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The paper concerns with generalizations of some function space topologies to
include a family of multifunctions from one space to another. Concepts of near
topologies, graph topologies, o-topologies etc., for multifunctions have been
introduced and discussed in details. Results concerning their separation
properties and their relationship with compact open topology and pointwise
convergence topology for multifunctions (introduced by Smithson) are also
included.

1. INTRODUCTION

Various function space topologies for the family of single-valued mappings from
one topological space to another have been defined and studied by many authors.
Not much is known about function space topologies for multifunctions. Recently,
Smithson (1971, 1973) has initiated the study of function spaces for multifunctions.
He has generalized the concepts of pointwise convergence topology, compact open
topology and the topology of uniform convergence for multifunctions. In the present
paper, we generalize some other function space topologies, such as the graph topo-
logies introduced by Naimpally (1966) and Naimpally and Pareek (1970), the s-topology
introduced by Arens and Dugundji (1951) and the near topology introduced by
Irudayanathan (1967) to include the class of all multifunctions. Section 2 deals with
compact open topology. In sections 3, 4 and 5 respectively graph topologies, s-topo-
logy and near topology for multifunctions have been introduced and studied.

Throughout, X and Y will denote topological spaces. YX and Y™ will denote
respectively the class of all single-valued mappings and the class of all multifunctions
from X to Y. The following definitions and notations will be used regarding multi-
functions.

Definition 1.1 — A mapping f from X to Y which maps each point of X to a
subset of Y is called a multifunction. For any subset 4 of X, f(4) = U f(x). For
x€A

any subset B of Y, f*(B) is the set {x € X : f(x) C B} and f-~(B) istheset {x € X :
J(x) N B # ¢}
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Definition 1.2 — A multifunction f :X — Y is said to be one-one if for every
pair of distinct points x, y of X f(x) N f(3) = ¢.

Definition 1.3 — Let f: X — Y be a multifunction from X to Y. Then fis said to
be upper semi-continuous (u.s.c.) at a point x € X if for each open subset U of Y
containing the set f(x) there exists an open subset V' of X containing x such that
f(x,) C Uforall x, € V. Multifunction f is called lower semi-continuous (l.s.c.) at
x € X if for each open subset U of Y such that f(x) N U 7 ¢, there exists an open
subset V' of X containing x such that f(x,) N U = ¢ for all x, € V. It can easily be
verified that f is u.s.c. (I.s.c.) if and only if f+(U) (f~(U)) is open for each open subset
U of Y. Further, fis said to be continuous at a point x € X if it is both u.s.c. and
Ls.c. at x and f is continuous if it is continuous at every point of X. Thus f is conti-
nuous if and only if f~(U) and f*(U) are open in X for every open subset U of Y.

Definition 1.4 — A multifunction f:X — Y is said to be point-closed (point-
compact, respectively) if f(x) is a closed (compact, respectively) subset of Y for each
x € X. Also fis said to be closed (compact, respectively) if for each closed (compact)
subset 4 of X, f(4) is closed (compact) in Y.

Definition 1.5—1If f: X — Y is a multifunction, then the graph of f is the subset
U{{x} Xf(x): x € X}of X x Y. Graph of fis denoted by G(f).

Definition 1.6 : (Smithson 1973) — Let X be any set and Y be any topological
space. Foreachx € X, let [I, : YmX — Y be a multifunction defined as I, (f) =
f(x) for all f € YmX. Mappings Il are called projection mappings. Then, as in the
case of single-valued mappings, the smallest topology on ¥=X for which each projec-
tion mapping is continuous is called the point-open topology or the topology of
pointwise convergence (abbreviated as p.c. topology). We shall denote the topology of
pointwise convergence by . Thus P is generated by a sub-base consisting of all
sets of the form {f € Y™X:f(x) C U} and {f &€ Y™X :f(x) N U+ 4}, where
x € X and U is an open subset of Y.

2. CompAcT OPEN TOPOLOGY

Definition 2.1 . (Smithson 1973) — Let K be a compact subset of X and U be an
open subset of Y. Let Wi(K,U)={f € Y™X : f(x) N U %~ forall x € K} and
WK, U) = {f € YmX:f(K) C U}. The topology C on YmX generated by all sets
WK, U) and W,(K, U) is then called the compact open topology for Y™x, Obviously,
fcCc.

Definitions 2.2 — Let & be a family of multifunctions from X to Y. Define a
mapping w : F xX — Y by w(f, x) = f(x) for all (f, x) € &F xX. Then w is a multi-
function. The continuity of w depends on the topology for &. Consequently, a
topology 4 for & is said to be jointly continuous (jointly upper semicontinuous,
jointly lower semi-continuous, respectively) if w is continuous (upper semi-continuous,



1490 PUSHPA JAIN AND SHASHI PRABHA ARYA

lower semi-continuous). We abbreviate these by j.c.; j.u.s.c.; j.Ls.c.; respectively. 4
is said to be jointly continuous (jointly upper semi-continuous, jointly lower semi-
continuous respectively) on compacta if for each compact subset K of X, the
restriction of w to & x K is continuous (upper semi-continuous, lower semi-
continuous) on F X K.

Theorem 2.3 — The compact open topology ( for the family C of all continuous
multifunctions from a locally compact regular space X to a space Y is the smallest
jointly continuous topology on C.

Proor : First, we shall prove that under the given conditions (£ is jointly
continuous. Let U be an open subset of ¥ such that w(f, x) N U £ ¢, where f & C
and x € X. Therefore f(x) N U % ¢. That is, x € f~(U). Since X is locally
compact and regular and fis Ls.c., there exists a neighbourhood V(x) of x such that
x € V(x) C V(x) C f~(U) and V(x) is compact. Let K = V(x). Since K C f~(U),
f(x) N U ¢ for all x € K. This implies that f € W, (K, U). Also, if g € Wy(K, U)
and y € V(x), then g(y) N U 5~ ¢é. Therefore, W (K, U) x V(x)is a neighbourhood
of (f, x) such that w(g, y) N U # ¢ for all (g, y) € Wi(K, U) x V(x). Hence w is
lower semi-continuous. Similarly, to prove that w is upper semi-continuous, let U be
an open subset of ¥ containing w(f, x). Thenf(x) C U. Thatis, » € f+(U). Since
fisus.c. and X is locally compact and regular, there exists a neighbourhood W (x)
of x such that x € W(x) C W(x) C f+(U) and W (x) is compact. Then W,(W (x), U)
is a neighbourhood of f and W (x) is a neighbourhood of x such that g(y) C U for

allg € Wo(W(x), U)yandy € W (x). This proves that w is u.s.c. Hence ( is jointly
continuous.

