are linearized whenever possible in order to take advantage
of the principle of superposition. In cases where the non-linearities are weak the
linear representation can be expected to reproduce the true behaviour fairly well.
Conversely, if the non-linearities are strong, they must be included in order to explain
the observed behaviour. In the field of fluid mechanics problems involving boundary
layer growth and shock wave propagation are examples of the latter type.

In problems where heat and mass transfer are taking place simultaneously the
differential equations and boundary conditions are usually simplified to linear form
by assuming that the thermophysical characteristics of the body are independent of
temperature and moisture transfer potentials. However, if the thermophysical
characteristics of the body are strongly dependent on temperature and moisture transfer
potential the corresponding differential equations and the boundary condition must be
taken in their non-linear form and a solution of the problem cannot be obtained by
any of usual elegant methods. Therefore, simple approximate method capable of
yielding useful analytical results for the equations even when the variation of transfer
coe/fﬁcients with temperature and moisture transfer potential is taken into account is
needed.

For solving some linear and non-linear problems in heat transfer Goodman
(1964) developed a new technique known as “heat balance integral method”. In the
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present paper we have extended the above technique to make it valid for solution of
problems involving coupled phenomenon of heat and mass transfer. The case of an
infinite porous plate of finite thickness is considered.

To illustrate the method, we have discussed first heat and mass transfer in an
infinitely long slab of finite width taking boundary conditions of the third kind.
Finally, we have discussed a non-linear problem using boundary conditions of the
second kind where the heat diffusivity of the plate has been assumed to vary linearly
with the mass transfer potential. The solution of this non-linear problem has been
obtained for the particular situation when heat transfer precedes mass transfer.

1. APPLICATION OF THE METHOD TO SOLUTION OF A PROBLEM WITH
BoUNDARY CONDITIONS OF THE THIRD KIND

We consider an infinite porous plate of finite thickness 2R. At the initial instant
the transfer potentials for heat and mass are T, and 6,. Further, at the surface of the
plate, boundary conditions of convective type have been prescribed. The temperature
of the surrounding medium is taken to be a linear function of time.

The differential equations governing the process of heat and mass transfer and
the initial and boundary conditions appropriate to the above problem may be expressed
as follows :

T,i=ay T, zca + ep%" 8, : 7, (LD
F0O<x<R t>0)

8,0 = an 0,00 + 8 T, 2s] Jl (12

T(x,0) =T, ) (13)
L o<x<n)

8(x, 0) = 6, J (1.4)

— AT, o(R 1)+ o[l — TR, )] — (1 — € p3[0 — 0,] =0 (1.5)

A, o(R, t) + Ands T, s (R,1) - B0 — 6] =0, 1>0 . (1.6)

T,o0,1) =0 (L)
i} (t > 0).

0,50,£)=0 (1.8)

The temperature of the surrounding atmosphere is given by
T = T?— bt ...(1.9)

where b is any arbitrary constant.
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In order to simplify the solution of the problem, it is desirable to present them
in dimensionless form. For that purpose, we introduce the dimensionless variables :

X = x/R,
_ Tx, 1) — T,
GJ(X’ FO) - Tco _ To ’
0,(X, Fo) = B —0Cx 1)
6, — 0y

and the similarity criteria :

t
Fo=a.,R——2
Lu=izﬂ

aq
_tm 8, — 6,
Ko =e i 1071,
Bin = £R
. R
qu——j\%

T — T,

P, =ss ¢ 0
" 8, — 05
bR?
Pg =——f
4 avJ(Tco'_ o)

..(1.10)

..(1.11)

In term of the dimensionless variables and similarity criteria defined above the
differential equations, initial conditions, boundary conditions and the conditions due

to symmetry may be expressed as
el,FO = 81,XX — eKo 62,[-‘0 1
f(0<X<1,Fo>0)
62’F° = Lu [OZyXX—PnthX]
8,(X,00 =0
0,(X,0) =0
0y.x(1, Fo) — Bi, [l — PaFo — 8,(1 — Fo)] 4+ (1 — €) Lu Ko Bin
X [1 — 6,1, Fo)] =0

