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Gallager has obtained upper bound on the probability of error under maximum
likelihood decoding scheme. When distortion is taken into account the decoding
should depend on the distortion and accordingly the aim would shift from upper
bounding the probability of error to upper bounding the distortion due to error.
This is done in this paper. The upper bound so obtained exponentially tends to
zero as block length increases provided that rate distortion function is less than
the capacity of an auxiliary channel.

1. INTRODUCTION
Shannon (1948) proved the coding theorem which states that for a broad class of
communication channels there is a maximum rate, called capacity, at which informa-
tion can be transmitted with arbitrarily low probability of error. Later in 1959, Shannon
(1959) proved the coding theorem under distortion. This is a generalization of earlier
studies in information theory as it allows data quality to be taken into account rather
than requiring the probability of error to be small.

Consider a discrete channel with input alphabet X = (x,, ..., x¢) and output
Y = (yy, ..., yJ) together with a transition probability matrix {P(yi/xx)}, k =1, ..., K;
j=1,...,J. Also let single letter distortion when x; is sent and y; received be
denoted by d(xx, yi).

Fano (1961), Gallager (1968) and Shannon et al. (1967) have obtained bounds
on the probability of error P. for codes of block length N. For discrete memoryless
channels the simplest and most elegant proof to this theorem was given by Gallager
(1968), together with an upper bound on the probability of decoding error, expressed
in the form

P exp[—-N{—p R+ max Es(p, p]. 0L p < 1 (LD
P
where R is the rate of transmission and
J K
- Ve Y 1.2
Eyle, p) = — In PPy ,0<e 1L (1.2)
j=1 k=1
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Recently Arimoto (1973) proved a dual of Gallager’s theorem for rates above
capacity, together with a lower bound on the probability of decoding error expressed
in the form

P.21 —exp[— N{—pR+min Eylp, )}, 0> p > — 1. ...(1.3)

p
We shall denote the set of all sequences of length N formed of input and output
alphabets by Xy and Y respectively. A code with M code words of length N is a
mapping from a set of M source messages denoted by the integers 1, ..., M into a set

of M code words, x,, ..., Xy, where Xo € Xy, | < m < M. A decoder is a mapping
of the set of output sequences Yy into the integers 1, ..., M.

The average distortion per letter is given by
K J

D= kzl .21 P(xr) P(yi/xe) d(xx, yi)
=] j=

As is well known (Gallager 1968) the mutual information between X and Y is

K
k=1

where ¢(y;) is the probability of the output letter y;.

given by

P(yi/xx)

I(X; Y) p(xx) P(yi/xz) log )

Il
.M"'

I
_

J

The rate distortion function R(D¥) is defined (Gallager 1968) as
R(D¥*) = infI(X; Y)
where infimum is taken over all transition probabilities P(yi/xz) for which D < D*.

Minimum Distortion Decoding Scheme

Let d(xm, y) be the distortion when x,» € Xy is sent and y € Yy is received.
We will use the minimum distortion decoding scheme, i.e. the output sequence y will
be decoded into integer m if

d(x'"’ y) < d(xm’, y) 1 < m’ < M, m' # m

Depending upon the minimum distortion decoding scheme, we shall obtain
upper bounds on ‘Distortion due to error’. Sharma and Gurdial (1974) have earlier
considered a decoding scheme depending upon the ratio of probabilities and distortion
and have obtained bounds on the distortion due to error under this scheme.

2. DERIVATION OF THE UPPER BOUND

Let D.,, denote the distortion due to error when X, € Xu is transmitted, then
(cf. Gallager 1965)
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Dem = % P/Xm) d(Xm, Y) $m(y) 21)
YEYy
where
én(y) = 1, if d(Xm, ¥) > d (X, ¥) for some m’ = m, .. (2.2)
= (, otherwise. ...(2.3)

In this section we shall upper bound average of D.n over all m, by suitably
upperbounding the function ¢(y).