Now, let 4 be any other jointly continuous topology on C. We shall prove
that C C 4. Let Wi(K, U) be any (-subbasic open set and let f € W, (K, U). Then
Sx) N U gforallx € K. Since 4 is jointly lower semi-continuous, there exists a
g-neighbourhood W (f, x) of f and an open neighbourhood ¥, of x such that
g NUsz4gforallg € W(f, x)and ally € V.. Since K is compact, the open
covering {Vz:x &€ K} of K admits of a finite subcovering, say Ve, Ve . Let

eney

n
W, = ‘m] W(f, x.). Then W, is a neighbourhood of f such that f € W;C W, (X, U),
I=

forif ge& Wsrand x € K, then x € Vi, for some i, and therefofe gx) N U ¢

Hence Wi(K, U) € 4. Similarly, we can prove that every (’-subbasic open set
Wy(K, U) containing f is a neighbourhood of fin g. HenceC C 4.

Theorem 2.4 — Let & be the family of all point-compact continuous multifunc-
tions from X to a Hausdorff space Y. Then a compact jointly continuous topology
g on T is identical with the compact open topology  on .
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PROOF : From the proof of the second part of Theorem 2.3, it follows that
C C 4. Also, if Y is Hausdorff and each f € & is point compact, the point-open
and hence the compact-open topology is Hausdorff. Therefore, the identity map
from (&, ) to (<, C) is a continuous map from a compact space to a Hausdorff
space. Hence 4= C.

Lemma 2.5 — If f is an upper semi-continuous function from X to Y and U is
a subset of X and V is a subset of Y such that f(x) N V £ ¢ for all x € U. Then

fx) NV ¢ forallx, € U.

ProoF : If possible, let there exist x, € U such that f(x,) N ¥ = 4. Then
f(x9) C (Y ~ V). Since fis upper semi-continuous, /(¥ ~ V) is an open subset of X
containing x,. Since x, € U, therefore, f*(Y ~ V)N U # ¢. Let x € f+(¥Y ~ V)N U.
Then f(x) NV = ¢ and therefore f(x) N V = ¢ which is a contradiction. Hence
Sfx)) "NV %4 forall x, € U.

Lemma 2.6 : (Smithson 1973) — Let f: X — Y be a lower semi-continuous
multifunction on the space X into the regular space Y. If K C X is compact, and if
fxy NV #éforall x € K, where V is an open subset of Y, there exists an open set

W C Ysuchthatf(x) N\ Ws£gforallx € Kand W C V.

Theorem 2.7 — If X is locally compact, Hausdorff and Y is regular, then the
compact open topology (¢ for the family & of all point-compact continuous multi-
functions on X to Y is jointly continuous.

PrROOF : We have to prove that the mapping w: & X X — Y is continuous.
To prove that the mapping w is lower semi-continuous, let (f, x) € & x X and U be an
open subset of ¥ such that w(f, x) N Uz ¢. Then f(x) N Us#¢. From Lemma 2.6
there exists an open subset ¥ of ¥ such that f(x) N V£ ¢ and ¥ C U. Since fis
lower semi-continuous and X is locally compact and Hausdorff there exists a

neighbourhood N of x such that f(y) NV £ ¢ forally € N, and N. is compact.
From Lemma 2.5, f(y) N 7 # ¢ forally € N.. Since 7 C U,f(y) N\ U£ 4 for all
Yy € Na. Thus Wy(N:, U)is a neighbourhood of f. If g € W(N., U) and z € N,

then g(z) N U # ¢ and hence w is lower semi-continuous.

To prove that w is upper semi-continuous. let U be an open subset of Y such
that f(x) = w(f, x) C U. Since f(x) is compact and Y is regular, there exists an open
subset V of Y such that f(x) C ¥ C ¥V C U. Also, let N, be a neighbourhood of x

with compact closure such that f(N.)C V. Then W,(N, U) and N, are neighbourhoods

of fand x, respectively such that for all g € Wy(N,, U) and all y € N., g(3) C U.
Thus w is upper semi-continuous. Hence w is continuous and ( is jointly continuous.
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Let F be a family of multifunctions from a topological space (X, Ftoa
uniform space (¥, €1’). If K is any subset of X and V € CJ/, let WKV =
{(L,eye T x F:for each x € K, (f(x) x {y}) N V4 for all y € g(x) and
(2 x g N V£ forall z € f(x))

Definition 2.8 — A net {f,:v € (D, >)} in & is said to converge uniformly to
f € & on a subset K of X if for every V' € CJ/ there exists an index v such that for
allv > v, (£, fv) € W(KIV). Anet{f,:v € (D, >)} in F converges uniformly on
compacta if it converges uniformly on each compact subset of X.

Theorem 2.9 — Let C be the class of all point-compact continuous multifunc-
tions from a topological space X to a uniform space (¥, C{’). Let C be the compact
open topology on C. Then a net {f,:v € (D, >)} in (C, () converges if and only if
it converges uniformly on compacta.

PrOOF: Let {f,:v € (D, >)} converge uniformly on compacta to f and let
f € Wi(K, U), where K is a compact subset of X and U is an open subset of Y. Let
¥z € f(x) N U for each x € K. Thereisa V. € C/ such that y. € Vi[y.] C U.
Let W, € (4/such that W, o W, C V:. Then

Vo € (Walys])* C Walys] C Wao Walyz] C Valys] C UL
Therefore {f-((W:[y:})?): x € K} is an open covering of K. Since K is compact,
this covering admits of a finite sub-covering, say f~((We,[y=z])%), f~(We,[ya,))",...,
S (We,[y=,))%). Since {fy:v € (D >)} converges uniformly on compacta to f, for
eachi = 1, 2, ..., n there exists a vi € D such that for all v> v, (f, f,) € W(K/W.,).
Let v = max {v;, v, ..., va}. Letv >v'. Thenv > v for all 7 and hence

(f, fv) € W(K/W5,) for all i.

