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The problem of finding the temperature at any point of a truncated wedge of
finite height when there are sources of heat within it, for boundary conditions
of the radiation type is considered. The different types of finiteintegral trans-
forms are employed to solve the problem,

1. INTRODUCTION

Marchi and Zgrablich (1964) have solved the problem of finding the tempe-
rature at any point of a hollow cylinder of any height with heat radiation on its
surfaces by the extended finite Hankel transform and Sine transform. Mathur
(1971) has obtained the temperature at any point in finite solid cylinder and hollow
cylinder when there are sources of heat within it, for the boundary conditions of
radiation type. Mehta (1969) tackled some time reversal heat conduction problems
with the help of integral transforms for cylindrical shell of infinite height with
heat generation and radiation, truncated wedge of finite height and semi-infinite
solid containing an exterior plane crack with a circular boundary and infinitely
long cylindrical cavity.

The object of this paper is to solve a more general problem which shall enable
us to find the temperature at any point of a truncated wedge of finite height with
heat radiation on its outside and inside surfaces and having sources of heat within
it. The problem considered here is more general in nature than that consi-
dered by Marchi and Zgrablich (1964) and Mathur (1971). We suppose that the
media bounding the two surfaces are in general different and all functions involved
satisfy Dirichlet’s conditions in the intervals considered. Later on, we obtain
the temperature at any point on the boundary considered with the help of special
functions.

2. FORMULATION OF THE PROBLEM

We consider the distribution of heat in a truncated wedge of finite height
defined as 0 <z<h, a<r <b, 0 <0 <¢ having sources of heat within it.
There is heat radiation on its surfaces r = a and r = b. The temperature
u=u(r, z, 8, t) at any point of the wedge, where ¢ is the time will be the
solution of the conduction equation [Mehta 1969, p. 400, (4.1)]:
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ou 2, 1duw 1 % | 2%

w= G T TR W T (2.1

5t = 2 G rbr+r2~b92+bz2)+¢(r,0,z,t), @2.1)
0<z<ha<r<b 0<b <§

where « is a constant knmown as diffusivity. The boundary conditions of the
problem are

klbb—‘:+ U=F@,20); r=a0<z<h0<8<£:>0 ..(2.2)

kfbl;-;— W=H@,20); r=b0<z<h 0<f <& t>0 ..02.3)

where k, and k. are radiation constants.

u=f(rt); z=h0<0<fa<r<bt>0 .(2.4)
u=g(rt);z=00<b <& a<<r<b t>0 ...(2.5)
u—-0; 6=0,0<z<ha<r<b t>0 ...(2.6)
u—-0; 60=¢0<z<h a<r<b t>0 ..2.7
u=6@0,2); t=0,0< z<ha<r<b 0<b <¢. ...(2.8)

3. RESULTS REQUIRED IN SOLVING THE PROBLEM (2.1)

(a) Marchi and Zgrablich [1964, p. '160, (8)] have defined the following inte-
gral transform of a function f(x):

Foy = § 51 (S, () ds G

where S, (.x) = S, (ky, ko, 1ox) and p, is chosen as a positive root of the equation
J, (ki, pa) G, (ka, pb) — J; (ky, ub) G, (ky,pa) = 0 ...(3.2)

and the inversion transform is given by

f(x = z cl £ () Sy(unx) ..(3.3)

the summation being taken over the positive root of (3.2) and the value of C,
is same as given by Marchi and Zgrablich [1964, p. 160, (11)].