Theorem 1 — For any D* > ’O, and for sufficiently large block length N, there
exists a code with M code words where M < exp NR(D*) for which average distor-
tion due to error is such that

D. < exp — N[ — pR(D*) + Egfp, p» &) — ¢] .(2.4)
where
K J
Efe.po d) = — (—]'\,1L~ )1n 2 2 {p(xx) q(i) d(xx, Y} O+,
k=1 j=1
0<e< 1. ..025)
Proor : We take
M. d (X, YR
$n(y) < [ W ,p 20 ...(2.6)
Substituting this value of ¢n(y) in (2.1), we get
M #
Den< = P(y/Xn) VO (X, y)[ S die(x,,, y)] X))
- yEYN m’=1

Equation (2.7) yields a bound on D, for a particular code. We shall simplify
the bound on D., by averaging over an appropriately chosen ensemble of codes.
Clearly at least one code in the ensemble will have a distortion due to error that is as
small as the ensemble average distortion due to error. Now following the same steps
as in Gallager (1965), we get

D > ) &G,y | z T, ) | - 28)

YEY,,

where an upper bar denotes average.

Since the code words are chosen with probability p(x),
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we have

AV (xm, y) = I p(x) d10HYx, y) (2.9

XEXN

and

P(y/xm) = % p(x) P(y/X) = q(y). --(2.10)

x€Xy
Using (2.9) and (2.10), (2.8) becomes
1+p
Dm < MP S q(y)[ T p(x) dHAe(x, y)] . (2.11)

Let us now denote upper bound M by exp NR(D*), where R(D*) is the rate-
distortion function. Thus

Din < exp PNR(D¥] = q(y) ( = p(x) drsex, yp!'*f. . (2.12)
YEYy xEXy

Since the words x and y are N-tuples, let x = (x,, ..., xa), ¥ = (¥, ..., yv) and

ol 4
xﬂ, n
doy = > k)
n=1
Using the following inequality (Gal]ager 1965)

Zk (Z Q’“w [Z 0s (Z aak)”r]r > 1 (2.13)

we get
Dun < exp [PNR(D¥)] [z PO (a(y) e, m] (2.14)
— exp [PNR(D¥)] [z > ]I p(xn) (2 > H )
~ 2 ~ 2

N
d(x”'}h) R L (2.15
; ) ] (2.15)
~ exp [pNR(D)] [Z > H p(x) (Z OLILBA

Xy n=

N q_(%v) . y~)> f’“’f”]“' (2.16)
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e [pNR(D*)[z > Hf’("")((z a0) A )

XN n=1

bt (z () d(xn, 74) )1,(1+,))]1+. 217)
In

where we have used the inequality

(Z ai)' < za;. (2.18)

1 [

Using again this inequality, (2.17) becomes

Den< I exp [pNR(D*)[z 2 H P(Xn) ((2 q(yy)

Xy n=

X d(x,, yl)‘)ll(lm 4+ (2 g(yw) d(xn, yn) )ll(m))]w (219

Y

= ]-:,— exp [pNR(D*)][z 2(x2) (z @) d(x, yl))1/(1+9)
%1 141
4+ z P(xN) (z gy dGxw, i) )1/(1+9)]1+9. o
X, m

Using p(x;) < p(x,)' 01490, we get
N
Don < 5 e BNROI D> > (plx) a()
n=1 x, ¥y
X d(JCn, yn))1/(1+,)]1+’ (221)

K J
< NP exp [pNR(D*)] [k Zl _zl (p(xx) (i) d(xx, yiy)/a+en+* ...(2.22)
=] J=

K J

— exp[ oNR@*) + nN +1n[ 2 X (p(x2) 4009 ds yyosn i .
K= j=

(2.23)

Using the inequality Inx < x — 1 < x, we get

Din < exp — N[ —pR(D*) — p + E,(s, p, d)]. (2.24)
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Since the right-hand side of (2.24) is independent of m, it is a bound on the
ensemble distortion due to error and is independent of the probabilities with which
the code words are used. Since at least one code in the ensemble must have a distor-
tion due to error as small as the average, the theorem is proved.

For simplicity we shall use the following notation
E(R(D*), p, ¢) = Eyfp, p, ) — oR(D*) — . (2.25)

In next section, we study some properties of this function.