}(OQXQI)

.(1.12)
...(1.13)
.(1.14)
..(1.15)

.(1.16)
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8,,x(1, Fo) — Pu 0,,x(1, Fo) — Bin [l — 6,(1, Fo)] = 0, Fo >0, ..(1.17)

and
0,,x(0, Fo) = 0 ) ...(1.18)
L (Fo > 0).
8,x(0, Fo) =0 ...(1.19)

Solution of the Problem

In practice the mass transfer potential fields are affected by the criterion Py, while
the criterion Ko affects the field of heat transfer potential. With increasing Ko and P,
both the mean and local heat and mass transfer potentials decrease linearly and this
linear dependence holds for all values of Fo. Therefore, for small value of Fo, P, and
Ko both have only a negligible influence and in the first phase these criteria can be
neglected whereas in the second phase these will be kept in the transfer equations and
the boundary conditions.

When P, = Ko = 0, (1.12), (1.13), (1.16) and (1.17) become

0,70 = 6,,xx ...(1.20)

0,70 = Lu 0y,xx (121

8,,x(1, Fo) = Bi, [l — PsFo — 6,(1, Fo)] ...(1.22)
and

05,x(1, Fo) = Bin [1 — 8,(1, Fo)]. ...(123)
First Phase

Let us assume that for any value of generalized time Fo the distribution of
potentials for heat and mass have got their influence inside the body only upto
distances 8,(Fo) and 8,(Fo) respectively measured from X = 1. The concentration and
temperature beyond these penetration depths remain at their initial values, i.e. the
conditionsat X = 1 — §,and X = 1 — 3, are

0;(1 — 8, Fo) =0 ...(1.24)

0, x(1 — §,, Fo) = 0 ...(1.25)
and

0,(1 —3,, Fo) =0 ...(1.26)

05,x(1 — 3,, Fo) = 0. ..(1.27)

Let us assume that the dimensionless potentials may be approximated by second
degree polynomials in the space variable X :

0, = A, + 4,(1 — X) + A1 — X)? .(1.28)
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and
6, = B, - B,(1 — X) + B, (1 — X»2 ...(1.29)
where A, 4,, A,, B,, B,, B, may be functions of the generalized time Fo and the
similarity criteria.
Using eqns. (1.22), (1.24), (1.25), (1.28) and (1.23), (1.26), (1.27), (1.29), the

potential distributions in the first phase can be expressed as :

Bi,(1 — P4Fo)

BI(X, FO) = m (81 —1 -+ X)2 ...(1.30)
and
Kin .
Bu(X, Fo) = 57 (8 — 1 + X)~ (131

Integrating (1.20) between the limits X = 1 to X = 1 — §, and using equations
(1.22), (1.25) and (1.30), a first order differential equation for 3, is obtained in the form

dst

.2+ Bip, 2P0 2+ Bif,
T = 3 ..(1.32)

Rt ms, T T=prFo 4+ Bia, o0

It is difficult to integrate (1.32), we make use of Picard’s method of successive
approximation. The first approximation to the value of 8, is given by

8, = (6Fo)/2 ..(1.33)
while up to the second approximation we can write
246 — 16 3Bi?Fo — 8
2 = - —— —— ———
8 = 4(31'., +1)«/Fo+12Fo+Biqz[10g( 3Bi2

o (Biq J6Fo — 4 ) _ 64T BiPs (43:,1 «/6’?5)
Bi, { 6Fo + 4 43 Big — 16P, 4

/'2""[ Bi, — 24P, s
S Pyl =TSN CE gl 6P, F
+ 4/ 5P Yy og (1 + 4 6P, Fo)

Bi, + 24 P; ( ——~—>]
2 TN ool 1 — 6P, Fo ) |. (134
Bi, + av D, & V6P Fo (1.34)

Further, integrating (1.21) between the limits X = 1 to X = 1 — §, and using
eqns. (1.23), (1.27) and (1.31), a first order differential equation for 8, is obtained in
the form

ds% . 2+ Bin,
J‘FB = 12Lu‘1—m' : ...(1.35)
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Integrating (1.35) and recalling that 3,(8) = 0, we find the following implicit relation
for 3,

4 8 2
2 —_ — e =
8% + B 3 + Bt log(2 Bins, ) 12Lu Fo. ...{1.36)

Second Phase

The concept of penetration distance fails when the energy or mass penetration
depth reaches at the point X = 0 in the plate and we have to take into account the
boundary conditions at X = 0, and the profiles have to be redetermined to include
the effect of this boundary.