We shall prove that f, € W (K, U). Letx € K. Then x € f~(Wxily.,])°) for some
ie{l,2, ..,n. Let z: € f(x) N (Wz;[ys;])°. Then ({zz} X fu(x)) N Wz, £ ¢ If
zy € fy(x) such that (zs, zy) € W, then zy € Wa[z:] C We; o Wa,[ys] C U. Hence
S(x) N Uz~ . This proves that fy, € Wi(K, U).

Now, if f € WK, U), then f(K) C U. Since f(K) is compact, there exists
V € Cf/such that V[f(K)] C U. Since {f, : v € (D, >)} converges uniformly on K
to f, there exists v’ € D such that for all v > v/, (f, fv) € W(K/V). Let x € K and
v > . Then (f(x) x {z}) N V £ ¢ for all z € fi(x). Thatis, for each z € f(x),
there is a z; € f(x) such that (z;, z) € V. Therefore z € V{z.] C V[f(K)] C U for
each z € fy(x). Hence f(x) C U. Therefore f, € WyXK, U) for allv > v'. Hence
{fv:v € (D, >)} converges to f.

Conversely, let {fy:v € (D, >)} converge to f and let K be a compact subset
ofX. LetV € CYandx € K. Let Ube a symmetric member of C|/ such that
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Uo Uo Uo Us Us UC V. Foreachy € f(x), (U[y])?is an open set containing y.
Since f(x) is compact, there exists a finite number of points y;, ¥, ..., ¥nx) such that

n(x)

f(x) C ‘Ul Wiyge. Alsof(x) N (Uly:])® 5 ¢ for each i = 1, 2, ..., n(x). Therefore
i=
n(x) n(x)

x € fHU OUDY N (N S((UlyD?). Since f is continuous, it follows that
i=1 =1

n(x) n(x)
JH( Ul (Ulyh" N (.ﬁlf -((U»])®) (= G, say) is an open neighbourhood of x. Since
1= I= .
K is compact, there exists finitely many points x,, X, ..., xx of K such that
n(j) n(j)
K C G, UG, U ... U Gy where x; € Gj Cf+(.U1(U[yi])°) N (('\lf‘(U[yi])")- For
1= i=
each j=1,2, ...,k letKi= KN Gi.

Each KXj is compact. Now

— n(j)
K C G C [0 7-(UDIOF
nGg)y _______  nj)
C 0 SO C N SUODID

n(j)
S PRCRR D

for x' € U[U)] = (x', x”) € U for some x” € (Uly:])* = x" € Ulx"}, and there
exists W € CP such that x" € WX C Ulyl=>x € UlxX1C Uo Ux"] C
Uo Uo Wix") C Uo U~ Ulyil

Therefore, f(t) N (Ue Ue Ulyi])® 5 ¢ foreach 1 € K; and each y; € f(xs)
n(j)
fori=1,2,..,n(). Thatisfe (\IWI(Ki, (Ue Us Ulyi])®). Hence
P

ko n(j)
FEN N WiKi (Ue Ue Upil)).

j=1i=

Also,

- n(j) n(J)
K C G C (U (UK € £ (WD)
n(Jj)
= 7410, W]

( j)
C f+[_ul (Ue Ue Uyl
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n(j)
Therefore, f(K) C U (Uo Uo Ulpforallj=1,2, .., k.
i=1

, k n(j)
That is, f € N WalKs, Y (U U Uy
J= 1=

ko n(j) ko on)
Hence f €[N O Wa(Ku(U'= U= U NN Walks, U (U U e Uy)
J=1 i= Jj= 1=

(= Wsay). W is an open subset of & in the compact open topology. Since
{fv:v € (D, >)} converges to f, therefore there exists an index v such that f, € W
forall v>+v. Nowlet x € K. Then x € K; for some j. Therefore, for each

vV, AN We Us Ulpl)t £ ¢ foreachi =1, 2, ..., n(j) and
n(j)-
A C U We Ue Ui
=
Also f € Wimplies that f(x) N (Ueo Uo Uly])® % ¢ for each i =1, 2, ..., n(j)
n(Jj)
and f(x) C U (Ueo Uo Uly])*. Let y € f(x). Then y € (Us U= Ulp)® for
i=1

some y; € f(x;). Therefore (y,y:) € Uo Uo U. Also for that y; fu{x) N
{(Uo U~ Ulyi]) £ ¢ which implies that there is some z € fy(x) such that z €
Uo Uo Ulyi,thatis(z, ;) € Uo Uo U. Since U is symmetric, therefore (y, y;) €
Uo Ue Uand(z,y)) EUc Uo U implythat (y,z) € Uo Uo Us Uo Uo U
C Vand hence ({y} X fu(x)) N V £ ¢ forally € f(x). Similarly, (f(x) x {zZDN V£ 4
forall z € f(x). Thus (f, fy) € W(K/V) for all v > v, which proves that f, con-
verges on compacts to f..

3. GraPH TOPOLOGIES
Definition 3.1 : (Poppe 1967 and Naimpally and Pareek 1970) — A topology on
YX generated by a sub-basis consisting of sets of the form (4, U) = {f € YX : f(4)
C U}, where 4 is a closed subset of X and U is an open subset of Y, is called the
graph topology Ty,

Definitions 3.2 : (Naimpally and Pareek 1970) — (i) The topology on Y¥X
generated by a sub-basis consisting of sets of the form Fy = {f € Y* : G(f) C U},
where U is an open subset of X x Y, is called the graph topology I',.

(i) The topology on Y% generated by a sub-basis consisting of all sets of the
form{f € Y:G(f) C U Uand G(f) N U; £ ¢ for all i € I}, where U;’s are open
iel

subsets of X x Y and / is a finite set, is called the graph topology T';.

(iii) The topology on YX generated by a sub-basis consisting of all sets of the form
{fEYX:G(f)C U Uiand G(f) N Ui # g foralli € I}, where {U;:i € I}isa
iel

locally finite family of open subsets of X x Y, is called the graph topology I',.
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The topology I', was defined and studied first by Poppe (1967) and the topology
T, was first introduced by Naimpally (1966).