3. PROPERTIES OF E(R(D*), p, ¢)
The properties are given in the following two theorems.
Given the discrete memoryless channel with input distribution p = (p(1), ...,

p(K)) and transition probability matrix {P(yi/xe)},/ =1, ...,J, k=1, ..., K, we
define an auxiliary channel with input probability given by

J
. Prgids
= =,k =1, ...
Fo= D geE k=1 ..k
j=1 jk
and joint probability given by

Pedsdes gy

A(xk, y:‘) == W s
i

K J
Theorem 2 — Let I(p'; A) = kzl z A In A 3£ 0. ..(3.D
=1 J=
Then E 0, p, d) = —JI\T In z z Deqidyi
j ok
=~ Lmp (.2
= N ...(3.2)
> 0 if L > 1
D
Eo(Ps P, d) > 05 P > 0 ...(3.3)
L ' 8Eo(9a P» d)
v 1) 2 7 >0,p2>0 ..(3.4)
and
2
PEE.nd .50 (3.5

oe®



564 BHU DEV SHARMA AND GURDIAL
Proor: Taking partial derivative with respect to p of Eyp, p, d) we get,

OEyp. 1, 8 _ z z (Prgsdis)' 070y (paqadia)l 070
N E

e 2 (Prgidii)t /(19 ? z E ( Prqidys)t '1+0)
j
OEy(p, P, d)/ _ 1 z Pegides  Piqides
Jp —o N Z 2 pgidyi T T S prqidys
j Jj k ik
l 7
= — 1) ...(3.6)

Taking the 2nd partial derivative with respect to p of E(p, p, d), we get

PEfp,p,d) _ 1 1 z (prgidpi)t (149
0p* N1+p = EE (peqidis) T8
J

( piqidei)t (1+#) .y 2
[:z S (pasdi TP In ( prgides)t 4340 |
jk

If we consider In (prgsde;)' (17®) as a random variable then

. ALH1HP) |
2 z Z(épt?k;:c)ikj)l/(lﬂ) [ln(quidkj)l/(l+F)]2
ik jk

(Prqidii)* 1O+ N
- l:z z ZZ (p;qujk’-)l,'(lfl‘) 1n{ prqidrs)
J k jk

is the variance of the random variable and is positive.

[In ( pagades)t /0]

Therefore

PEG. R d) _ o

P (3.7

Using Theorem 2, we can maximize E,(R(D*), p, p) with respect to p. Let

EQRD"), p) = max [ — sRD*) + Eqfo, p, d)] — . (38)
0<<e 1
Then R(D*) - | = @’i%;.w (3.9

Now if some p in the range 0 < p < 1 satisfies (3.9) then that p must maximize
(3.8). Again from (3.7) an(pé—pp,d) is non-increasing with p, so that a solution to

(3.9) exists if R(D*) lies in the following range
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PEye, p, d ’
opapp )/,=1 < RD%) + 1< I(p): ..(3.10)

Thus for the range specified above,

ERQD), ) = Eo, b &) — ¢ 2E 2D LG
and
R(D*) + 1 = a“Eﬂ%’—p}iﬂ,0< p< L ..(3.12)

E,
For R(D*) + 1 < a———"%’pp—’dl (3.11) and (3.12) are not valid.

In this case, the function E(R(D*), p) increases with p in the range 0 < p < I and
thus the maximum occurs at p = 1. Hence

E(R(D*), p) = Eq(1, p, d) — R(D*) — 1, for RD*) + 1 < @0—%2’_(1’)‘;,
...(3.13)
Differentiating (3.11) with respect to p, we get — p a—zlﬂg—;ﬂp—’d—) Thus
E(R(D*), p) is increasing with for ¢ 2> 0 and is equal to L In 1 forp = 0.

N D
From (3.11) and (3.12), we have

ER(D*), p) _
R

Further let E(R(D*)) = max E(R(D*), p). Then E(R(D*)) is the upper envelope
P
of all of the E(R(D*), p) curves and we have the following theorem :

Theorem 3 — For auxiliary memoryless channel the random coding exponent
E(R(D*)) is a convex U, decreasing, positive function of R(D¥) for 0  R(D*) < C’.

ProoF : Since E(R(D¥)) is a maximum over a set of functions that are convex
U and decreasing in R(D*). Therefore the maximizing function is also convex U and
decreasing in R(D*). Also for the p that yields capacity on the auxiliary channel,
E(R(D*), p) is positive for R(D*) < C' and, therefore, E(R(D*)) is positive for
R(D*) < C'.
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