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We have defined a generalized K-recurrent Finsler space of the second order
with the help of a symmetric non-zero recurrence tensor field aj,. Certain
theorems regarding it have been obtained in an affinely connected Fy,.

1. INTRODUCTION

Let us consider an n-dimensional Finsler space F, (Rund 1959), equipped

with a positively homogeneous function F(x, x) whose metric tensor g, (x, x)
ef .. .

== } 0,0,F (x, x), is symmetric in its lower indices and is positive homogeneous

of degree zero in x*

We have the following curvature tensors:

Ko (3, X) = B,T — 83 ,GY) — (T — OiT 8,GY

+ D U — Lh T .(1.1a)
and
Hyi (% %) = 0:Gyy — 0,6l + Gy Gy — Gy Giy + G,0,G" — Giry0uG"
.(1.1b)
where
K (x, x) Xt = Hyp (x, x) Xt = HYy (x, x) ...{(1.2a)
G (x, X) = 8,0,G* (x, X) ..(1.26)
and
Kyine (%, x) X =~ K (X, x) X', ...{1.2c)
Q 3 d
D;. = Xh and bh == &i
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The covariant derivative of a vector X*(x, x) in the sense of Cartan is given
by,
X', = 8,X'— 3,X* 8,G* + X* I} .(1.3)
The Bianchi identity for K%, takes the following form

K + Kgjie + Koy + (aur K + azr Ky + aryg chh)) x'=0.
(1.4

The following commutation formula for tensor field T, ,‘;;;;,‘.g is given by
(Rund 1959)

i1 00 Ip iy
TI: e dgthk T TJ: 7(1”‘"

N all i y i1ceetgqTi . i
== Gl K + Z Theieariengle

$1eee Ig rkk
a=}

] i s
- ';)-31 T .'.'.';é’_, #iggy e ioKi g -(1.5)

G T m — O (TR0
P

4 vee By Ti vty A T
= 4T, i C,,,,,,,x — X T} emren P (ol 08)
a=l

qQ
+ B£ T Jﬁ~1“ﬁ+1 (0,,[',5,,,) ..(1.6)

Definition 1 (Rund 1959)—Aflinely connected space: The affinely con-
nected Finsler spaces are characterized by the condition C;,, = 0 where
def | o3 F2 . S e
T St 45 On O%k and C’_,-k,,,x" = Gl ;3 X*

Definition 1.2 (Mishra and Pande 1968, Moor 1963)—Recurrent Finsler
space of the first order: An n-dimensional Finsler space ¥, is said to be recurrent
if its curvature tensor K',,(x,x) satisfies the relation

K = Bk, (L7

where the non-zero vector fB; is the recurrence vector field.

2. GENERALIZED K-RECURRENT FINSLER SPACES OF THE SECOND ORDER

Definition—An n-dimensional Finsler space F, is said to be a generalized
K-recurrent Finsler space of the second order if the curvature tensor K, (x, %),
satisfies the relation

Kpniim = BuKnit + aimK' 2.1
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where B,, and a,, arc non-zero and are called respectively associated vector and
associated tensor (Ray 1972) of rccurrence.

Theorem 2.1—For a gencralized K-recurrent Finsler space in which the
tensor of recurrence a, is symmetric and the curvature tensor field K, (x, x)
is first order recurrent (Sinba and Singh 1970) with respect to the associated
vector of recurrence, we have

K yniim — Kiaym = 0. ..(2.2)

PROOF : Interchanging the indices 1 and m in (2.1) and subtracting the
equation thus obtained from (2.1), we get

K‘jkkﬂm - Ki,,,,,m, = ﬁmKi,'mz + ame‘,,,,, — BlKijkmm - ale‘th' -(2.3)
With the help of (1.7) and (2.3) we have
K iniim — K uim = (@1, — app) K. (2.4

From (2.4) we easily get the result in view of the symmetric property of a,.

Theorem 2.2—For a Finsler space with generalizcd K-recurrent curvature
tensor field K%y, in which the tensor of recurrence is symmctric, we have

érKJ'klem = 2K, tKEy ime -(2.5)
ProoF : Using the commutation formula (1.5) and (2.2), we get
- a'rKijth'almx.’ + Kpjthfplm - Kiuth’,jIm — Ki,-thpklm - Ki}ka’hlm =0

...(2.6)
therefore we have

érKilka',lmx-p — KKy + KK m + K5 K% + Ko KPhpm = 0.
2.7
Contracting (2.7) with respect to the indices / and 4 we get

érKijrlm = — KuK?yum — K;; K sim ..(2.8)
with the help of equations (1.2a), (1.2¢) and (2.8) we get the required result,