Let us assume that the temperature and mass penetration reaches the point
X = 0 at generalized time Fo, and Fo, respectively. Thus, the initial distribution of
potentials for the second phase becomes

Bi(l — Pu F
8,(X, Fo,) — i((z—JrBf‘m"—l)X2 (137
and
8,(X, Foy) — Tﬁ%ﬁ xe. ..(1.38)

The approximate value of the generalized transition time Fo, for heat transfer
can be determined by putting 8§, = 1 in equation (1.33). Similarly, the generalized
transition time Fo, for mass transfer is determined from (1.36) by putting 8, = 1. The

expression for Fo, is
1 4 4 2
- — e — — ...(1.39
Fo. = 573 [1 T, T Bz 1°g(2 T Bim)]' (139)
To determine the distribution of potentials in this phase we again use polynomials
of second degree in X. That is we take
6, = A, + A, X + 4, X? ...(1.40)

and
6, = B, + B, X + B, X* (14D

where 4, A4, A,, B, B, B, may be functions of the generalized time Fo as well as
the similarity criteria.

By making use of equations (1,16), (1.17), (1.18), (1.19), (1.40) and (1.41), we get
A, =8=0 ...(1.42)
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=14+ E1 A;—*— E2 A; —_— El(l — PdFO) .(1.43)
B = — F, d,~ F, A, + F(l — P4 Fo) .(1.44)

where

(2 + Bin) Bi,

£ = 2(1 = ¢) Lu Ko Bin
po_ QB @+ B _
® = 31— ¢ LuKo Biw 1"
h=r—9 ke
_ Bi, 42
Fe=r—gmige —

On integrating eqns. (1.12) and (1.13) with respect to X from X = Oto X = 1
and using eqns. (1.40), (1.41), (1.42), (1.43) and (1.44) we get the following two
simultaneous differential equations involving 4, and 4 :

(D—I——BIG)A +( D— [2+1—(qu+2)]

= Bi(Ps Fo — 1) .(1.45)
Bii(Binm + 3) _Bi L [{ B+ 2) Bin + 3)

[ M —oLuke By P T =9k 31 = <) Lu Ko Bi,

2Pﬂ qu -+ 2
} D+a—uxo ]A
_ Bi, B _ (Bin + 3) P,
v [1 Py Fo — Bt ) e .(1.46)
d
where D= aFe

Solving (1.45) and (1.46) and using eqns. (1.37), (1.38), (1.43) and (1.44) we get
the values of 4,, 4,, B, and B, which on substitution in the profiles determine the
distribution of transfer potentials as

=1 (1-x+ 3]
4

+ (C; + C1X?) exp (— mFo) 4+ (C, + C3X?) exp (— m,Fo)
«.(1.47)
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0,(X, Fo) = 1 + } PaPi(1 — X?) + (E, — F,X?)

m,

Uy

Uy

U

AV

x {Cy3 exp (— myFo) + C, exp (— m,Fo)}
+ E, — F,X?) {C, exp (— m,Fo) + C, exp (— m,Fo)} ...(1.48)

-i[e-(a-2)']
- (a-2)]

_ 2Bin + 3)(Bis + 3) _ 2Pa Ko(l — ¢

3Lu Bi,, Bi, Bi,
L 2Bin+3) | 3Bi,+2)
==l T u T T, t kKo P
= Y
= L
- 1—[ } P+ (1 — PaFo) =2V exp (= m, Foy)
A 1 2 + qu 2 2

e mro)]