We now generalize the above four graph topologies to include the family of
multifunctions ¥mX as follows.

Definitions 3.3 — (i) Let ', be the topology for YmX generated by a sub-basis
consisting of all sets (4, U), and (4, U),, where

(A, Uy ={fEYmX . f(x) N UH#44forall x € 4} and
(4, U),={fE Y™ :f(4) C U},
where A4 is a closed subset of X and U is an open subset of Y.
(ii) Let I'm, be the topology for YmX generated by a sub-basis consisting of all
sets Fand Fj) where F, = {f € Y™X : ({x} x f(x)) N Uz ¢ forall x € X} and

Fl, = {f € Y™X:G(f) C U}, U being an open subset of X x Y.

(i) Let Ty be the topology for Y™X generated by a sub-basis consisting of all
sets of the form {f &€ Y=X : for each x € X, ({x} x f(x)) N (le U;) # ¢ and foreach
i=1,2, .., n there exists x; € X such that ({x;} X f(x)) N llz # ¢} and {f € Ymx:
G(f) C _Unl U, and for each i = 1, 2, ..., n there exists x; € X such that ({x;} x f(x:))
C U3} w;a;re Uys are open subsets of X x Y.

(iv) The topology I'm, is the same as I'.; except that a finite family {U;,
i=1,2, .., n}of open subsets of X x Y is replaced by an arbitrary locally finite
family of open subsets of X x Y.

The above Definitions 3.3 of graph topologies for multifunctions are reduced
to the Definitions 3.1 and 3.2 for single valued fnappings, if the family of multi-
functions is replaced by the family of single valued mappings.

Tt can easily be seen that T'wmy C I'my C ['my. Now we shall prove that
Pml C I‘mzv

Theorem 3.4 — Topology I's, is weaker than the topology 'm,.

PrOOF: Let (4, U), be any I'm, sub-basic open set. Letf € (4, U), so that
SO NUz£ggforallx € 4. Let V= (X~ 4) X Y U (X x U), then V is an open

subset of X x Y. Consider the set F, = {h € Y™X : ({x} x h(x)) N V # ¢ for all

x € X}. Clearlyf € F, C (4, U);- Hence (4, U), is ['my-open. Similarly, if
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(4, U), is another sub-basic open set containing f € YmX then f € F; C (4, U),,
where W = (X ~ 4) x YU (X x U). Hence ['my C Dos.
Thus I'mi C T'miyy for i = 1, 2, 3. Poppe (1967) has constructed an example to

show that I'm; 7 [m,, in general. Naimpally and Pareek (1970) have constructed
examples showing that [y, 'y, T, are all distinct.

The following theorems give conditions under which some of these topologies
are equivalent,

Theorem 3.5 — If X is a compact Hausdorff space, then I'm; = ', on the family
C of all continuous point-compact multifunctions from X to Y.
PrROOF: We have to prove that under the given conditions [, C I'm;. Let

F,, be a I'n,, sub-basic open set containing f so that for all x € X, ({x} x f(x)) N

U £ ¢ where Uis an open subset of X X Y. Let U= U (U. x V,) where each
2 EA

U, is open in X and each V. isopenin Y. Since ({x} x f(x)) N U £ ¢ for all
X € X, there exists some « € A such that ({x} x f(x)) N (Un x Vi) 55 4. Thus
x € Uwand f(x) N Vo 5= ¢ so that x € Us N f~(Ve). Since f'is continuous, f~(Va)
is open in X. Since X is regular, there exists an open subset U, of X such that
x€ U: C Us C Ue N f~(Va). Since X is compact, there exist finitely many points

n
Xy5 X3, ..., Xn Of X and the corresponding sets Us, Uzyy ..., Uz, suchthat X C U U, .
i=1

Let Uy, and V., be the sets such that x; € Uz, C Us; C Us; N f~(Va, ). Now
n
Uz, C f~(Vs,)implies that f() N Ve, %= ¢ for all 1 € Us;. Therefore f € N (Ue;, Va));-
i=1

n
Letg € N (Us;y Vo), and let x € X. Thenx € Uz, for some i and therefore
i=1

g € (Uai, Vy; ), implies that g(x) M Va, 3= ¢. Also Uz, C Us, implies that x € Us,.
Therefore, ({x} x g(x)) N (Us; X Va,) % ¢. That is ({x} x g(x)) N U 5% ¢. Thus

n
f€E ﬁl (Ue;, Vay C Fy. Thus every Fy, is open in I'y,.
=

Again, let F;; be another I',,, subbasic open set containing /. Then G(f) C U

and Uis an open subset of X x Y. Let U= {J (Uax X Va), where each U, is an
€A

open subset of X and each V, is an open subset of Y. For each x € X, ({x} x f(x))
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C U (U. x Vu). Since f(x) is compact, therefore for each x € X there exists a finite
e EA

subset A(x) of Asuchthatx € N Usandf(x) C U Vothatis,x€ ( N Uy)
aCA(x) xS A(x) xEA(x)

Nf*( U V.). Let U, be an open subset of X such that x € U. C U C
«EA(X)

( N U)NSfH( U Va). Since X is compact there exist finitely many points

«EA(x) «EA(x)

n —
Xy Xy ey XnOf Xsuchthat X = U Uy,and ; € U. C Uz, € ( N U 0O
i=] EEA(X;')

_ n o _
fH U Vi) Since Uz, C fH( U Va),thereforef € N (Uz;, U V). Now,
aEA(x;) e €A (x;) i=1 aEA(x;)

n _
letg€ N (Us,, U Vau)pandletx € X. Then x € U, for some i. Therefore
i=1 EEA(X,')

g2E€ (Usyy, U Vi), impliesthatg(x) C U Va. Alsox €U, C N Ue
w € A(x;) aEAX,) a € A(x;)
implies that x € U, for all @ € A(x:). Therefore {x} x g(x) C U (Ux X Va)
A(x,

aEA(x;)

n —
C U. Hence G(g) C U. Thusfe N (Us, Va), C Fy, which implies that
i=1

U
xEA(x;)
Fy, is open in I'm;. Hence I'my C I'my.

Theorem 3.6 — A space X is T, if and only if the two topologies ', and I'mg
are identical on Y™X for all Y.

