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Numerical solutions tothe problem of unsteady plane incompressible viscous
jet impinging on to an infinite flatsurface are presented in this paper for
Reynolds number = 450 using Dufort-Frankel implicit scheme. Steady state
solutions were obtained for Reynolds number = 450 and for Prandtl’s
number = 1. Static pressure distribution, shear stress and Nusselt number
distribution on the flat surface are shown graphically for various values
between nozzle to plate spacing. Streamlines and equivorticity lines are also
drawn. The results of our investigation are in qualitative agreement with
those available in the literature.

1. INTRODUCTION

The prediction of basc flow characteristics when a free jet strikes a flat sur-
face is of intcrest in many practical problems such as paint sprays, shield-arc weld-
ing and jet-blast, particularly in connection with current schemcs of wvertical
take-off of rockets and VTOL aircrafts. The regimes for which these base flow
characteristics have to be determined are the cases of conventional subsonic and
supersonic jet impingement on the flat surface. In the present paper, howsver,
we consider only the case of a plane jet impingement on a flat plate normal
to the flow direction.

The flow field can be divided into three regions, the free jet region, the impinge-
ment region and the wall jet region. There is a considerable literature available
concerning the flow in the free jet region and wall jet region while the impingement
region is not yet completely investigated. Experimental results for the impinge-
ment region were obtained by Bradshaw and Love (1961) and Schauer and Eustis
(1963) which were not verified by theoretical investigations. Tani and Komatsu
(1966) and Strand (1962) have obtained the solution to the problem of inviscid
jet, impinging normally on to a plate by power series expansion. Recently Wolf-
shtein (1970) has obtained some interesting numerical solutions for a steady, plane
incompressible jet, using finite-difference technique, leaving the heat transfer prob-
lem untouched. However, the corresponding unsteady problem including heat
transfer has been studied here in the impingement region using the numerical
technique due to Dufort and Frankel (1953).
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2. Basic FLow EQUATIONS

Here, we shall consider the problem of unsteady two-dimensional viscous
incompressible jet impingement upon a plate. The governing system of equations
are:

Continuity
du W
pad g (1
Ty =0 4y

Vorticity transport
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X is the heat conductivity, p the dynamic viscosity, v = u/p, T, the wall tempe-
rature (constant) and 7, as well as U, arc also considered to be constant. All
velocities are made dimensionless by referring to exist velocity U,. Temperature
and pressure are non-dimensionalized with respect to the exit va_lues T, and pU,?
respectively, and linear dimensions with respect to Fhe nozz.le diameter D,. ']E‘he
equation of continuity is automatically satisfied by introducing a stream function

¢ such that,

oy %
T AR 4 .4

where
b= [ udy— | vdx

and the stream funclion ¢ is connected with the vorticity function 2 by the
equation
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3. BOUNDARY CONDITIONS _
Figure 1 describes the jet impingement system. We define the boundaries
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F1G. 1. Schematic diagram of jet impingement.

Y, =10, X, = 2X; ...(6)
where X is the free jet thickness at a distance from the nozzle equal to (¥ — Y,.).
From Schauer and Eustis’s data (1963) on free jets, X; is given by

X, =022 (Y — Yo) (D)
Thus the impingement region with well defined flat surface and the axis of symmetry
is bounded by

0<Y<< Y, =10;

0< X< X =2.X, =044 (Y — Y,,). (8)
Now we define the boundary conditions for the dynamical and heat transfe
problems separately for a hot jet impinging on a plate.

Dynamical Problem
On OA: ¢=0 2 =0, %‘%:O at t>0

On OD: ¢4=0. 2 =0, at 1=20
=0, Q= —V*y at >0
On CD: The flow is of boundary layer type, thus

W 0
e >
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On BC : The flow is irrotational and the streamlines may be assumed
to be parallel to the jet axis, therefore

M =0, =0 for t=0

e
. WU,
On AB: ¢ = —fUm dx, Q = Ya for all > 0. ...(9)

Let U, be determined from the well-known Schiichting’s profilc for a free jet,

thus
_ [1 — (%)3,2]2 ..(10)

where U, is the maximum velocity on the jet axis given by
2-35
T — Vo)

Therefore for Schlichting’s profile, the boundary conditions on AB can be written

as
==t [(5)os ()" o ()]

0= (1) (3]

Heat Transfer Problem

For a free two-dimensional jet, we have from Schauer and Eustis (1963)

T - T (U )”2 (12)

where T, is the ambient temperature, T, and U, are the maximum values of the
temperature and velocity on the jet axis. 7, is a function of the distance from the
exit section of the nozzle and the exit temperature. Hence, we may write with
the help of equation (10).

