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Absolute L-Summability was first investigated by Mohanty and Patnaik (1968).
Subsequently it was studied by Ray (1972) for the first derived series of a

Fourier series. In the present paper we study the ablolute L-summability of
rth derived Fourier Series.

§1. Definition — Let f(t) € L(— =, =) and periodic with period 2x. Its Fourier
series is given by

J@® ~ ia, + z(a,. cos nt + b, sin nt) = 1a, + ZAn(t). (1.1
n=1 n=1

Formally, the rth derived series of (1.]) att = 8 is

joo]

Z ( (%—)'A,.(G). (12)

n=1
We write

$(1) =3 {/O + ) + /(6 — 1)}
Y)y=3{f@ + 1 —f00—1)

r—1 )
P(t) = z #%-t:, where p’s are arbitrary.
i=0
X@)=4[{/@ + 1) — P()} + (— Hr {f(6 — 1) — P(— 1}}]
T
g, = lk &) du, where k > =.
log T “

t
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§2. As in Borwein (1958), we say that an infinite sequence {S.} is summable
L,if

1 [+ <

— xn

Lix) = log (1 —x) ZS"7
n=1

tends to a finite limit S as x — 1 in an open interval (0, 1).

If L(x) is of bounded variation in (3, 1) for some § satisfying 0 < 3 < I, then we say
(Mohanty and Patnaik 1968) that {S.} is absolutely summagle Lor | L {. If Pand Q
are methods of summability, Q is said to include P (written as P => Q) if every series
summable by the method P is summable also by the method Q.

§3. Ray (1972) has proved that if g,(z) € B.V. (0, =) and g(¢) € L(0, =), then
the first derived series is summable | L | . We now prove the following,

Theorem 1 — If g(t) € L(0, =) and gy(t) € B.V. (0, =), then the series (1.2) is
summable | L | for every r.

We need the following lemmas to prove the theorem.

Since | C| = | 4 | (Fekete 1932-33), and
[ 4| = | L] (Mohanty and Patnaik 1968, Lemma 3)

we are now able to state,
Lemmal — | C|= |L]|.
Lemma2 —If3 > 0

O 3L {420 + (— v P 0y @iy cos e

[~

is summable | C,r — 1 + 8| or | C, r + 8 | according as r is even or odd,

T
(ii) z IA(I) tr(d/dt)r cos ntdt is summable | C,r + 3| when 8§ > 0 and
0

A(t) € B.V. (0, =).

This is a restatement of a result contained in the proof of a theorem given by Hyslop
(1939) [see Zan,y, Zan,, (for the case even and odd of (i) respectively) and Zan (for (ii))
of Hyslop’s theorem 1].

xsin f

— —1 T v o 7
Lemma 3 — (dfdt)" { cot }1 tan 1 —-xcos?

+ % log(l — 2xcost + x2)} =

(equation continued on p. 730)
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( r

| el St +olirtaph < <
= 1= .

!

|

L 0{,71471} whent > 1 — x.

PRrROOF OF LEMMA 3 : The left-hand side of Lemma 3 can be written as

' o Xsint ; _ :
@dldr) { cot ¢ tant X3 L t} & (dldt) {§ log (1 — 2x cos t + x%)}
= P + Q3 say.
First we estimate P,
Let v = uy = cot {t = 0(—%) ..(3.1H)
and
o fo(r=5)
v = y, = tan-1 1—'1% = l —x ...(3.2)
—Xxc 0 (1)
U, sin 4t = cos 3¢ ...(3.3)
Differentiating (3.3), we get
u, sin 3t 4+ 4u, sin (%t + %) = } cos (%t + ~g— \) ...(3.4)

Using (3.1) and (3.4)

u = 0 (712—) (35)

Now we proceed to establish the following estimate by induction,

U, = (}'rl_ﬁ) ...(3.6)

Let S; stand for the statement “uy, u;, ..., and ux hold”. From (3.1) and (3.3), it
follows that S, and S, are true statements,

Let the statement Sy hold for any k. Now we proceed to show Sx,, holds, ie., to

"1
prove ug,, = O(I—Hl)

Applying Leibniz’s theorem to the relation (3.3) for (k + 1)th derivative, we
get
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Upyy SID 3E + ( )éuk sin §(t + =) + ( k ) By U1 sin $(t + 2x) + .

. . 1 .
-+ ( I; ) 57 Ue-isy SN ¥+ jn) + ..+ 5% Yo SN 3t + k=)

2lk cos }(r + km)
Upyy == — 1 (k)éu sin%(t’—)—{—(k) Uz, Sin (¢ + 2x)
k+x—-m{ 3 T % 7% %—1 117

1
+ ..o+ ( I; ) 57 Uit sin 3(t 4 Jjr) + ... + 53 2" U, sin 3(¢ + kr)

2k cos (¢t + km) }

Upy, = O ( tk-li-z) since Sk holds for arbitrary k.

Ly = 0(1—,). (3.7)

gl

Differentiating (3.2)

b — x(cost — x)
oA
-+ 4x sin® 3t. ...(3.8)

v, = <’r 0{(1-—1x)}ift<1—x

'l. ( )1ft>1—x

By similar arguments as in the estimation of u,, we have

v,=j ofa=spf i<t = 39

IL 0(-’17),ift> 1 — x,whenr>0,

o4 olawl

'L o) when r = 0,

, where A(x, 1) =1 — 2xcos t + x% = (1 — x)?

Now applying Leibniz’s theorem for rth derivative of

x sin ¢ ,
1_17533—?} = (d/dt)" (uyv,)

(didr)r { cot} ¢ tan!

(equation continued on p. 732)
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r
i )u,_,-v.- =+ urvy

) o) {amy} + o {mrmmp whent <1
. ) 0(t,+}ﬂ. )(1—1;>+ O("ll)O(l) when ¢ > 1 —x.