ProoF : If X is not a T-space, then there exists a pair a, b of distinct points of
X such that every neighbourhood of a contains the point . Let ¥ = {¢, d} with the
discrete topology. Letf, g & Y™X be defined as

JxX)=c ifx£b
=d, ifx=5
g(x)= ¢, forallx € X.

Let U, = U, x {d} be an open subset of X x Y containing (b, d), where Us is an open
subset of X' containing b. Let U, = {{x,c): x € X}. Then G(f) C U, U U, and
for each i = 1, 2, there exists an x; € X such that {x;} X f(x)) C U.. Thus O, =
{h€ Ymx . Gh) C U, U U, and for each i = 1, 2, there exists x; € X such that
{xi} x h(x:;) C Ui} is a I'mg-open set containing f. We shall show that no Ty, basic

neighbourhood of f is contained in O,. For if| (FZLI,1 NN FZ;, ) N (FI./ 0 ...
! n 1

n
N Fp. ) be any I'm,-basic neighbourhood of f, thenf & N FZ,, implies  that
m i=] i
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n n
G(f) C N U'. Since every neighbourhood of a contains b, therefore G(g) C N U..
i=1 1 i=1 °
n n
Thusg & N F Z] But g & O,, since G(g) N U, = ¢. Hence N F?J( is not con-
i=1 i i=1 4

m
tained in O,. Similarly, N Fp» ¢ 0,. Hence 0, is a TI'm; open set which is not
i=1 ¢
T'mp-open. Thus the condition is necessary.
n
Conversely, let O, = {h € YmX :foreachx € X, ({x} x h(x)) N (U U)# ¢
i=1

and for each i = 1, 2, ..., n there exists x; € X such that ({x;}) X A(x)) N U; £ ¢},
where U;’s are open subsets of X x Y, be any I'ms-sub-basic open set containing
f€ Ymx, For each i=1,2,...,n let p; € X such that p; x f(p:) N Ui % ¢.
Let ¢g: € f(p:;) such that (pi, q.) € Ui Since U; is open and X is T, there
exists a Wy, open in X x Y, such that (p;, ¢;) € Wy, C U; ~ (P ~ {pi} X Y),
where P = {p,, psy ..., Pa}. Thus W, is such that ({p:} X f(p)) N Wy, £ ¢
and ({p} X f(p)) N Wy = ¢ for all j 52 i. For each x € X ~ P, let

¥z € f(x) be such that (x, yz) € ( U U) ~(P x Y). Forx E X~P let W, be

an open subset of X x Y such that (x,y:) € Woe C (U U)~P x Y. Let

W= U W, Then W is an open subset of X x Y such that f&€ F, . Let
x€X

g € F,,. Thenforeachx € X, ({x} x g(x)) N W 3 ¢ implies that ({x} x g(x)) N

n
(U U)#*é¢forallx € X. Inparticular foreach i = 1,2, ...,n ({p} X g(p)) N
i=1

W+ ¢ implies that ((ps} x g (p)) N (,-91 Wa)  $. Since (p x ¥) N Wy, = ¢
for all j = i, therefore (p: x g(pi)) N Wy, # ¢. Hence ({pi} x g(p:))N Ui 5~ ¢. Thus
g € 0, and O, is I'my-open. Similarly, let O, = {h € Y™X : G(h) C iC=Jl U; and for
each 7 there exists a p; € X such that {p.} X f(p:) C Us} be I'ms-subbasic open set
containing f. Then G(f) C inUi and for each i, let p; € X such that {p;} x f(p)

C Ui Since X is T, for each pi, there exists an open subset Wy, of X X Y such that
{p} X f(p)) C Wy, C Ui ~ ((P ~ {p}) x Y), where P = {p,, p,, ..., pa}. Foreach
xEX~P{x}xfix)C (_Ln) U) ~ (P x Y).Let W, be an open subset of X X Y
such that =

X}Xfx)C W C (iél U) ~ (P x Y)
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Let W = (U W, Then F;, is a Pmy-open set containing f. We shall prove
x€X

n
that F,, C O,. Letg € F;,, then obviously G(g) C U Ui. Also foreach i = 1,2,
j=1

i=
n
s B, {Pi} X g(p3) C Y Wy By construction of Wy's, Wy, N ({ps} X &(p)) = ¢
]—_—.
for all iz« /. Therefore {p;} x g(p:) C Wy, C Ui. Hence g € O,, which proves
that O, is a I'ny-open subset of Y™X. Hence ['m; C I'm,. This proves the theorem.

Theorem 3.7 — If X is a T, space, then the pointwise convergence topology P
for ¥YmX is contained in T'm; (i = 1, 2, 3, 4).

PrOOF : It is sufficient to prove that @ C I'm;. Since II (U)= ({x}, U), and
7 (U) = ({x}, U), and X is T, the result follows.

Theorem 3.8 — Let X be a T, space and let Y be a non-degenerate space (that
is, there exists an open set ¥ in Y such that ¢ £ V £ Y). Then the pointwise
convergence topology & on YmX equals I'n, if and only if X is a finite set with the
discrete topology.

Proor: The condition is sufficient. Let X be a finite discrete space. Let
(4, U), be any I'n;-sub-basic open set containing f € Y™, so that f(x) N U £ ¢ for

n
allx € 4. Letd={x;:i=1,2,..,n). Then N II; (U)is a P-open set contain-
i=1 ¢

ing f and contained in (4, U),. Thus (4, U), is QP-open. Similarly, (4, U), is
P-open. Thus @ D I'n;. Hence from Theorem 3.7, PP = 'm;.

The condition is necessary. We only need to prove that X is finite, because
every finite T, space is discrete. Let X be non-finite and let X have the cofinite
topology. Let V be a proper open subset of ¥. Lety &€ V. Then the constant

n
mapping f which maps X onto {y} is in (X, ¥),, but for every basic set N M; (U) in
i=1 :

the topology of pointwise convergence we can find a function g such that g(x:) N
U#¢,i=12, .. ,nandg(x) C Y~ Vforsomex £ xi;, i =1,2,..,n Hence
I'n; & & which is a contradiction. Hence X must be finite.