(b) The basic property of the transform (3.1) to be used is [Marchi and
Zgrablich 1964, p. 161, (14)]
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(¢) The finite sine transform of a function f(x) has been defined as (Snmeddon
1951, p. 74):

f.(m)=f £ G sin 7 g (3.5

where f(x) is given by f(x) :% Z £, (m) sin ’1"}"1‘. ...(3.6)

(d) The following property of finite sine transform (Smeddon 1951, p. 75)
will also be required in the sequel

gixfzsinﬂ?dxzmTj [(_])m~+1f; (m,h,t)—}—f;(m 0”)]

_'ilfgff,(m), (3.7

4., SOLUTION OF THE PROBLEM

Multiplying both the sides of (2.1) by sin m,0n/¢, integrating the result thus
obtained with respect to 6 between the limits (0, £), we get, in view of (3.7),
(2.6) and (2.7), the following differential equation:

Y +2) 4 omyz) (4.1)
where
§
u,Eu,(r,ml,z,t)=f u(,z@8, t)smT dHadp._mg"

[}

Now taking transform defined by (3.1) on both the sides of (4.1) and using
(3.4) n it, we get, in view of boundary conditions (2.2) and (2.3) the following
result:
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%? = aX (2, t) — ap,2d, + a

Lu,

+ &4 (n, iy, 2, 1) ...(4.2)
where

b
i, =8, (n,m,z,t)= f ru, (r,my, z, t) S, (u, r) dr

X@n= 2 S, (uab) H. (s, 2 H— & £ 5, (1) F, (my, 2, 1) .(4.3)

HJ(my,z,t) and F, (m,,z,t) are the sine transforms of H(6,z,t)and F(6,z2,1)
respectively with respect to 6.

Again multiplying both the sides of (4.2) by sin mymz/h, integrating with
Tespect to z between the limits (0, A) and using (2.4) and (2.5), we get

277.2

Eltl = a X, (m29 t)—a["’n l,l_aB Y(t)—'a’lzﬁ_ az,s

+$s,n 1, My, My, 1) ...(4.9)

h

- - memZ
ubﬂ = u’r’ (n’ my, My, t) = f ul (n m, z, t) Sln 2’1 dz,

0

X(mz,t)~ 1f ) —gn, 1)

[f(t) and g (n,t) are extended finite Hankel transform given by (3.1) of the
functions f(r, 1) and g (r, t) respectively] and

= 25— 1,

Now making use of Laplace transform and taking in view the initial condi-
tion (2.8), eqn. (4.4) is reduced to

(q+ A L{d,} = G,, (n,my, my) + oL {X, (my, 1)} — af L {Y (1)}

+ L {,, (n, my, my, t)} ...(4.9)
where

(=]

L{g,,} = f eq,,dt and A = a(y,, -+ mz%r")

©
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and
» 3 ¢
G (1, s, 1) = f f f rG(r,9,z) sin ’mfﬂg
[ [} 0

mymz

7 do dr dz.

X S, (u,r) sin

Further taking the inverse Laplace transform of (4.5) and making use of
convolution theorem we obtain

t
Ay (0, My, my, 1) = G,, (n,my, my) e + a[ X, (m, T)e40-D 4T
(]

— af f Y(T)ed &1 dT It Bew (M My, My, T) €441 gT. ...{(4.6)
[ [\

Lastly by the application of the inversion formulae (3.3) and (3.6), we get
the solution of the boundary value problem:

oS oo
_ 4 1 . mgz . mmd
u(r,B,z,t)—h§ z z 2 C“sm 5 sin ; S, (i1,7)
"m,=1

m=1 o»

X ﬂs,a (71, ml; m29 t)' (47)‘

Corollary—Taking u and ¢ as independent of 6 in (2.1) and adjusting the
boundary conditions accordingly, we have the conduction equation

du Q%u 1 bu+ d2%u
Augpupy S T ot
dt ord r dr dz2

)+¢>.(r, z, 1), ...(4.8)
a<r<b 0<z<h

with the boundary conditions

klabi:_i_u:F(z,t),r:.a,O<z<h,t>0;

kzab.i:+u:]{(z,t),r:b,0<z<h,t>0;

u=frt)hz=ha<r<bt>0;
u:g(r,t),z:O, a<l‘<b,t>0;

u=Grt=0a<r<b 0<z<h.
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On using the extended finite Hankel transform (3.1) with p = 0 and the finite
sine transform (3.5) with respect to z between (0, A) in (4.8) and following the
same method as given above, the temperature at any point of finite hollow cylinder
defined by 0 < z < h, @ < r << b having symmetry about the axis of the cylinder
and sources of heat within it with heat radiation on its outside and inside
surfaces is given by

u(r,z,t) = % z z il:r sin ’11—2,'12 So (uar) 4, (n, my, 1) ...(4.9)

where

- 3
a, (n, my, my, t) = G, (n, my) e 4 - a [ X, (my, t) e~A0-T) 4T
(]

am27r

f Y'(T) e4%-1 T + f &, (n, my, T) e-46-1) g

and X,' (my, T); Y'(T) are the values of X, (m,, T); ¥ (T) [given with (4.4)] with
p=20

