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A different and rather simple approach has been made to solve the problem
of an infinite elastic plate with a parabolic crack. By making a suitable
integral representation of the complex potential, the problem is reduced to
Abel’s type integral equation and is solved in a closed form. Stress compo-
nents have been found out.

INTRODUCTION

Complex variable methods in two-dimensional classical elasticity are known
(Muskhelishvilli 1963, Green and Zerna 1968). These methods have been successfully
employed to solve punch and crack problems in elasticity (Paria 1957; Verma 1964,
1966; Green and Zerna 1968; Ahmed 1968, 1970, 1971). Recently, England and Green
(1963) have given a simple and rather different method to solve these problems. It
reduces some of the problems to the solution of simple integral equations of Abel’s
type which can be solved conveniently. The method is essentially similar to that used
by Green and Zerna (1968) for axially symmetric problems in three-dimensional elas-
ticity.

In this paper, the above stated method has been extended to solve the problem of
an infinite elastic plate with a parabolic crack. Stress potentials have been completely

determined. Stress components have been found out. The method can be employed
to solve various other types of punch and crack problems.

1. STATEMENT OF THE PROBLEM

We consider the small deformation of a homogeneous, isotropic, elastic infinite
plate with a parabolic crack. The region S occupied by the body is the entire z-plane
cut along a parabolic are symmetrical about the vertex, whose focus is at (0, 0) and
the vertex at (0,—a?). The transformation

z=m {) =i ({—ia)?; a>0 (1D
z=x+iy, {=E+in

Vol. 6, No. 9



990 AQEEL AHMED

transforms the region S into §’, the parabolic crack L in the z-plane into the straight
crack L’ in the {-plane along the real axis = 0 extending from (—8, 0) to (8, 0). The
equation to the parabola is

x2 = 4a® (y +a?).

The curve corresponding = constant=e is a confocal parabola oriented in the oppo-
site direction. The upper and lower segments of the crack are assumed under the
action of the pressure given by

on =—f(E)—gE) (-B<ELB=0)
za=0 (— <E<00,7] =0)} ...(1.2)

where f(E) and g(§) are even and odd fuactions of & respectively. We assume that
f(€) and g(E) are sectionally continuous in 0 < £ < 8.

2. FUNDAMENTAL FORMULAE

In order to solve the problem, we shall make use of the following fundamental
formulae (Milne Thomas 1960)

oz+on=2{W Q)+ W(O) (2.

on— 0+ 21 Tn= el (O) W'(Q)+m'(Q) (D] ~(2.2)
m'(©)

2u(u+iv) =kg(Q) —mQW(E) — UT) - (23)

where k=(3—v)/(1++), p and v are the rigidity modulus and Poisson’s ratio of the
material and functions ¢(¥) and {({) are stress potentials such that

$'(%) =m'(Q) WQ); ¥'Q)=m'(Q) wX).

From eqns. (2.1) and (2.2), we may write

Gt ingn= W)+ W0 + -rf'i_f)—[’?(g) W(Q)+m' Qw(Z)] 24

ss—iten= W)+ WD) — ﬁm@wm +m W (2.5

It is convenient to introduce two other functions L(¥) and M(Y) by the equations

m QW) =mQW' @)~ L) } 26
m' Qw@) =m@QW' Q)+ M) (2.
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so that
. o [ — .
mnbiten = WO+ D+ = [(m(t)—m(c)) W(t)+M(C)] 27
o5~ itzgn= W&+ W({)— L (;Z(f)+7n(c)) wW'(@Q—LE© ] ..(2.8)
m®

3. SOLUTION OF THE PROBLEM

If we use the formula (2.7), the boundary conditions (1.2) can be satisfied by
taking M(¥)=0 and then on the boundary y = 0 ({={) we have

on= W)+ W) ..(3.1)

provided yW({) and W W’ ({) tend to zero as y—>40. Since the crack is opened by
equal and opposite pressure on each side, the resultant pressure on the entire length
of the crack is zero. Hence, if in addition, the stress and rotation vanish at infinity.

wE=0 (/¢ -(3.2)

for large value of of [{l.

In order to solve the problem specified by (3.1) acd (3.2) we consider the
function

0
= - [F()+EG()
K= WX 6{ T a .(3)
where F(f) and G(t) are real continuous functions of ¢ in the interval 0 < 1 < pand
VIE—1%=pe' (~= < ¢n) ...(3.4)

where p? cos 2¢=E2—9>—1%; p®sin 24 =2Ey.
An examination of the function (3.4) shows that on the real axis y=0

VIE-tt=y[E -1 (>t 3>10) )
VIE—1= — 1% (E<—1, 5>10)
Vie-=iy[r-8] (&<t 3—>+0)
VIE—1=—iy[-8] (E<tn>-0). J