Theorem 3.9 — If X is Hausdorff, the compact open topology is contained in the
T, topology and the two are equal if X is compact.

ProoF : The proof is obvious, since in a HausdorfT space every compact subset
is closed and in a compact space every closed subset is compact.

As shown by Poppe there exists a non-Hausdorff space X such that I',; %
compact open topology even on the family of continuous multifunctions.
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Definition 3.10 — A multifunction f € Y ™X is said to be I';-almost continuous
(i =1, 2,3, 4) if every I'm;-neighbourhood of f contains a continuous multifunction.
The set of all I';-almost continuous multifunctions will be denoted by Ay;.

Theorem 3.11 — The set 4, is a closed subset of (Y™X, T'm;). In fact, A, is the
T',.:-closure of the set C of all continuous multifunctions in Y mX.

ProorF : Follows immediately from the definition of I';-almost continuity,

Since I'm; C Tm;sy (i = 1, 2, 3), it follows that a T;,,-almost continuous multi-
function is I';-almost continuous. The converse, however, is not-true as is shown by
Naimpally and Pareck (1970, examples 4.4 to 4.6). ’

Theorem 3.12 — If & is the family of all point-closed multifunctions from X to
a Ty-space Y having more than one point, then the conditions (1) X is T; and (ii) (&,
I'.,) is Ty, are equivalent.

Proor: Let (i) be satisfied. Let f and g be two distinct points of &F. Then
there exists an x € X such that f(x) 3£ g(x). If f(x) 4 g(x), let y € f(x) ~ g(x).
Since Y is T, and g is point-closed, therefore Y ~ {y} and ¥ ~ g(x) are non-empty
open subsets of Y containing g(x) and y respectively. Since X is T;, the set ({x},
Y ~ g(x)), is a I'my-open set containing f but not g, and ({x}, Y — {¥}), is a ['m,;-0pen
set containing g but not f.

Conversely, let (i) be satisfied. If X'is not T, there exist two distinct points a

and b in X such that every neighbourhood of @ contains b. Thus a € {6} and {b} is
not a closed set. Let f, g be two functions in Y =¥ defined as f(x) = p for all x £ b,
f(b) = q and g(x) = p for all x € X, where p, g are two distinct points of ¥, Now
consider any I's,-neighbourhood (4, U), of f. where Uis openin Y and A is closed
in X. Since {b} is not a closed set, therefore either 4 is disjoint form {6} or 4 has
points of X other than b. In the first case g(4) = f(4) C U. In the second case,
&(4) = {p} C {p, q} = f(4) C U. Thus every neighbourhood of the form (4, U),
contains g. Similarly, every neighbourhood of f of the form (4, U), contains g.
Hence (&, I'm,) is not a T,-space, which is a contradiction. Thus X must be T;.

The above theorem can easily be proved for the topologies I'n,, I'ms and ['m,.

Theorem 3,13 —1If Y has at least two points then the set < of all point-compact
multifunctions from X to Y is Hausdorff with respect to the topologies m; (i = 1, 2,
3,4) if and only if X is 7, and Y is Hausdorff.

ProoF : The theorem is proved if we prove the ‘if* part for I',; and the ‘only if’
part for [n,.

Let X be a T, space and ¥ be a Hausdorfl space. Let f, g be two distinct
points of . Then there exists a point @ € X such that f(a) % g(a). If f(a) ¢ g(a),
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let y € f(a) ~ g(a). Since Y is Hausdorff, there exist nonempty disjoint open subsets
U and V of Y containing y and the compact set g(a) respectively, Then ({a}, U), and
({a}, V), are disjoint I'n;-open sets containing f and g respectively.

Conversely, suppose that (&, I'n,) is Hausdorff. If possible, let there exists two
distinct points p and g of Y such that every neighbourhood of p intersects every
neighbourhood of 4. Let f, g be defined as f(x) = p for all x € X and g(x) = ¢
for all x & X. Then, we see that every D'mg-neighbourhood of f intersects every
I'm,-neighbourhood of g, which is a contradiction. Hence Y must be Hausdorff, The
proof for X to be T is the same as in Theorem 3.12. :

4. -TOPOLOGY
The o-topologies for the class of all single-valued mappings were introduced by
Arens and Dugundji (1951). For any open cover ¢ of X and the collection {4::i € I}
of closed subsets of X such that each A, is contained in some member of s, the topo-
logy on YX* generated by the sub-basis consisting of all sets of the form (4,, U) =
{fE€ YX :f(4) C U}, Uopenin Y, i € I, is called the s-topology for YX,

The above definition can be generalized to include the family of all multifunc-
tions from X to ¥, as follows.

Definition 4.1 — Let o be an open cover of X and let {4; : i € I} be the collec-
tion of all closed subsets of X such that each A4, is contained in some member of o.
Then the topology on Y™X generated by the subbase {(4;, U)y, (4i, U)y :i €L U
open in Y} is called the o-topology for Y mx, :

Obviously, the s-topology is the T'\;-topology if X € o, and a ['m;-topology is
the finest o-topology. Thus we have the following :

Theorem 4.2 — Any o-topology is contained in I'; (i = 1, 2, 3, 4).

Examples have been given by Naimpally and Pareek (1970) to show that a
o-topology is distinct from the I',,;-topologies.

Now, let X, Y, Z be three spaces. For each multifunctiong : Z X X — Y we
define a single-valued mapping g* : Z — Y™X as g*(z) (x) = g(z, x) for all z € Z and
x € X. Conversely, if g*:Z - Y™X s a single-valued mapping then we can define
a multifunction g : Z X X' — Y as g(z, x) = g*(z) (x). The mappings g and g* are
called associated mappings. A topology 4 for Y™X is said to be proper (admissible,
respectively) if for any topological space Z, the continuity of a multifunction
g£:Z X X —» Y (g*:Z - YnmX respectively) implies the continuity of g* (g
respectively).

Theorem 4.3 — A topology 4 for Y X is admissible if and only if it is jointly
continuous.



1502 PUSHPA JAIN AND SHASHI PRABHA ARYA

PrROOF : Let 4 be an admissible topology on Ym™X. Then for every space Z,
for which the mapping g* : Z — (Y™X, 4) is continuous, we must haveg : Z X X —
Y also to be continuous. Let w: (¥Y=X, 4) X X — Y be the evaluation map. Then
w* (Y mX, §) - (Y™X, g)is the mapping such that

w*(f) (x) = w(f, x)
= f(x)forall f € Y™ and for all x € X.