Theorem 2,3—Finsler space with the generalized K-recurrent curvature
tensor field K¥y,, having a symmetric recurrence tensor ay,,, we bave

ath's‘jk + GnK i + K i
+ {BTD) Kl + G0 Kl + G K} ¥ =0, ..(2.9)

Proor : Differentiating (1.4) covariantly with respect to ™ in the sense of
Cartan and wusing (1.7), we get

K e + GemK i + @K in + B (K e + Kipin + K, ;)
+ (a;r:ir)lmKlskh + (a'lr:;)lmKtlik + (a.lr:k')(mK’.”
+ ﬁm {(alr:!’) Klskh + (alr:;) Klsjk -+ (alr:k') Klghj} At = 0 (2 10)
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with the help of (1.4) and (2.10), we obtain
G K i + G + @K iin + B {15 Klin + (G007 Ko
+ (O K} X + % {@T5)mKl + @GR, WK
+ O Ko} — B 3 {(GT5) K'a + (BiT) Koy
+ (BT K} =0 .2.11)
which yields the Theorem 2.3.

Theorem 2.4—In an affinely connected Finsler space (Pande and Khan
1973) with a generalized K-recurrent curvature tensor field, the relation

UK i1 + Temh i35 + QK i = 0 .(2.12)
holds.
ProoF: The proof is obvious from (2.11) and the definition (1.1).

Theorem 2.5—In a Finsler space with generalized K-recurrent curvature
tensor field K*,; and having a symmetric recurrent tensor a,, we have

K iinim — Kliivinm = (@umBi — QinPy + Bibiim — BiBaim) Kl ijer ...(2.13)
Proor: From equation (2.1) we get
K = BiK yein + K i (2.14)
Differentiating (2.14) covariantly with respect to X™ we have
Kiiimm = KigoiumBs + KigeiaPom + GainKox + ank iz m. (2.15)

Interchanging the indices # and [ in (2.15), subtracting it from the above rela-
tion (2.15) and applying relations (2.1) and (1.7) we obtain

K'iﬂclhlm - Krijk;lhm = ‘Krijk {(ahmﬁl - almﬂh) + (Bhﬁllm - ﬁtﬂh]m)
+ (Guiim — Ginm) + B (G — au)} -..(2.16)
using the symmetric property of a,,, we get the result from (2.16).

Theorem 2.6—For an affinely connected Finsler space with the generalized
K-recurrent curvature tensor field K%, we have

2B {K 5Kt — KK mite — K"K iun — KiinK 1)
— K" (0,8 + 280K ia} X
= Kk {(@rm — Brim) B + (Biim — ain) B} «2.17
Proor: From the Theorem 2.5, we have

Kieinim — K'ijgiinm = (@rmBi — QipBn + BuBrim — BiBrim) K iia. ..(2.18)
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Using the commutation formula (1.5) we have
I\”Uklhl T Krﬂ'kllh
= = é”K',ij"m o+ KK = KK — KoK — KoK e
(2.19)
Taking the covariant derivative of (2.19) with respect to *™ we obtain
K'Uk!klm - K'likllhm
= — (GuK )K" ¥ — (0uK i) K"uptym X*
+ Kt mK i+ KK mim — K njrim K" — Ktk "4 m
- Krinklmkn;ihl - K'inkKnjhhm - Krij”(mKnkhl - K'iinKnlelln)
...(2.20)

because the covariant derivative of x' in the sense of Cartan is zero. With the
help of (1.6), we get

(0K )im = On (B igien) + O (K7i) CPmmig 22— K (0aT pm)
+ K Gulin) + Ko (3T5m) + Ky (BuT00). .(2.21)
From (2.20) and (2.21), we obtain
K sinimim — K iixi1hm
= — {0 (K simm) + (0K ) Coao %8 — K74 (8,050)
t Ky (Gl im) + K1 (0aT58) + K73y (SiT42)} K7y X°
— (K5 K"t ® + Kt K + K"K i
— K iomK 01 — Kt K ntim — Kinpr K im0
— K"K mim — KK et — K n Kt e (2.22)
Using (1.7) and (2.18) in (2.22) we have
— (0K 1) Bt X — (aB) K iK1 X — (8,K7 ) (T ) & %2 K"y
+ K%K GuTom) 3 — KK (3T 40) & — K7 K™ (,T52) 2
— KoK s (T i) X — KB (0K 4i2) % + Bk K s
+ BuK iK't — BuK wit K"t — BuK it K itt — BuK iK™
— BuK K" imt — BuK'iin K1 — BuK sinK et
= K" {{@m — Baim) Bi + (Brim — im) Ba)- (2.23)

The above equation yields the required result in view of the condition of Definition
1.1.
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