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In this paper the author has continued his study on the affine motion
characterized by the equations 4, Band C in a recurrent Finsler space. All
the above three types of affine motion have been discussed separately and
many important results have been obtained.

1. INTRODUCTION

Let F, (Rund 1959) be an n-dimensional affinely connected and non-flat
Finsler space having a fundamental metric function F(x, #) and a symmetric connec-

tion coefficient I‘;*; (x, ¥). The covariant derivative of tensor field T ; (x, #) with

respect to x* in the sense of Cartan is given by

T ,=&T — T G+ T,T% — T'T% . (L)

Jlk

The commutation formula involving the above covariant derivative is given by

i M2) i o L i prs s pri
2T = = 8P T Ky 0 = T K} + T K, -(1.2)
where
i def 8 A ki ar roqyi
Ky (%, %) = 2 {0 Tjp — 0- T, Gy + P:“ P;f]' }. ...(1.3)

is called Cartan’s curvature tensor field and satisfies the following relations (Rund
1959) «

K;ik + Kiikh + K;h,- =0 ..(1.4)

K’:J‘k = K;kj ...(1.5)
and

K}iu'i = Ku. ...(1.6)

UNA[pe] = Apr ~ Agne
(93; = 3/axiand 3; = 3/dx¢
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Let us consider an infinitesimal point transformation
o= xi 4 vi(x) dt «(1.7)
where vi(x) is any vector field and df is an infinitesimal point constant.
In view of the above covariant derivative and point transformation, the Lie-

derivatives of T; (x, %) and I‘;f (x, %) are given by (Yano 1957) :

B
)

—}—azT.i vhl),ky

3

LT =T, =T v+ T, v

7

and

*i__ i
Ly T =

Vik

— K v+ 0TV, &% ..(1.8)
We have also the following well-known commutation formula

Ly (T},) — (Lv T, )in =O0. (1.9

In an n-dimensional space, if the curvature tensor K,’;.k (x, %) satisfies the

following relation :

K .(1.10)

'3
nikts = Ys Ky

ik s
where v, (x) is any covariant vector field, then the space is called a recurrent Finsler

space of first order or F¥-space.
In an F}- space, the gradient vector is given by
1
v = Y—@a Y. (111

In an earlier paper, we have concluded as follows : If an F¥-space admits an
infinitesimal affine motion % = x¢ 4 vi(x) df, we have
vav® =0 -(1.12)
say, the function y(x) being a Lie-invariant one.

Now, let us operate (v to both sides of the fundamental and starting condition
(1.10), we find

(LvKr ) 1s = (L) Ky + 1Ly Ky - .(113)

If the F)-space admits an affine motion, then we have
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(@ LK, =0
and

(b) LT = — K +3 T8 v, 57 = 0. (1.14)
Therefore, in view of (1.14), eqn. (1.13) may be written as

LvvKL, = 0. (1.15)

Since the space is non-flat (i.e., K,i].k # 0), eqn. (1.15) yields

Lvys = 0. ...(1.16)
From the above relation, however, in the present gradient case, we obtain
Yo1h = Ybis (117

Equation (1.17) can also be written as
(ys¥*)1a = 0. ...(1.18)
Ys¥ = ¢ ..(1.19)

where ¢ is an arbitrary constant.

2. SOME APPENDICES TO THE RECURRENT MOTION

The present author has discussed earlier the affine motion of recurrent form
(Kumar 1976b). In the same paper the concrete form of such motion was pursued
and the following two cases were obtained :

(a) Ys —+ ¢s =10
and
() K = 0. L @D

In what follows only case (2.1a) has been taken up.

In fact, differentiating (2.1b) covariantly, we can get

(Ys -+ ¢s) Khivi = 0. (22)
Therefore, (ys + ¢5) may be taken arbitrarily, In this meaning, the former case
means only a special case contained in (2.1b). Thus, we know that in order to
discuss generally the recurrent affine motion in an F*, we must take up the case

where (2.1b) holds good. We consider below this general case.
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By virtue of eqns. (1.6) and (2.1b), we can have
i N
K, v =0. ..(2.3)

Now, contracting the well-known Bianchi’s identity (1.4) for Cartan’s curvature tensor
with respect to i and k, we get

K, =K, — K, - .(24)
Transvecting the last formula by v/ and using eqn. (2.3), we obtain

K v+ Ky vi =0, ...(2.5)
In view of equs. (1.5) and (1.14b), eqn. (2.5) takes the form

¥, — Ky v =0 ...(2.6a)
Since v, = guvi, we have

v, o= @) s (2.6b)
Thus, by virtue of the above formula, eqn. (2.6) can be written as