Ucnm =

T,— T, _ X \%/2

— [1 — X,) ] (13)
Following Schauer and Eustis (1963), we have

Taom - Ta — 20 (Te — Ta) (14)

Thus the new variable 6 at Y = Y, denoted by 6, with the help of equations
(i3) and (14) is given by

g _Ta—T, (T—-T)( 2:02 )[1_(X 3z
® T,—T, To— To/ \(Y — Y )2 f,)]
T,—Ta
T.—T.

+ for 0< X<,
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and

T,— T,

b, = 22—
o Te—"Tw’

for X> X, ...(15)

But the wall temperature is normally determined from the consideration of the
heat balance on the wall surface and therefore varies from plate to platc. Thus
for a hot jet and a cold plate; 7T, = T,. Now the boundary counditions for
the heat transfer problem are specified as follows:

On AB ie for 0<X<X,

0 202 3«2
—amram =) ]

On BC je for X, < X<},
0,=0, for all > 0;
On the wall OD T =T,
0 =8,=0 forall r>0;
On CD we assume the usual boundary layer behaviour

20

Yy 0 for all t>0;
On 04 the axis of symmetry, we assume

o8

¥ = =0 for all ¢t>0. ...(i6)

4. DIFrFERENCE EQUATIONS

The numerical technique employed in this paper is due to Dufort and Frankel
(1953). We divide the region of computation OABCDO into meshes. After
discretization equations (5), (2) and (3) assume the following form:

i, (1) = [(farr, s + i, ) AY2 - @, + e 59) AX?
+ 2, AXZAY2(AX?H4 AY?). .7

The vorticity transport equation is:

o Re 1 1 Re 1 1
@ [ et ] - 7 [ o
o4 2At+ AX2+ AY? & AL AXE O AY?

.R » " n '
+ %TEAY [(‘/‘¢+1.1 - ¢'c-1.5) (Qc.s+1 — 7 )

— (2 — i) (R — Q1))
+ (g + QL) AX 4 (4 + Q) AT -.(18)
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The energy equation is

RePr . 1 1  [RePr 1 1
(L — p*1 [_  —
i [2,&: Tt @\Yz] %5 | 50— i AYZ]

ReP, " " " "
+ Eefé‘y[('/’ﬂl.f — i, 1) (05, j41 — 07 5-0)

- (¢:l+1 - ‘/’:l. i—1) (0:+1.i - 9?——1.;")]

+ (g F ima, ) AXE + (65440 + (1) AYR ...(19)

Here, the subscripts i and j correspond to the x and y coordinates, while the
superscript n indicates the time index and not a power. This type of discretiza-
tion gives a better computationally stable scheme which was first suggested by
Dufort and Frankel (1953).

5. NuUMERICAL METHOD

The general computational method is described here:

(i) Since the flow starts impulsively from rest and is irrotational, the initial
values of ¢, Q and 6 have been set to zero at all mesh points except on 4B
where ¢, 2 and 6 are computed using equations (11) and (16).

(ii) Equation (17) has been solved using over-relaxation method to obtain
improved stream function values at all interior mesh points. The iterative method
is assumed to converge when the current values "+ differ by less than 10-¢ from
past values ¢ at all mesh points. Using the over-relaxation scheme, equation (17)
is rewritten as

P = g0+ Wi, s + $ien, ) AY2 A+ @ pa + 45 40) AXE
+ Q,,AXE AYR2(AX2 + AYY) — 4001 ...(20)

Here, W is the over-relaxation factor, and superscripts () and (r + 1) indicate
the values at the rth and (r + Dth iteration respectively; superscript * indicates
the most recent corrected value. After some preliminary tests the value of W
has been fixed at 1-85.

(iii) Knowing , the wall vorticity £, is computed from
Q=2 [‘/’f, NI ‘/’;, NJ—ll/Ayz
where the subscript NJ corresponds to the wall.

(iv) The non-dimensional time has been advanced by Ar and at this new time
t = At, the vorticity £ and temperature 6 are computed at all the interior points
using equations (18) and (19).
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(v) Steps (ii) to (iv) at time #= At are repeated. These steps have been
further repeated at latter times. At selected time intervals the static pressure distri-
bution on the wall and shear stress on the surface of the wall have been computed
using the following:

Pressure distribution on the wall—The momentum equation gives

w123
X Jymo  Re Y |y=d

The static pressure [p (x) — po] on the wall has been computed from

X
[P (x) — Po) = Uoé..—ﬁlg f (%{g)dXLo. .2

Shear stress on the wall—The non-dimensional value of the shear stress 7,
has been obtained from the following equation, namely

1%y | 22

To = E(a)ﬂ NE

.(22)

y=0

Nusselt number distribution—The distribution of the Nusselt number on the
wall surface is

N = l"]m_ ..(23)

Y
Besides, the variation of the radial velocity u close to the surface and the vertical
velocity — v along the jet axis are also computed and printed.