1 Bi,
= x| asew (=m Fo) — {4 Pa - (1 - 2 Fo) B
X exp (—m, Foz)]

- %.[{_ 1+ Py [Fol —;(1 + le;)]} exp (—m, Fo,)

— A; exp(— m, Fol)]
= 2| avew (= my oy — {=1+pfro—1 (v m)]}
X exp (— A, Foz)]

= exp (—m, Fo, — m, Fo,) — exp (— m, Fo, — m, Fo,)

Bi.,
—{%Pnpd"f—m}Ez—'(l"}"%PnPd)Fz
= i EF; — EF,

(1 + 4 PaPYF,— (42 Pa + %) E,
EF, — EF, :




1122 K. N. RAI AND R. N. PANDEY

Comparison with exact Solution

The solutions (1.47) and (1.48) for large values of generalized time can be
written as

8,(X, Fo) = 1 — Pq [Fo —3 (1 — x4 ’Ezz‘)] ..(1.49)
q

and
8,(X, Fo) = 1 + § PaPs(l — X2). ...(1.50)

The exact solution to this problem for quasi-steady state is given by Luikov and
Mikhailov (1965) as

0,(X, Fo) = 1 — Pq [Fo —3 (1 x4 3%):\ .(1.51)

0,(X, Fo) = 1 + } Pa Pi(l — X3, ...(1.52)

Thus eqns. (1.49) and (1.50) are exactly the same as (1.51) and (1.52) which are
the approximate solutions found by the boundary-layer technique,

2. APPLICATION OF THE METHOD TO A NON-LINEAR PROBLEM WITH
BOUNDARY CONDITIONS OF THE SECOND KIND

In this section we discuss heat and mass transfer in an infinite porous plate of
finite thickness with the boundary conditions of the third kind and with the condition
8, > &,, we also assume that the heat conductivity is a linear function of mass
transfer potential. We have determined the temperature and mass transfer potential
distributions under the assumption that Soret coefficient can be neglected.

The differential equations governing the process of simultaneous heat and mass
transfer in an infinite porous plate with thermophysical characteristics dependent on
temperature and moisture transfer potentials are :

T, =laq Tz}, + [ep c—c’"~ A 0 (2.1
a

80, =lamb,2],z, 0<x<R, t>0 ..(2.2)
and the boundary conditions are
~ A T o(R, 1) + g = 0, .(2.3)
Am 0,2(R, 1) + gm = 0, t> 0. ..(2.4)
The other conditions are identical to the conditions used in the previous problem.

We assume that the thermal diffusivity changes according to the equation
a; = au(l + p8y) -(2.9)
while the other thermophysical properties remain unchanged throughout the process,
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To present the equations in dimensionless form we introduce the similarity

criteria :
t
FO = dqo—sz W
am
Luy = C—Ia—o
_ Cm By, — 8y
Ko =ecr 1o, . ...(2.6)
. gmR
Kiy = —~———
Am(By — 05)
. q.R
Ki,, = .
O agy cato(T, — Ty) ]

Introducing the dimensionless variables given in (1.10) and the similarity criteria
defined above, we can write

0,p0 = [(1 + pby) 6,x],x — € Ko Lu, 8,,xx . (2.7)
0,70 = Luy 8y,xx, 0O<X<1,Fo>0 ...(2.8)
_ Kiqo 2
elyx(l) FO) _ 1 + Fez(ls FO) ...( -9)
8,,x(1, Fo) = Kim, Fo > 0. ...(2.10)

Solution of the Problem

First Phase
Adopting the same procedure as in the earlier problem, the distribution of
transfer potentials for heat and mass in the first phase are obtained as

Kiq0(81 - 1 + X)2 ...(2.11)

U FO) = U+ T Kim 180
and
Kip
0,(X, Fo) = %5, @G — 1+ X)2 «.(2.12)
2
where the thickness of heat and mass layers are given by
32 =6 (1 — ¢Lu, Ko Z"' )(1 + % uKin ¥ 6Lu, Fo) Fo ...(2.13)
20

and
3% = 6Lu, Fo. «.(219)



