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Let % a, be an infinite series with partial sums S,,. If zl—iz‘—‘- < 0,8>0
then we observe that £ a,, is summable | C, 8 | . With the help of this result
we prove that the Jacobi series at end points of the interval [— 1, + 1]is
summable | C, 1 | ; provided that the generating function belongs to a certain
Lipschitz class.

§1. Let = u, be an infinite series whose n-th partial sum is S». Let S° and 1, be

nth Cesaro mean of order « of the sequences {S,} and {nu.} respectively. The series
Z up is said to be summable | C, o | , = > — 1 or absolutely summable (C, &) if

TS -S|l <eo
or Tt | < oo (L)

§2. The Jacobi polynomials Pf“"a) (x), «a > — 1, B> — 1 are defined by the

following expansion:

2078 (1 — 2x¢t + 1202 [1 — ¢t 4+ (1 — 2xt 4 12)172]=

[v o]
X {1+t 4+ (1 = 2xt + 2128 = 3T PR (xypm 20
0

n=

Let f(x) be a function defined on the linear interval — 1  x < + 1, such that
the integral

+1
_Il (1 — x> (1 4+ x)P f(x)dx

exists in the sense of Lebesgue. The Fourier-Jacobi expansion generally known as
Jacobi series corresponding to the function f(x) is given by

X (%,B)
[0~ T au PP () 22
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where
+1
an = % ; (1 — 1) (1 + 08 f(t) PP (1) dr
"
ot+p+1
and e 2 Trta+ D). De+8+1)

mtat B+l TrF¥D.Tri+tarB+10)

Ultraspherical and Legendre series are particular cases of the series (2.2) when
=B =A—}and « = B = O respectively.

We write
$(w) = [f(cos w) — 4]

where 4 is a fixed constant. Recently Pandey (1968) has proved the following theorem
in case of ordinary Cesaro summability.

Theorem — The series (2.2) for x = cos 0 is summable (C, k), fore — 3 <k <
o+ 3, — % <a<{atd = 0to the sum A4 provided that

$(w) € lip* (@ + } — k) .(23)
where f(x) € lip} means | f(x + u) — f(x) | = o(u*); « > 0.

It is known that ordinary convergence together with absolute Abel summability
of an infinite series do not necessarily imply the | C, 1 | - summability of that series.
We prove | C, 1 | - summability of the series (2.2) under a condition of Lipschitz
class. In the next section relevant results about asymptotic orders of Jacobi poly-
nomials along with a result about infinite series have been given.

§3. Following results are used to prove the main theorem of this paper.
Lemma 1 — Let I u, be an infinite series with nth partial sum Sx.

If

Z %l e BNERY

k=1
then the series T u, is summable [C, 8| ; 0 <3< 1.
PROOF : Let t: and S: be the nth Cesaro mean of order 3 of the sequences
{nus} and {Ss} respectively, then we have
tf=5(87—82)

(equation continued on p. 540)
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= { 1 Y L z 451 sk},

where A‘:("+8)=(8+1)(3+2) R

on nl “rerny
3% —1,—2 ...
We consider the case 0 < § < 1 while the case § = | is known (Bhatt 1967).

Now, we have

n

i%"fl<[§m}l(2 4331180

n=1 n=1 k=0
oo n
1 5
> 8( An_,,lskl)]
=1 "4, k=0
= A 4 B, say
But

[o 0] [e ]

1 _
<> s — 4t )
k=0 nekol M-An

[+ o} l [+0]

| Sk 2 5—2
<> ariy | Ank )
k=0 n=k+1
= 0(l). o)
and

[o.0] [v0]

B< Z]Skl.( z I—-Af;;,)
k=0 neke1 N4,

o0 [v0]
SONEINE S
- (k + 1) n(n — k)i-%

k=0 n=kt1

This completes the proof of the Lemma.
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Lemma 2 (Szeg6 1967) — Let «, 8 be arbitrary and real, and C a fixed positive
constant, n — oo. Then

lf g-=~(1/2), O (n(1/2), % <6< —;—

P;&,B) (cos 6) = < C (32)
IL O(n*)0, <6< —--

P (cos B) = n~02) K(9) {cos (NO + y) + (n sin 6)1. O(1)}

C C
o SO m— .(3:3)

where

—am [« 6 \—=—(1/3) 8 \—B-(172)
K®) == (sm ~2—) (cos 7)

N=n+ie+p+Dy=—(C+hHs5

§4. We prove the following:

Theorem — The series (2.2) for x = cos 0 is summable | C, 1 | at the point § = 0
provided that

W Elpd; > +3), —t<a<}; B> —1, (41

t
and the antipole condition that the integral [ wB—(1/2) | d(x — w) | dw < oo (t— 0) is
’ 0

satisfied. If 8 > « no antipole condition is required.

PROOF : Let Sn be the nth partial sum of the series (2.2), hence we have,

T
Sa = I (1 — cos weH{1/2) (1 + cos w)BH1/2) f(cos w)
0

n

X z éL Pf,f"‘”(cos w) Pf,':"m (1) dw.

m=0

—'rr 'lzcﬂ-l' 12B+1 [‘(ﬂ+d+{3+2)
Spn — A= j (sm 2) (cos 2) H(w). Ta - D). T8+ D)

x PR (cos w) dw.