The numerical calculations were done on high speed digital computer IBM
360/44 system. Machinc time required to complete computations for a typical
case Re = 450, At=0-02, AX =0-016, AY = 0-05 (upto ¢ = 24) was about
3 hours. Some numerical tests were made to test the effects of AX, AY, At
At Re = 450, the computer program was run upto ¢ = 4 with fixed Az = 0-02
and AX = 0-008, AY = 0-025. The time consumed was almost double when
compared with the former case while the improvement in the results of pressure
distribution on the wall, shear stress on the wall, etc., had not been very much.
Then At was taken equal to 0-02 and 0-01 and the results were compared at

=4, 8§ and 9. At t=4 and 8 the absolute difference between the computed
values for the two cases was found to be less than 1023 and less than 10—¢ at
t = 9. These tests enabled us to choose Af= 002, AX = 0:016, AY = 0-05
and the program was run upto ¢ =24 at Re = 450.

Still higher values of Re are not chosen in our investigations in view of the
well-known fact that the Dufort-Frankel method develops persistent oscillations
as a steady state is approached at high Reynolds numbers. Development of
higher order numerical schemes to deal with high Reynolds numbers is under

progress.
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6. NUMERICAL RESULTS

Figurc 1 illustrates the geometry and boundary conditions of our problem.
Here, we present the numerical results of the impinging jet problem described
in Sections 2 and 3, for the following main jet parameters, namely Reynolds
number (Re) == 450, Prandtl’s number (Pr) = 1-0, the nozzle to control surface
spacing {¥ — Y ,) = 8, 12 and 16.

Figures 2 - 8 illustrate various flow characteristics for Re =450, Y — Y, = 16,
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Fig. 2. Computed streamiinesin the impingement region. Re=450, (Y—Y,.)/D, =16, t=6-0,
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At=002, ANX=0-016, AY = 0-05. Streamlines and equivorticity lines
are shown in Figs. 2 and 3, respectively. The streamlines have large curvature
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Fic. 3. Computed vorticity contours in the impingement region. Re=450, (¥ — Yo,)/D, =16,
t =240,
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Fio. 4. The static pressure distribution on the wall. Re = 450, (Y — Yoo)/D, = 16,
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Fic. 5. Computed skin friction on the wall. Re = 450, (Y — Yoo)/Dy = 16.
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TFi16. 6. Computed Nusselt number disiribution on the wall. Re = 450,
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Fi6. 7. Variation of radial component of the velocity ujU, close to the wall Re = 450,
(Y — Yoo)/Do= 16.
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FiG. 8. Variation of vertical velocity — v/U, along the jet centre line. Re = 450,
(Y — Yoo)/D, = 16.
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near the stagnation point which is associated with high pressure gradients. Another
interesting feature is that equivorticity lines are nearly parallel to the streamlines-
This indicates the slow variation of vorticity along the streamlincs. In this connec-
tion, we mention the results of Wolfshtein (1970) who has plotted the sireamlines
for Re = 290 for the separation distance ¥ — Y, = 16 (see the insert in Figs.
2 and 3). A comparison of the streamlines and equivorticity lines obtained by
us with Wolfshtein are in qualitative agreement.

The non-dimensional pressure distribution (p — p,) on the wall is plotted
as shown in Fig. 4 with time ‘¢’ as parameter. It can be seen that a steady
state solution is reached at #=24. The pressure falls with distance along the
wall from the maximum value p, at the stagnation point to pe.

Figures 5 and 7 show the skin friction distribution on the surface of the wall
and the variation of radial component of velocity u with x in the vicinity of the
wall. Both + and u are found to increase sharply under the influence of the pres-
surc gradient from zero at the stagnation point and then falls off due to viscous
dissipation. Figure 6 depicts the behaviour of the Nusselt number distribution in
the impingemert region for (¥ — Y,) = 16 and Re = 450. We find a bell-shaped
nature with peak value at stagnation point; which is the characteristic of a fully
developed air jet.

Figure 8 shows the distribution of the w rtical velocity — v along the jet centre
line at various times as the flow develops. It has the tendency of falling and
finally becoming zero at the stagnation point.
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