1 1 ,
) (l — x)i tr+1-i + tr(l . x)} When t < l—x

i

~
~

...{(3.10)
1
0(7—;1—) when ¢ > 1 — x.

By similar arguments used in the estimation of P,

( 0{(113‘)7} whent < 1 —x

0= ..(3.1D)

A —

I

L0(1) whent > 1 — x.

Putting together the results (3.10) and (3.11) the lemma follows.
x—cost+ cot 3t sin ¢ }
Ax, 1) Axh

Lemma 4 — (d/dt)r {

]
=
I
\

X — Cost 1+cost} {_l—l-x }
PROOF OF LEMMA 4 : (d/dt)" — (didtyr 4 ——2_1.
@ar {55 + Bt =90 {3
Now proceeding exactly in a similar manner as in the case of Lemma 3, we establish

Lemma 4.
§4. Proof of the Theorem : If ris even

0(—1-—) when? > 1 — x.

trt2

(dldt)" Aa(t) = Tzr_ X &(t) (d/dt)r cos nt dt
0
- % P {P(t) + P(— 1)} (dldt) cos nt dt + %IX(t) (djdryr cos nt dt
0 0

= dn + Bn, s2Y.
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2

m
E’n = -ﬁ—-‘\ X(t) (d/dt)" cosntdt = i X gg? t"(d/dt)f cos nt dt
0 0
™
= ’T%T j g%t_) trt1 (djdt)r cos nt dt
0
w
2 k) ..
= e I (dfdr) {&(t) log T} r(d/deyr cos nt dt
0
™
= _i‘ j dgl(t) log k—ﬂ*—l(d/dt)' cos nt — _2_._ j g(H) 17(d'dt)r cos nt dt
mr! | |
= U, - Vu, SQY.
n
Us= > u,
v=0
i n
= 75 5 dgy(t) 17+ log X (aiary ( z cos V,)
0 v=0
= ,tz j dgy(1) 17 10g — (d/dt) E’ES_E%_;;)_’_
0

[e o] k4

n 2
E U, x? — = g dg (t) pr+l log — (d/dt)’ M(n, t),
=1 0

n

o0

xn si
where M(n, 1) = E X sin(n £ )
n sin 7
n=1
Now
oo o
xn eznt
Mn, t) = Im L pinr (et — | i{1/2)t
1) sml z n € Minis ¢
n=1 n=1
ei(1/2)t
= — Im lo — xeit
sn 37 og (1 — xe)

X sin ¢

= — }log(l —2xcost + x* + cot §ttant
1 —xcost
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o0 T
z U _ fdgl(t)terl log — (d/dt) {é log (1 — 2x cost 4 x2)

xsin ¢
cot i tan™! +— -},
+ L l—xcost}

We now proceed to study the summability [ L | of the sequence U,.
Before doing so, we write,
Ir = — log (1 — x).

Assuming § = 1 — e, we have

1

>8]
I = j ](d/dx){ I z Us ’;} !dx

3 n=1

T i 1 © .

j | dg,() | log sril J {ll—z (djdty z ﬁ_"_s_m_u} l
0 3 n=1

...{(4.1)
Since by hypothesis j | dg,(t) | is finite, it is sufficient to prove
0
1
= X [ (d/dx) [1% (djdt)r {—~ 3 log (1 — 2x cos 1 4 x?)
3
_ Xxsint . k \1
-+ cot 4¢ tan™! TIW}] [ dx = O {t 1(log T) }
..(4.2)
Now,
1
L= —r (d/de)r {—- tlog (1 — 2x cos t + x2%)
(-0l
. 1
., Xxsint . — cost
+ cot §1 tanl————l_xcost}[dx-i—gj (dfdt) { AGD
3

+ct§t smt }ldx
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1

= - (d/dt)r {% log (1 — 2x cost + x?)
1—-x1
]

1
., Xxsint 1 . Jx —cost
+ cot }t tan T weos7 t}dx + I I (d/dt) {————A 3
3

sin ¢
+ cot ¢ m} dx.

= J + K, say.

Now, takingr =1 — £

k

T 1
J=K+X=J1+J2,say.

3 T

By an appeal to Lemma 3,

= ol 3 () e + o)

i=1

+ i =57 =l

A
~

T

r
1 dx 7r dx
~o{ X2 e [a—we | el
/ 9 8
dx
+of| r=irr |
3

1 1 1
- of 2, T =t + o=l

i=1

r

fo=o Iz f=of > (o )"+ {ioe )7
{

3
()

i=]

+ ols- (log —-) } - o{t—r—l(log —'-})_2} (43)
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and
l d ] d
— X I ~r—-1} — -y S X -
h= | =S 0 = 06 | =g
~r— 1 == ~r- k7 .
—o(rm ) = o (o )
T 1
K= s + j = K, + K,, say. ...(4.4)
3 T

By virtue of Lemma 4

-

K = H{O{Utlf}”(hﬁ@?)

3
- [lmtsed so b=t - o (e 477}
...(4.5)
! 1
s I if O (%) = 0@~ [ ‘;’Tx

T

f

0@t-2). 0[1 7"]1 = 0{ t—H(log f;_)_l}. .(4.6)

Taking the results (4.3), (4.4), (4.5) and (4.6) together, (4.2) is established.

By Lemma 2(i) it can be proved that T asis{ C,r— 1 4+ &|,8 > 0and by
virtue of Lemma 1 it is summable | L | .

By Lemma 2(ii) it can be proved that X v, is summable | C,r + 8|, 5 > 0 and
by Lemma | it is summable | L | .

Simjlar treatments are adopted for the case when r is odd.
This completes the proof of the theorem.
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