[by Szegé (1967, p- 71) and orthogonal property of Jacobi polynomials.]
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We can set A = f(1) = 0, and consequently, we have

— P(n + o« + 5 -+ 2) 4 . w \2a+1 w \2B+1
&“nw+nmm+g+ni@m7) (wvf) $(w)

PR (605 w) dw.
x—/n) =

Tn
_ TPn+ae+p+2)
“Pw+wmm+g+n{[*' +

Yn 7':--(]/”)

= J, + J, + Jy, say (Yn = %’ C a fixed constant).

T
Jy = O(n+2) [ w8 dw = O (n-%). . (4.2)
0

and

i/n
J3 = OBty [ | d(x — w) | . w2Bil dw
0

= O (nxth+1-28-2) or = O (nx(1/2) (by antipole condition)
= (n%~B-1) or = O (n-(1/2)), ...(4.3)

Again
~(1
T+t B2 wam M wNeam e
Rl VPR 0y y gy e j Gmi) (”57)

Tn
X $(w). cos (Nw + v) dw
n—(1/n)

+ O(n=-t1i2)) j [ (sin %’—)u-(am(cos g—)a_(lmg{;(w)‘ dw

Tn
%N=k+“+5+1)

2
= Jyy + Jy.y, s2Y.

Now

a
x=(3/2) B-(1/2)
Joug = O (n2-(1/2)) [ 1 (sin %) ’ (cos %‘i) #(w) [ dw +
Tn

(equation continued on p. 543)
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x—(1/n) .
a—(3/2 —~(1/2
+ O (n=—(1/2)) ] l(sin —2-W~) ( (cos —;’—)B( )gb(w) ,dw
a

(a, a fixed constant)

a
= O(n=-(12)) [ wa~(3/+8 gy 4 O (ue-(1/2))
Tn

= O(n>(1/2) [wﬂ—(1/2)+s]a + O(n>—(1/2))
Tn

O (ne—1/2), ifa—3+85>0
=< O logn),ifa —1+8=0 ...(4.4)
|
L O@%) if @ —3 +8<0.

In the second integral antipole condition may be used if B is not greater or
equal to «.

The integral in J,., is the difference of real and imaginary parts of E, multiplied
with cos y and sin y respectively, where

w—(1/n)

o ow \e—(1/2) w \B+H(1/2) ‘ ‘
E = (sm T) (cos T) d(w) eivlnta+Bi2)iz gy

Tn
n—(1/n)

-(1/2) B+(1/2)
=} { x (Sin %)“ { (cos %.) ( $(w). eirlentatBin iz diy

Tn
m—({1/m)—u,

LW ®~(1/2) w + B+(1/2)
- I (sm ——i;—’i'f) (cos —7——‘“—")

Yn=tn
x ¢(W —+ /An) eiw(2n+ut+p+2)/2 dw} .

Hence we have
| Real part of E ] or | Imaginary part of E |

< 3L, + Ly + Ly + Ly, say;
where

Ta

—{1/2) B+(1/
L= f | (sm ) (cos MY g 4 [

Yo—ttn
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w—(1/n) a .
a=(1/2) +(1/2)
L, = I , (sin—vzi) (cos 1) H(w) ‘dw
2
T—Yn—ln
w—(1/n)—u,
L= | rses g0
Yn
a—(1/
w | { sin ¥ _# am cos W #n pre aw
2 2
i)t a—(1/2) B+(1/2)
L= (sin jd _'2_ 'u'") (cos Y p'")
2
Yn
a-{1/2) B+(1/2)
— (sin %‘) (cos %) i .| d(w) | aw.

But

Y
L =0 J‘“ (W + pn)2~(L/2FE dw
Ya—ttn

= O (n—>~{1/2)-5)

1/n

Ly=0() [  wB(2 dw
To—ln

= O(n#-(3/2)) or = O(n™') by antipole condition

x—(1/m)—g.

Lo=0@) [ W+ w0 dw
Tn
= O(n%)
m—(/m) =t d a(1/2) gH(1/2)
. W\ w
Ly = O(pn) I . )%{(SIHT) (cos 7) }'w‘ aw
Yn
a Tn—a
= O(un) | we(82248 dw 1 O(un) | wB~(1/2} | g(m — w) | dw.
Yn A/m)+up
(a any fixed number)
O™ fa—3+3>0

=4 O(mllogn), fa—3%+3=0
tO(n*'Hlm-‘); ifo —34+3<0.
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Therefore, we can approximate J,., as follows
Joq = O@mx+12y | {L, + L, + Ly + Ly} |
or
o = O (mxH D) (O (no-(1/20-8) - O(nB~(3/2)) 4 O(n5)}
([ Om-0/2)  logn
O (n-%)
= Q(n*+1/2-8 + O (n=—1/2), log n) ...(4.5)
Combining (4.2) - (4.5), we get

En _'__‘SiL < oo,
n
Hence the series (2.2) is summable | C, 1 | . This completes the proof of the theorem.
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