Thus w* is the identity mapping which is continuous. Hence w is continuous.

Conversely, let 4 be a jointly continuous topology on Y=, so that the map
w: ¥YmX x X — Yis continuous, let g* : Z — ¥Ym™X be any continuous single-valued
mapping. Leth : Z x X — Y™X x X be the mapping defined as

h(z, x) = (g*(z), x) forall (z, x) € Z X X.

Since g* is continuous, therefore 4 will be continuous.

Now, wh : Z x X — Y is a mapping such that
Wh(Z, x) = W(h(Z, x)) = W(g*(Z), x)
= g*(2) (x) = 8(z, x).

Hence wh is equivalent to the map g. Since w and 4 are both continuous, therefore
wh is also continuous, That is, g is continuous. Hence 4 is an admissible topology.

Theorem 4.4 — If 4 and U are proper and admissible topologies respectively on
YmX then 4 C U.

ProoF : Since qJ is an admissible topology, the evaluation mapping w : (Ymx,
U) x X Y is continuous, Since 4 is proper, the continuity of w implies the
continuity of w* : (YmX, ) - (YmX, 4). It can easily be seen that w* is an
identity mapping. Hence 4 C .

Theorem 4.5 — Let X be regular and Y be arbitrary then for any open cover o
of X, the s-topology on the family Cm(X, Y') of all continuous multifunctions from X
to Y is always admissible.

ProOF : We shall prove that the evaluation mapping w: Cu(X, ¥) x X > Y
is continuous. Let f € Cn(X, Y),x € X and let V be an open subset of ¥ such
that w(f, x) C V. Thatis, f(x) C V. Then x € f*(¥). Since X is regular and f
is continuous, there exists an open neighbourhood U of x such that x € U C
U C f+(V) and also such that U is contained in some member of . Since f(x) C V
for all x € U, therefore, f € (U, V),. Theset (U x V), x U is then open neigh-
bourhood of (f, x) such that (g, 2) € wH(V) for all (g,z) € (U, V), x U. Thuswis
upper semi-continuous. It can similarly be proved that w is lower semi-continuous.
Hence w is continuous and the s-topology is admissible,



SOME FUNCTION SPACE TOPOLOGIES FOR MULTIFUNCTIONS 1503

Theorem 4.6 — The compact open topology ( for ¥ =X is proper.

ProOF : Let Z be a topological space and let g: Z x X— Y be any conti-
nuous multifunction. We shall prove that g*:Z — (Y=X, () is also continuous.
Let z € Z and let g¥(2) € Wy(K;, U) N Wy(K,, V), where K, and K, are compact
subsets of X and U, V are open subsets of Y. Then g*(z) (X,) C V and g*(z) (x) N
Uz#égforallx € K;. Butg*(z) (K,) C V = {z} X K, C g*(V). Foreachx € K,
let U, be an open subset of X such that (z,x) € U. C g*(V). The family {U.:
x € X}, being an open covering of K,, admits of a finite subcovering, say Uz, U,

n
ey Ug,. LetIl;: Z x X — Z denote the projection map on Z, then N M(Uz) is
i=1

n
an open neighbourhood of z such that for each z, € N M. (U:)), z, X K, C g+ (V) or
i=1

8*%(zy) (Kp) C V. Also, g*(2) (x) N U #~ ¢ forall x € K, implies that {z} x K, C
g~(U). Then, as before, there exists an open neighbourhood U; of z such that

n
zo X K; C g~(U)for all z, € U;. Thus U, = (N H.(Uz)) N U, is an open neigh-
i=1

bourhood of z such that g*(U,) C WyK,, U) N WyK, V). Hence g* is
continuous,

Theorem 4.7 — Let 6, and o, be two open coverings of ¥, If ¢, is a refinement
of o, then the ¢,-topology is less than or equal to the o,-topology. If Y is regular,
the greatest lower bound of two s-topologies on the family Cn(X, Y) of all continuous
multifunctions from X to Y is admissible.

ProoF : The first part of the theorem needs no proof. To prove the second
part, let 4, and 4, be two o-topologies for Cn(X, Y). Let 4, be corresponding to an
open cover ¢, and 4, be corresponding to an open cover 6, of X. Let oy={UN V:U
€ o, and V € o,}. Obviously, o; is an open cover of ¥ which is a refinement of
both o, and o, let 4, be the c-topology for Ca(X, Y') corresponding to the open
cover oy of X. Then 4; is admissible, in view of Theorem 4.5. Also 4,, contained
in the greatest lower bound of 4, and 4, is admissible.

5. NEAR TOPOLOGY

The concept of near-topology for a family of single-valued mappings YX has
been introduced by Irudayanathan (1967).

Let Q be the collection of all open coverings of Y, Then the topology generated
by the family of all sets of the form W (f, ) = {g € YX : for each x € X there
exists a U: € « such that f(x), g(x) € U:}, where f € YX¥ and « € Q, is called the
near topology for YX, As usual we have the following generalisation of near topology
to include the family of all multifunctions from X to Y.
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Definition 5.1 — Let Q be the coliection of all open coverings of Y. Fora € Q
and f € YmX, let C\(f, a) = {g € Y™X : for each x € X there exists a U: € « such
that f(xX) N U E pandgx) N\ Uz £ ¢} and Cy(f,a) = {g € Ym¥ ; foreachx € X
there exists a Uy € « such that f(x) C U= and g(x) C Us}. Let Pa be the topology
on YmX generated by the sub-base {C,(f, «), Co(f, @) : f € Y®X o € Q}. Then Pa
is called the near topology for ¥YmX,

Theorem 5.2 — Let & be the family of all one-one point closed multifunctions
from X to a regular space Y. Then (&, Pa) is finer than .
PrOOF : Let f € I (U:), so that f(x) N Ur % ¢. Let y € f(x) O Uz. Since

Y is regular, there exists an open set Uy containing y such that y € Uy C Uy C Us.
Let h : X — Y be defined as

h(t) = f(t) for t % x,

h(x)= Oy N f(x).
Obviously, 4 is a one-one point-closed multifunction. Letz & U,. Then there is an
open subset W, containing z such that W, N U, = ¢. As W, is open, we have
W.N Uy = ¢, thatis, Wo. N (TN f(x))=¢. Leta = Us U {W, : z & U,}. Thena
is an open cover of Y such that f € C(h, «) C I (Uz). The fact that f € Cy(h, @)

is clear from the definition of . Let now g € C,(h, «) then for x € X, there exists
a member of « which intersects both g(x) and A(x). But no member of « except U.

intersects #(x), therefore g(x) N U. #% ¢. Hence g € I (V).