1124 K. N. RAI AND R. N. PANDEY
From (2.13) and (2.14), we have the following theorem :

Theorem — If mass transfer is assumed to lag behind the heat transfer the

following relation
Kin,
2 [Luo(l + ¢ Ko Kiey ) - 1]

Kin 8L, Fo, (1 — ¢ Lu, Ko Kim )
Kz.,o

p >

<..(2.15)

should be satisfied.
Second Phase

The initial distribution of the potentials for heat and mass in the second phase are
Kiqo

6,(X, Fo,) = ———
(X Foy) = 3 + wKin 4 6Lu, Fo,

Xz ...(2.16)

and
0,(X, Fo,) = % Kin X* .(2.17)

where the generalized transition time Fo, (for heat transfer) can be obtained from

(2.13) by putting 8, = 1 and the generalized transition time for mass transfer is given
by (2.14) as

1

Fo, = 6Lu; ...(2.18)

Here also we use two second degree polynomials in X to represent the non-

dimensional temperature and mass transfer potentials. Adopting the same procedure

as in the earlier problem, the distributions of the potentials in the non-dimensional

form are given by

8,(X, Fo) = Kiq, ( — e Luy Ko _.,.) (Fo — Fo,)

1
+ 5 Ko | T2 RG F LugEo, = Fop)
1
1 + pKin(3 + Luy(Fo — Fo,))
3x2
..(2.19
+ l 4+ puKin[} 4+ Lug(Fo — Fo,)] (2.19)
and
85(X, Fo) = Kin [Lu, Fo — % (1 —3X?)]. -+-(2.20)

Analysis of the Solution

Let us suppose that all the thermophysical properties of the body remain constant
i.e. p =0, In that case eqn. (2.15) becomes
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1

Kip,

Ki,

Lu < ..(2.2D)

1+ Ko

This inequality modifies the Luikov criterion discussed by Luikov and Mikhailov
(1965, p. 173).

Further, eqn. (2.19) reduces to the form
8,(X, Fo) = Ki, [Fo — % (1 — X3)] — eLu Ko Fo. (2.22)

The exact solution to this simplified situation has been discussed by Luikov and
Mikhailov (19635, p. 255). According to these authors

0]
. 2
0, = Ki, [Fo — 31 —-3Xx% + z (— 1)"+1n2—112 cos (nxx)
n=1
X exp (— n*n? FO)] + %?ﬁ" [FO(I — Lu)

+ z (— D)1 cos (nrx) {exp (— n?r® Fo) — exp (— n?z?Fo Lu)}]

n=1
...(2.23)
[e.o]
8, = Ki, [Lu Fo — % (1 — 3X?) + z (— D1 cos (nmx)
n=1
X exp (— n?r? Fo Lu)]. ...(2.24)

Equations (2.23) and (2.24) reduced in the quasi-steady state to the following
form

8,(X, Fo) = Ki,[Fo — % (1 — 3X?)] — ¢ Lu Ko Fo .(2.25)
0,(X, Fo) = Kin, [Lu Fo — % (1 — 3X?)]. ..(2.26)

It is seen that eqns. (2.25) and (2.26) are identical to eqns. (2.22) and (2.20)
obtained as approximate solutions of the same problem by the boundary-layer method.

3. CONCLUSION

In this paper we have shown that the rcsults obtained by boundary layer
method for certain linear heat and mass transfer problems are quite close to the ones
obtained by more elaborate and exact procedures, The technique discussed here also
provides quick approximate results for non-linear heat and mass transfer problems
when properties of the medium are moisture dependent. With slight modifications
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the method can be extended to the solution of heat and mass transfer equations for
binary gas mixtures and equations of molar and molecular heat and mass transfer.

The method would be specially useful for analysis of the heat and mass transfer
problems in thin plates where the transition time is very small and the omission of
thermal diffusion coefficient in the first phase does not materially affect the results,
On the same account the method would be quite useful in processes where thermal
diffusion is very small. However, the technique cannot be applied to problems where
the initial distribution of transfer potentials in non-uniform.
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