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If D is a division ring with involution and S, K are respectively the symmetric
elements and skew elements of D, then it is proved, if dim, D > 4, that for any
subdivision ring D, of D which satisfies sD,s~! € D, for all s # 0 € S, or
satisfies k D, k=t © D, forall k = 0 € K, either D, © Z or Dy = D must
hold.

The nature of subdivision rings D, of a division ring D, which are invariant
with respect to certain classes of automorphisms of D, has been studied in a variety
of situations. For instance, the Brauer-Cartan-Hua theorem (Jacobson 1964) states
that if xDyx1CD, forall x % 0 &€ D then D, = D or D, C Z, the centre of D.
This was extended by Herstein and Scott (1963) to the following : If N is a normal,
non-central subgroup of D and xDyx! C D, for all x € N, then D, = Dor D, C Z.
As pointed out by Stuth (1964), one can weaken the hypothesis in this last-cited
result to N merely subnormal, non-central in D.

In a different direction, Herstein (1974) showed that if D is a division ring with
involution * and uDyu~! C D, for all unitary elements of D (i.e., uu* = 1), then if
char D 2, Dy, C Z or D, = D, except for some cases, where dimz D is small.

Let D be a division ring with involution and let S = {x € D | x* = x},
K= {x € D| x* = — x} be the set of symmetric and skew elements, respectively,
of D. It seems natural to ask if a dichotomy of the Brauer-Cartan-Hua type exists
for subdivisions invariant with respect to all the symmetric elements, or all the skew
elements, of D. We shall show that the answer is yes provided dimz R > 4.

If dimz D = 4, the answer need not be yes. For instance, in the quaternions
with the usual involution, § C Z, so, all subdivision rings are invariant re-conjuga-
tion by the elements of S. Similarly, if we define the involution * in the quaternions
by (2g + a3i + agj + k) =g + a;i — ayj — agk, then Dy = {ay + «,i} is invariant
re-conjugation by all the skew elements, yet D, % D, nor is D, central.

Let R be any ring with 1, and let G be the group of invertible elements of R.
If A CG,let A* = {a,a, ... an | a; € A} and let A be the subgroup of G generated
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by A. If R has an involution, let S, K be the symmetrics and skews of R, respectively,
and let S, = SN G, K, = KN G. (It may happen that K, is empty.) The follow-
ing lemma is useful in our context, and may be useful elsewhere.

Lemma — For any ring with involution, S‘l is a normal subgroup of G, and if

K, is not empty K2 is a normal subgroup of G.

ProoF : The proof is extremely easy, and formal. If s € S; and x € G, then
xsx~t = (xsx*) x*71 x-1) and since xsx* € S,, x*1x 1 € S, xsx! € S‘l. Thus, S‘l
is normal in G.

Suppose that K, is not empty, Ifa, b € K, and x € G then xabx! = (xax*)

X (x*-1bx71), and since xax* and x*-1 bx'are both in K|, xabx-! € K?. Thus, K% is
normal in G.

Note that the same proof actually shows :

(1) For anyn, S} is normal in G.

(2) If N = {xx* | x € G}, then N is normal in G.
(3) Forany n, kf" is normal in G (if K, is non-empty).

4 IfL={x—x%|x € Rtand L, = L N G is non-empty, then il
is normal in G,

We now prove the following theorem.

Theorem — Let D be a division ring with involution and let D be a subdivision
ring of D. Then,
(1) if sDst C D, for all s20€&€ S, Dy, = D or D, C Z unless
S C Z (and so, dimz D = 4),
(2) ifaDya? C D, for all a0 € K2, D, C Z or D, = D, unless
dimzD = 4. (So, if bDb* C D,for allb£0€ K,D, C Z or
D, = D, unless dimz D = 4.)

PRrROOF : If K = 0, then D is commutative and the results are vacuously true.
So, we may suppose that K =% 0 ; hence, K, is non-empty.

If sDys—1 C D, for all s % 0 in S, then tDyt2 C D, for all ¢t € S‘P By the
Lemma, S, is normal in D, so by the result of Herstein and Scott (1963), Dy C Z or

D, = D unless S’l C Z. Butif S‘l C Z, then S C Z and it follows easily that
dimz D = 4 (see Herstein 1976, Theorem 2.16).
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If aDga! C D, for all. 0 £ a € K?, then wDyw1 C D, for allw € K2. By the
Lemma, K2 is normal in D, so again by the result of Herstein and Scott, Dy C Z or

D, = D unless f(% C Z. But then K2 C Z and so, by the proof of Theorem 2.1.10
(Herstein 1976), dimz D = 4.

The theorem is now proved.

REFERENCES

Herstein, I. N. (1974). A unitary version of the Brauer-Cartan-Hua theorem. J. Algebra, 32,
555-60. .

——-— (1976). Rings with Involution. University of Chicago Press, Chicago.

Herstein, I. N., and Scott, W. R. (1963). Subnormal subgroups of division rings, Can. J. Math., 15,
80-83.

Jacobson, N. (1964). Structure of rings. Am. math. Soc., Colioq. Pub., 37.

Stuth, C. (1964). A generalization of the Brauer-Cartan-Hua theorem. Proc. Am. math. Soc., 15,
211-17.