The function defined by (3.3) is regular at all points of the ¢{-plane where ({*—1%)
does not vanish, that is everywhere except points n=0, § < p. Since [{*— % > [{P— L
> [{2—p® for large value of {{|, we have

..(3.5)

— YT T

B B
1 14}
—eee | F(¢) dt+—=—=—=|G(t)! dt
KQI< v (R p? i O e —p oj' )

and (3.2) is satisfied.
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Suppose now that tin (3.3) is a complex variable and that F(z), G(¢) are regular
functions of f in some simply connected region containing the line segment 0<{t< 8 on
the real 7-axis. The zeros of 4/{®—2 are at-£(E+in) i.e. in the first and third quad-
rants of the r-plane when£>0, n>>0 or <0, <0, and in the second and fourth quad-
rants of the ¢-plane where £>0, n<<0 or £<0, >0. In these cases we can displace the
path of integration in (3.3) away from the real axis into the fourth and first quadrants
respectively. The function K({) is then regular function of { in the neighbourhood of
the crack |£] <8 on the real axis =0 except possibly atf=4pand {=0. Thus K(Z)
and its derivatives tend to finite limits as the point { approaches a point on the crack
in any manner through values of y greater than or less than zero, except possibly at
{=4p or {=0. By excluding the points t=1E] (E4 £, £5£0) on the real r-axis with
small semicircles whose radii tend to zero we can replace the path of integration by
one along the real r-axis as in (3.3). The function K(¥) given by (3.3) and its deri-
vatives are then continuous on to each side >0, <0 of the crack, except at { ===,
{=0. The function K(¥) given in (3.3) is continuous at { =+ @, but not its derivatives.

If

F(H)=0(t), G(t)=0(1) ...(3.6)

as t—0, then from (3.3) we can show that K(%), K'(¥), LK"(¥), LK"(¥) have finite values
as {—0 in any manner. If we relax the condition on G(t) to

G(t)=0(1) (37

as t—0 then K(Y), LK'(¥), LK (¥) have unique finite values as —0 in any manner but
K'(%), TK"(%) do not tend to finite limits. However, this only arises when g(€) has a
finite discontinuity at £=0 and some difficulty must be expected at the point ¥ =0 of
the crack in this case.

Using (2.7) and (3.5), the first condition in (3.1) yields the integral equation

g

d [ Foy .,

45 J——.\/gz_ﬁievm_ & (O<E<B) (3.8)
0

;
4155_@@5{’_ -

a8 J\/EnT
0

—g(8) (0<EP). ..(3.9)

The solution of these equations is straightforward (Green and Zerna 1968).
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Thus

12
1 dy EdE
F()=—5- ﬂ VT—E?V(“) du

0 0

3
I 4 dg
G(t)—_2‘n: P S\/ﬁ = Ig(u) du
0
and changing the order of integration, we have

t
1

F()= > ':;—rjf(u)\/tz—u2 du
0

!

.0
I\/ s

and

G(t)= —21: 7 j g(u) l:— -—sin—! %] du

w4

,\/tZ_uZ

b—
\-_‘.‘

993

...(3.10)

..(3.11)

If f(u) and g(u) are sectionally continuous then F(t) and G(t) are continuous in the

interval O0<{u<3; the results (3.10) and (3.11) can be replaced by

/2
F(t)=— 2_;_ S ¢ sin 6) db
0

/2
G(t)= - %Ig(t sin @) sin 0 df
0

(a) If the crack is opened by a uniform pressure P, we have

f®=P, gE)=0

w(3.12)
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so that

Ft)=—2F, G()=0 . G.13)

and K(C)—-——-[c VETE ] (3.19)

(b) Again if the crack is opened by uniform pressure P over one half 0<{E<p
and zero pressure over the rest of the crack (—B<£<0) we have

F=-%1  G=—7 (3.15)
and
K(t)=—§[c—\/<n_gz ]— %sin—l % .(3.16)

Thus the stress potentials have been determined explicitly in the two cases.
4. [EXPRESSIONS FOR STRESS CUMPONENTS

The expression for stress and displacement components can be very easily found
out with the help of the formulae (2.1)—(2.3). The stress components in the case (a)
studied above when the crack is opened by a uniform pressure of magnitude P are as
follows :

(og+0n)/P = [R(E cos ¢—ysin ) —1] NCRY

(an—og)/P = 1BGRY(2a%y— 2an® —E?) sin 3¢ — (akn+Exn?)cos3d) ..(4.2)

vgn/P = BGR3[(aky +Ex?) sin 3¢+ (2a%n— 2an® — &%) cos 3] ...(43)
where

R= [(ES — 7,2 — 62)5 + 4E2.n2]—1/4 ; G — [EZ + (a — n)l]—]

and

#=i tant (g ).

The stress components on the line y=0 (§ »8) are

ug/I’————i[\/Ezﬁz —-1] ; Ten=0,
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