On the other hand, if IT] (U;) be any other P-open set then f € C.(f, B) C

I (Us), where B = {¥ ~ f(x), Us}. Hence P C Pa.

For the converse implication, we have the following easily proved theorem.
Theorem 5.2 — For the family & of all constant multifunctions Pa C .

Theorem 5.3 — The near topology Pa is contained in the topology I'y, for the
set of constant multifunctions.

ProoF: Let Cy(f,«) bea Pa- subbasic open set and let # € C,(f, «). Then
for each x € X there exists a U: € « such that A(x) N U, 3= ¢ and f(x) N U: % ¢.
Let V> = X x U, then V; is an open subset of X x Y. Let Fy, =1/ ({x} x f(x))
N V#¢forall x € X}. Then F;z is a Pm,-open set such that h € F;,=E C Cy(f. ).
For, lety € A(x) N Us, then (X, ) € X X Uz = Ve. Thus ({x} X h(x)) N V: % é.
Hence # € F, . Nowlet g€ F ,_,w, so that foreach x € X, ({x} x g(x)) N Ve # é.
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Let x’ be any point of X, and let y* € g(x") such that (x', y') € V., thatis y' € U..
Therefore g(x') N U. 7% ¢. Since f is a constant function, f(x) N U: # ¢ = f(x')
N U.#¢ Thusg € C(f, ). Hence h € F,',z C Gy, o).

Now, let C,(g, 8) be another (Pa-subbasic open set containing # € &. For each
x € X, there exists a U, € B such that h(x), g(x) C Us. Let U =X x Us. Then

Uisan opensubsetof X X Y. LetF; C{f€ F:G(f)CU}. Thenh€ F; C
Cy(g. B), which implies that Cx(g, ) is a I'm;-open set. Hence the near topology is
contained in the [no-topology. '

Theorem 5.4 — If Y is a T,-space, the near topology for the family & of all
one-one functions from X to Y contains the topology @ of pointwise convergence.

Proor: Let II  (Us) be any P-sub-basic open set containing f € &F. Let
z € f(x) N Us. Define € & as follows

h(t) = f(t), t = x

h(x) = z.
Let « = {Us, Y ~ {z}}. Then « is an open cover for Y such that f € Cy(h, «) C
[1, (Us), which proves that I (U.) is Pa-open. Similarly, if I} (Uz) is a P-sub-basic

open set containing f, then f € Cy(f, ) C II] (U:), where 8 = {U, ¥ ~ {y}} and
y € f(x). Thus II} (U:) is also Pa-open. Hence P C Pa.

Theorem 5.5 — If Y is a Hausdorff space, then the near-topology for the family
& of one-one point-compact multifunctions from X to Y is T,. However, if the near
topology for &F is a T;-space then Y is T;.

ProoF : Let Y be a Hausdorff space and let f, g be two distinct points of .
There exists x € X such that f(x) # g(x). If f(x) 4. g(x) then there exists y € f(x)
~ g(x). Since Y is Hausdorff, there are disjoint open sets Uy and Uy containing
y and g(x) respectively. Let B, = {f € F :f(x) N Uy # ¢}and B, ={f € F : f(x)
C Uyz)}. Then B, and B, are P-open sets such that f € B,,g € B, and f & B,,
g & B,. By Theorem 5.4, it follows that B, and B, are Pe-open sets. In case g(x) ¢
f(x) it can similarly be proved that there exists a neighbourhood of f not containing
g and a neighbourhood of g not containing . Hence (&F, P.) is a T,-space.

To prove the second part, let a, b € Y be two distinct points of ¥. Define two
functions f, g as follows :

f(x) = a, f(r) = g(t), for all t £ x
g(x) = b.
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Then f%g and f, g € F. Since & is a T;-space, there exists an open set

j=

ny ny n.
(N Ci(fi, %)) N ( ml Co(fi, «i)) containing f but not g and an open set ( rzﬁl Ci(gi,
i1 e Al

m
B)) O ( mz C.(gi, 35)) containing g but not f. Foreachi = 1,2, ..,n,, let U, be a
j=1

member of «; such that f(x) N U, % ¢ and fi(x) N U:;, # ¢. For each j= 1, 2,
.een My, et Vi, be a member of «; such that f(x) C Ve, and fi(x) C Ve;. Thena €

ny ny n, m
( 'ﬁl U:) N ('nl Ve;). Since g & (_n] C,(fi, 2)) N (_nll Cy(fs, a5)), therefore b &
i= j= i= j=
ny my
(N U, )N (N Vi) Hence there exists an open set containing a but not b.
i=1 j=1

n m,
Similarly, the conditions that g € (M Cy(g» 8)) N (O Cy(g» ) and f &
i=1 Jj=1

n m. :
( N Ci(g: B N (r§ C,(gs, 8i)) imply that there is an open set containing b but not
i=1 =1

a. Hence Y is a T}-space.

Theorem 5.6 — 1f Y is a regular space then the set & of all one-one point-closed
multifunctions from X to Y with respect to the near topology is a Hausdorff space.

ProoF ;: If f, g be two distinct points of <, then there exists x € X such that
f(x) % g(x). Let f(x) ¢ g(x). Let y € f(x) ~ g{x). Since Y is regular, there are
disjoint open sets Uy and Vy containing y and g(x) respectively. If B, = {h € & : h(x)
N Uy 7 ¢}and B, = (h € F : h(x) C Vu}, then by Theorem 5.1. B, and B, are
disjoint Pa-open neighbourhoods of f and g respectively. Hence f, g are strongly
separated and (&, Ps) is a Hausdorff space.
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