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The author has proved a more general form of Hartman and Wintner’s theorem
(1951) in the present paper.

§1. It has been proved by Hartman and Wintner (1951) that if f(x) > 0 for all
positive x and f(x) tends steadily to zero as x — oo, then

o0
F(t) = I sin xt f(x) dx
+0
exists for 0 < 1 < oo and

w0

limit @ = I x f(x) dx
-0 !
+0

provided that
1

j xf(x) dx < oo.
+0
The object of this paper is to prove a more general form of this theorem.
Theorem — If f(x) and (x) are positive for all positive large x, and ¢(x) steadily
increases to infinity as x tends to infinity such that

w

xdx
l ) < oo .(L.1)

for a sufficiently large 4 and if

for all x and x;, witha € x < x;

f(xy) < f(x) + E{(%) ...(1.2)
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k being a positive constant, then

F(r) exists for 0 < ¢ << oo and

m FO_ T
tim £ _JO X f(%) dx (1.3)

provided that f(x) — 0 as x — oo and
1
I X f(0) | dx < oo (14)

+0

§2. We shall require the following lemmas for the proof of our theorem.

0
Lemma 1 — If j J(x;) dx < oo where {(x) steadily increases to oo, then for
a
fixed ¢,
[ea]
Lim z __%__ )
r—-»o T
{F)
n=r

Proor : For a fixed ¢ we choose C such that

€=DH=~_ .
t
Then
@ (C—UOxft 0
x x x
X gy — X g I LIPS
J e el f R 7E)
a a . (C~- 1)7‘:/1
= I, + I,, say.
Now
 d
(C - D= dx
B> Ve
(C—Dmn/t
© nx/t
_(€=D= z j dx
Tt $(x)
n=C (n~1)xlt

(equation continued on p. 1461)
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«©

C—Drn 1 e (n— D=
> z ¢(n_r:) (t t )
1

_m¥C—1) 1
2 )

Since I, = O(l),

= o]

n=r

which completes the proof of the lemma.

Lemma 2 — 1If g E—(‘% < oo where (x) is as defined in the theorem, then

a

[e o]
PrOOF : Since j z(—-% < oo

a

we have
[+ o3
d
zlr L 2
y
(1)
2a
i.e.,
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and
‘o.o n/t ©
e 15 e
+(%) ACYRERICY
2a o/t
Hence
[o'0}
lim yd; —0
t->0 A
+(%)
o/t
Now
0 [>%) 2rnft
ydy > ydy
+(3) '(7)
w/t r=1 2r—Dn/t
0 2rejt
1
2
F)
r=1 (2r—1m/t
[+ o]
__z: 1 = e
T
r=
[0 0]

r=1
o
Hence lim Lz 1 = 0.
10 t rn
o(7)
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§3. Proof of Theorem — Let X be any fixed number greater than a and if r is
an odd positive integer such that

r—Deg<tX<rr, t>0
then we have

rrft
| fesinatar g LSS X! v+ &)
X
(r+1)myt (r+Dr/t
J(x)sinxtdx f((r i l)n) — I:,T sin xtdx
W(7)
re/t rrit
2
_ _Tf((r+t1)7t)+ 21:
W =
(+)
(r+2m/t (r+ 2=/t
. (r+ D= k :
Sf(x)sinxtdx < f( ; + ((r - 1)7:)} sin xtdx
4’ t

(r+ i/t (r+ D=/t

2 (r+ D= 2k

'“Tf( 7 )“" ,((r—l-l)n)

ty _t
and so on.

Similarly if r is an even positive integer and (r — )= < tX < rx, we have
re/t

f(x) sin xtdx

<14 ()- )

=__3_f(r_;:_)+l+C°Sth(ﬂ)

t t

X

1 —cosXt k
+——‘“——‘t m,

(r+ V)m/t

S(x) sin xtdx < % f(T) + m

reft
and so on.
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Hence by virtue of Lemma 1 and the condition that f(x) — 0 and ¢(x) - oo as
x —» oo we have

o}

fim I £(x) sin xtdx < 0

X—>w

Again if r is an odd positive integer such that
r—Deg<tX <rm, t>0,

reft re/t

‘ifuhmex> ;{f(?) 4(J$nmh
reft

> ()= (r) - [ 5

(r+1)xjt

S(x) sin xtdx > — %f(rtl) 2

rr;/t
(r+2)mjt (r+2)rfr
J(x) sin xtdx > I f((r '{;2)”) — W]:‘)} sin xtdx
(r+yr/t (r+ D/t ‘
( 2 (r+ 2/t 4
r 4+ xdax
> 2 ( ) e [ xdx
P e
(r+ =/t
(r+ )=/t .
2 r+2)=n 2k
f(x) sin xtdx 2> — f( 7 ) " ((r ) 7:)
t
(r+2)xft
and so on.
Therefore
0 o0 [e o]
. 2k 1 xdx
}. f(x) sin xtdx > — - Wj—— — kt ENl
t
X n=r X
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Hence by virtue of Lemma 1 and the condition that

Xq%x)dx<°°

a

and that f(x) - 0 as X - oo.

We have

<o

lim j f(x) sin xtdx 2> 0,

X—>c0

so that
X->w

oo}

lim [ f(x) sin xtdx = 0
X
o

since lim j f(x) sin xtdx = 0 and by hypothesis

X->w

L s L

xf(x) dx is absolutely convergent it follows that

0
Fit) = I J(x) sin xtdx
+0

is convergent for 0 < t < oo.

Now choose X sufficiently large and keeping it fixed we have

I

Ot By S g

E(@) f(x) sin xtdx
/it

f(x) sin xtdx + E f(x) sin xrdx
X

+ | f(x)sin xtdx

Sy B

o/t

1465
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Therefore
X
ﬁjﬁﬂfl < lim j f( )smxtd
>0 ! t
0
=t )
+ fim j' £(%) sin xt dx
-0 4
X
[¢ o]
- 1
+ =
I
"7)
n=1
[+ ]
< j xf(x) dx
+0

since the last limit is zero by virtue of Lemma 2.

Again
Tl'/t TE/t

[ reosacs [{s(5)- g} 2o
X x

]
> 2 (%) - L “;“’“f(_f;)_ki%

2t
f(x) sin xtdx > — 72? f(%) _ ,2¢2(Ic_:§_)

nft

fproving thereby that when x is sufficiently large and fixed

e o] [e0]
. . Sin xt xdx
31_;1%5 Sy X dx>-—k§@.
Consequently we have
X ) i
im £ 5 j xf(x) dx — k s xax,
oo ! U(x)
+0 X
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Since
[+ 0]
[ oo
bx) ™
a
Hence
(=]
xdx
— >0, as X — oo.
j ¢(x)
X
Therefore,
o0
lim ﬂt-l P E xf(x) dx,
>0 !

+0

which completes the proof of the theorem.
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