If g(r,t) is taken as constant (say ,), the above problem reduces to that of
[Mathur 1971, p. 24, (2. 1)] which in itself includes the problem considered by Marchi
and Zgrablich (1964). Hence the problem considered here can be claimed to be
more general and includes all possible problems on boundary conditions having
circular symmetry.

5. EXAMPLES
Example (i)—Taking F(0,z,t) = f(r,t)=g(r, 1) =¢ (r,6,2,1) = 0;
H(@6,z,t)=D (1 —eB);
G(r,0,z) = ro (§2 — 62" (hz — 2" [Re (M) > — 4,
Re (P) > — 1].

in (2.2) to (2.8) and evaluating the integrals involved in (4.6) with the help of
known results [Erdelyi eral. 1954 a, p. 69, (7) and (13); Erdelyi et al. 1953,
p. 90, (7)], we get the temperature at any point in the truncated wedge,

u(r,é, zt)—4z Z z —-smm‘"o i "—12:—5

L% S

X SD (l"u l‘) al,l ("’ml’ myg, t) ...(5. 1)
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where
u-a,s (n, mla m21 t)

e~ (EM-1 (WP ' (P 4 §) sin (3 my ™) J, (3mym)

— P ()7 (o
a A(l — e3) — —
X Sy,u (mym) -+ DKab S, b L k;,; A e— B?) BA= e

(5.2
where 5y 4 (z) is the Lommel's function [Erdelyi et al. 1953, p. 372] and
Ry = Ry ()b {(p + @ — 1) J; (11,D) Sa, p-1 (ab)
— Tpes (1,0) Sa,p (1aB)} — @ {(p + @ — 1) T, (44@) Sas, 51 (2)
— o1 (10) S, (1)}
R; = Ry — ¥ R, cosec (pm) {(— 1) — €77},
Ry = G, (ky, pa) + G, (ko pab) 5 Ro = J, (ky, pa@) + T, (ks ) ;
Jp (ki paX) = Jp (%) + Kipiny” (pnX) 3
G, (pax) = % cosec (pm) (J-y(1nx) — €™ J, (1,%));

and

k= &b =) (= vym— 1),
my my (m)?

Example (i))—If we take
HO,z,)y=g(r,t)=¢(r,6,2,)=0
F(,z,1)=eB( (2 —0)"3 (B — 2P}, [Re (M) > — 4,
Re (P) > - 4]
S, 1) =r213(); [8(+) is the Dirac delta function]
G(r,0,z) = re 2>t (B2 — z%°, [Re (W) > — 1, Re (v) > — 3/2]

in eqns. (2.2) to (2.8) and then evaluate the corresponding integrals involved in
(4.6) by making use of the results [Erdelyi er al. 1953, p. 90, (7); Erdelyi et al.
1954 a, p. 69, (7) & (9); Erdelyi et al. 1954, p. 26, (34)], we get

oo

O
4 U mmb
u(r 6,70 = > E E & sin g sin B s, (uyr)

TG &

X e 4 g, , (n, my, my, t) o (5.3)
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where

d,, (n, my, my, t)

R . 2 3 ”
— ’Zé(h)zm +3/2B(w+ 1, _11_1; )%(1—-—(——- H™)

W43 3 T4 2u4 4w, min
G I e

__aa S, (u,a) [e'4-B0 — 1] 241 (£)2M
ky (A — B) (m)" P+ (m, ¥ (my)°

X WP rL(M+ 3 Spp My m) Jypy (my 7)) + (— DMatt aﬂR,;
...(5.49)
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