Kin vi = (g5 v) 1. (2.7)
Differentiating the above formula covariantly with respect to x™ and noting (1.10) and

vi‘h = Ppvt ...(2.8)
we can easily obtain

(ym + dm) Kin¥? = ($s¥*) | tm. .(2.9)
Eliminating the term K with the help of (2.7) and (2.9), we find

(Ym + ém) (S 18 = (7). ...(2.10)
Because of the symmetry of connection I‘;';: {x, %), we can find

(#5V°)  om = ($sV%) | me (2.1
Consequently, with the help of (2.10) and (2.11), we have

(rn + 80) (B) 12 = (yr + 1) () 10 e(2:12)
In view of eqns. (2.15) and (2.7), we can construct

(@sv%) 19 = (Kmym)¥ = (Kmpi)y™ = 0. ..(2.13)

Therefore, transvecting (2.12) by v* and taking note of the above aquation, we get

(vx + Pe)v¥ ($sv?)1a = 0. ...(2.14)
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Thus, we obtain here two cases :
@ (+dg)r=0
or
)] $s* = const. .(2.15)

In this way, from (2.15), we can say that if an F:-space admits an affine motion
of recurrent form, then there exist the following two interesting fields :

(i) A case of (yn + up* = 0
(i) A case of ¢av" = const. ..(2.16)

If we take especially ¢ = — va so as to satisfy (2.15a), we can develop the existence
theory (Kumar 1976b). Thus, we know that there is the possibility of the existence
of three categories of recurrent affine motion, viz.

(A) % = x' 4 vi(x) dt, viI ; = ¢, guv* = const.,
(B)  F =xi+ vi(x)dh, v = ¢, (b + ya) V" = 0,
(O ®=xi+vix)d, V= ¢, ¢u+ vs =0
being derived from (B) formally. In section 5, an attempt has been made to clarify

the concrete relation existing between (B) and (C).

3. STuDY OF CASE (A)
1. Necessary Conditions
In this case, we have
én* = const. (3.1

Differentiating covariantly (3.1) by x* and taking note of the condition (A), we find
SuysV + dugsV® = 0. ...(3.2)
By virtue of (1.14b) and the condition (A), we find
K;'ikh Vo= ($97) 1k = ¢ aV + iy, ...(3.3)
Transvecting the last formula by v* and taking note of the fact that
K;kh veyh = 0, we get
B3 1V -+ Pidev® = 0. .(34)

Now, comparing (3.2) and (3.4), we can obtain
($i1% — o y9) vk = 0. ..(3.5)
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In an affinely connected space, the second Bianchi’s identity can be written as

Ki:n:)s + K;ksli + K;silk =0 -(3.6)
which by virtue of definition (1.10) takes the form

K, voys + Ko viys + K,y = 0. .37

Making a cyclic interchange with respect to the indices 4, 5, j in the above formula
and taking notice of (1.4) and (1.5), we have

(K,f]& vk — K;hk vEY v (K:;.k vk — K,';sk vE) y;
+ (K, v — K, v®) s = 0. (3.8)
In view of (1.14b), (3.8) may be replaced by
(vil ni v‘, ih) Ys (vilsh - vil ns) Y1+ (vi| is V:a‘)Y" = 0. --(3.9)
By virtue of the condition (A), eqn. (3.9) takes the form

(Bn 15— diin) Viys + (Psin — duis) Vivi + (is — bsyi) Viva = 0.
...(3.10)

Contracting eqn. (3.10) with respect to indices i and & and making use of eng. (3.5),
we get

Vn (fits — ¢o19) = 0. (31D
Equation (3.11) gives two conditions :
(1) Vivy = 0
or
i) diys = doys .(3.12)

Hence, we can state that when an F"*-space admits an affine motion of recurrent

form, a condition " = constant is necessitated. But in such a case, we have the
following :

(A)  v*yu = 0 should be satisfied.

(B)  Defining vector ¢; of the motion should be gradient vector.

2. The case of ¢; = gradient vector

In such a case, the motion takes the following form :

* = xt + vi(x) dt, vi“. = ¢iV¢, $i(x) = gradient vector. ..(3.13)
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Let us define the following commutator

i

—_ ¢ i
P = —

Vo) ...(3.14)
In view of (3.13), the above formula can be written as

O = v vy — g+ ¢ij,~ =0 ...(3.15)
where we have used the gradient property of ¢; :

$iik = fus. ...(3.16)

On the other hand, by virtue of the commutation formula (1.2) and (3.15), the
relation (3.14) can be written as

VK, =0, - (3.17)

By the general theory of fields of parallel vectors (Eisenhart 1927), (3.17) shows that
v¢ determines a field of parallel vectors. Consequently, the motion (3.13) under
consideration is not a pure recurrent motion, but a contra-motion in the general
sense, Now, if (3.13) denotes exactly an affine motion, it has to satisfy the integra-
bility condition. '

i _ i s 8 i i (] H 8
Ly Khjk = By VsV Khik Vie Ksjk Vin + Khsk Y

]
+ K;;is vsl k + 33 Klijk vs' Y &7 = 0. ...(3.18)
of the equation of affine motion (1.145).

On substituting the value of vi” from (3.13) into the last formula, we obtain

YV K;:k - K;J‘k $sv' + K:;m $av* + Kl:sk B + K;

/3

d® = 0. ..(3.19)
But in view of (3.17), the above relation may be replaced by

v Ky — Koo 6 + Ko v + K it = 0. ..(3.20)
Contracting eqn. (20) with respect to indices i and %, we find

vsV*Kai + $iKpv® = 0. ..(3.21)

The present theory is based on the condition (2.16) and being v, £ 0, (3.21)
yields

Ku = 0. ...(3.22)

From the above discussion, we come to the following conclusion.
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Theorem 3.1 — If an F-space admits a special recurrent motion or contra-

motion in the general sense of the form derived from (A) :
7 = xt + vi(x) dt, vi”= SV, sk = P14, (3.23)

with y,v¢ 5= 0, the space has the property represented by (3.22).

4. STUDY OF CASE (B)

For this case, the starting assumption is
(Pn + yap* = 0. ...(4.1)

Transvecting the integrability condition (3.19) of affine motion by v* and using
condition B and the last formula, we find

— Vi (Pn V' + gnhiV') — pVi(dhn V' + Pags¥®)

+ Guvi(s | V' + ded¥) + SV (a1 oV + fudsV’)

+ gpv¥(dny v+ dagr’) = 0 ..(4.2)
where we have also used

Ko Ve =¢m— 0T v & = @) 5= dno* + ag's .(43)
After a little simplification, (4.2) can be written as

— GVin Vi gaVie iV + Svign sV + dugnpiviyt = 0. .. (4.4
Commutating eqn. (4.4) with respect to indices # and j, we have

- ¢svs(¢h;i - ¢th) + Slsh(q‘su’ - ‘?Si!s) + 751'(95’!15 - ¢Slh) ve =0
..(4.5)

where we have neglected non-null v*.

Contracting (3.10) with respect to indices / and s, and taking the case of (4.1),
we get

— V(s — b n) — YiPris — Pein) V= yldsrs — iys) v = 0.

...(4.6)
Subtracting (4.6) from (4.5), we obtain
(B + Y)gars — G 18) v + (0 + Y bs15 — ¢i1s) v = 0. (47
Putting '
M= (u1s — ¢s18) V' ...(4.8)

when and only when M, £ 0, there exists a suitable proportional scalar function
8(x), such that

$s + s = B(X)M; ...(4.9)
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where M, satisfies the condition
M == 0. ...(4.10)

By virtue of (4.8) and the basic condition Kujp? = 0, we have
My ={($") 1 — v, — @D 16 + G’} v
=00 = dupa® — ¥, F g} v
=0l — Vv = (K ) v = (Knem)

= (Kns¥*) vm = 0 -(4.11)

where we have also used the commutation formula (1.2) and (1.6). This completes
the proof of the condition (4.10). Being M, given as we have mentioned above, by

M, = K"

msh

v = Ko™, ...(4.12)
we can derive

Mix = (yx + ¢2) M.. ..(4.13)
By virtue of eqn. (4.9), eqn. (4.13) may be replaced by

Mo\ x = BMiMs. ...(4.14)
Hence, in view of (4.1) on (4.10), we can find

M 3k = 0. ...(4.15)
At this moment, using the latter part of (4.12) and (2.7), we get

My (pny™)| s v, ...(4.16)
In view of the identity (¢m¥™) ;s vs= 0, we can obtain (4.10).

On the other hand, under an affine motion, we have always,

LV = Yo mV™ + "{mVT! =0 ...(4.17
or

Lvrs = (Ys1m + Ymes) vm = 0, ...(4.18)
On substituting the value of v, from (4.9) into the last result, we have

(BMs — ¢3) ) m¥™ + (BMm — $m) psv™

= B[m-Msvm + BMs]mW - d)ﬂmv'”‘ + BMm¢‘vm - ¢m¢;v‘m = 0

= M_Lv3(x) + BMs | m™ — (s mV™ + $m¥™)
+ BMupgy™ = 0, ...(4.19)
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Hereupon, if we take the case of (3.3), (4.10) and (4.15), we obtain the remarkable
property :
M, _Lvp(x) = 0. ...(4.20)

From (4.20), in case of (4.1), we have
LvB(x) = 03, ...{4.2])
5. RECURRENT CASE

The author has also studied the recurrent affine motion in an F) -space (Kumar

1976¢). The basic condition is

&+ v = 0. (5D
This gives
dn + Yo = 0 Kpy® = 0> Kis = vue; Or y* = 0 -.(5.2)
where ¢, means a suitable covariant gradient vector defined by
€& = ~—1; Ose, € = €(x) ..(5.3)
and satisfies the following relations :
(a) Vs = 0
and
(b) €h|s = e€nes. ..(54)
Introducing the vector M, we get
M, = ($")1s = 614 (5.5)
where
o = ¢V, ...(5.6)

Hence, M, denotes a gradient vector.

By virtue of (4.10), (4.14), (5.5) and the gradience property of e« and M, we can
conclude that M, is a vector similar to e.

Let us remember the integrability condition for an affine motion
i t ; i
_L‘vK,:jk - — ¢SVBK’U'I: — ¢svz[(;jk + ¢nvsKsjk

+ ¢k, + gk, = 0. (5.7

(?) This will be shown by straight Lie-derivation of (4.9) :
My Lvg = Lvdp+ Lyp = 0, say [vB(x) = 0.
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Contracting eqn. (5.7) with respect to indices # and k, we have
— ¢ Kni + dav'Kys = 0 ...(5.8)

where we have used (1.6), (2.15) and (4.1). In veiw of (4.12), eqn. (5.8) may be
written as

&V Kns = duMj. ...(5.9)

Now, in the present case, ¢,v¢ denotes a non-constant scalar function o(x). Then,
we may assume the resolvability of Kj; of the form

1
K = vaMs, vo = = b ...(5.10)
On the other hand, introducing the form of v, from (5.10) into (4.1), we ‘get
1
(T én + ¢a)v" = 0. ..(5.11)
or

(1 + o)gu = O. .(5.12)

Since (1 + o) % 0, we have ¢* = 0; this contradicts our assumption

anv" =G #0.

In the second step, we try to resolve Kj; in the form :

Kui = va&i ...(5.13)
where
(a) ti= — %‘ M;
and
(®) &= G .(5.14)

With the help of eqns. (5.9) and (5.12), comparing the two forms of Kxi(x, %), we
obtain

1 1
Kl\‘i == ? qShM,' == Yh(-—* —; Mi ). (515)
or

(M = O, (5.16)

Here, we are trying to have (¢» + vs») = 0 for a non-zero M;, i.e,, we want to get
a set which we have shown in the relation

Vi, = — 9%, K = ks, &y s = Eis w(5.17)
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If this is possible because of (4.10), we have
Ent = 0. ...(5.18)

Such a case has been considered in another paper (Kumar 1976b).

We shall assume this fact and seek a necessary condition for this case implied
in our theory.

Equation (5.144) can also be written as

M;= — ok ...(5.19)

Differentiating eqn. (5.19) covariantly with respect to x* and noting eqns. (5.4), (5.14b)
and (5.19), we get

Mil g = — MSEJ' — GEiEs = — MsE"' - (GES) Ei = - Msii + Msgﬁ = 0.
(5.20)

On one hand, from (4.14), we can say that in order that the present theory contains
the main theory of the author’s earlier paper (Kumar 1976¢), it is necessary that we
have 3 = 0. Further, it satisfies (4.21). Hence, it is reasonable to consider such a
case.

Conversely, if B = 0, we get (¢ + va) = 0.
Thus, we conclude as follows.
Theorem 5.1—1In order that a recurrent affine motion, in an F: -space
= xt + vi(x)dt, v"“. = ¢iv!
admitted under assumptions

KS

his

vi = 0and {ys + )" = 0
becomes a main motion of the same kind
¥ o= x' + vi(x) dt, V‘U = — vV, Kuos = vaki, &i)s = Eiks

it is necessary and sufficient that we have B8(x) = 0, where B(x) denotes a propor-
tional factor, such that

Yo + ¢r = B(X)Kav* and _LvB(x) = 0.

6. APPENDICES TO SECTION 3

In the case of ¢; = non-gradient vector, we can state the following,
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Theorem 6.1—When ¢pv* = constant and ¢; is not a gradient vector, the

space FY is able to admit a recurrent motion of the form

Fo=x + vi(x)de, v}, = ¢t with yo* = 0.
The process of calculation developed in sections 1 and 2 holds when ¢; is
replaced by — y; formally. Hence, we have the Theorem (6.1).
In the existing theory of special recurrent affine motion of the form
% = xi + vi(x) dt, vilj + 1y =0

if we put an additional condition
ve¥* = constant,

we can obtain the following two independent categories of the motion

o= x' + vi(x) dt, vilf + i =0 ..(6.1)
satisfying

Yav" # O, vays = Ysin and Kpj = 0
or

7 o= xt + vi(x)dt, vi“_ + oyt =0 «..(6.2)
satisfying

= 0. ...(6.3)

These two results have been reported elsewhere (Kumar 1976¢c). The former
occurs vghen e = 0.
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