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An exact solution of the equation of tramsient forced convection for time
varying inlet temperature of an incompressible laminar forced convection heat
transfer with fully developed flow in a circular pipe is given. The Laplace
transform technique has been used as the method of analysis. Analytical
result for laminar flow is presented.

NOMENCLATURE

temperature;

thermal conductivity;

specific heat at comstant pressure;
pipe radius;

time;

velocity component in Z-direction;

average velocity;

F, ¢, Z cylindrical polar coordinates (Z-flow direction);

fluid density;

Prandt]l number (= %’) ;

Reynolds number (= gg) ;

@)

dimensionless temperature (—-=

Meaning of any other symbols are given in the text as they occur.

1. INTRODUCTION

The study of unsteady forced convection heat transfer in tubes and ducts has

recently become of greater importance in connection with the control of modern
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high performance heat transfer devices. Literature on thermal transients is
limited but increasing. In the solutions of the problem of transient forced con-
vection in laminar flow, it has generally been assumed that the inlet tempe-
rature of the fluid is constant across the flow with a specified timewise variation
of wall temperature, wall heat flux or internal heat generation per unit volume.
There is also some work done on the thermal transient problems in heat exchangers.

The problem of transient forced convection heat transfer may be stated as
follows: the temperature distribution is to be obtained in the system at an arbi-
trary instant of time, given:

(i) The inlet temperature distribuiton as an arbitrary function of time and
space.

(ii) Initial temperature distribution for Z > 0 as an arbitrary function of time
and space.

(iii) A prescribed boundasy condition which may take many forms.

In the present paper the solution is obtained for laminar flow in a circular
pipe under a prescribed boundary condition with an inlet temperature varying
sinusoidaily with time.

2. FORMULATION OF THE PROBLEM

We consider a steady laminar flow through the circular pipe. The fluid
entering the pipe has a temperature which is spatially uniform across the entrance
section but varies sinusoidally with time. Therefore we can write the inlet
condition as

T 0,7) =T, + (AT), sin @i, 2.1)

where T, is the cycle mean temperature, (AT), the amplitude and & the inlet
frequency.

The unsteady energy equation for a fully developed hydrodynamic flow in
a circular pipe is given by

or, of_K [@ff L if]
Gt T LR T (2.2)
The inlet and the boundary conditions of the problem are as follows:

T =T, + (AT),sin @ when 2 = 0;

T is finite at r =0,

T=T,atf=a (>0
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The system satisfying eqn. (2.2) is subjected to the following restrictions:
(a) Fully developed laminar velocity profile in the circular pipe.
(b) Frictional dissipation of energy is mnegligible.

(¢) Axial conduction is pegligible with respect to bulk transport ic the 2-
direction. This is a reasonable assumption when Péclét number exceeds 100,

(d) Fluid property variations are also neglected.
(e) Thermal resistance of the pipe wall is negligible.

Further, to simplify the method of analysis the case of constant velocity
will be treated here and for this purpose we substitute # (= mean velocity) for
the velocity profile in (2.2).

We now introduce the following non-dimeansional quantities:

T —T, z H

0: = - e

(AT), ’ f=ae =%
_‘ﬁ? _Ki 1 _Tl_To
o= = Le=TEES

Equation (2.2) then becomes

a0 a0 1[o% 1 00

a T1%: “P[aT* 75]' -(2-3)
The inlet and the boundary conditions reduec to

0 = sin wt when z = 0; - Li2.4)

6 is finite at r =0, -

6 =0, at r=1. } (t>0) ..(2.5)

3. SoLuTiON

We now separate the foregoing problem into two as follows:
B(I',Z,t)=91(7',2)+02(I‘,2,t) ...(3.1)

where the new temperature functions ¢, and 6, satisfy the foliowing problems:

06, _ &0, 1 26,
PR % =~ T T ar ..(3.2)
6, =0 when z =0 3.3)
Uy is finite at r :0}
0, =6y at r=1. ER))
0y 05 1736, 1 38,7
ot oz —?[ a TF e «(3.9)
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6, =sir wt when z =0 ...(3.6)
6, is finite at r =0
0 S oare } u>0 (.T)
Now let
0, = [ e .6, .dz. ...(3.8)
0

Multiplying the differential equation (3.2) and the condition (3.4) by the
kernel exp (— sz) of the Laplace transform and integrating w.r.t. z between 0, co
and using (3.3), (3.8), we get

i + sl 28, =0, ..(3.9
where
P? = PRs.

The solution of (3.9) under the boundary conditions

8, is finite at r =0,
4, :ﬁ, at r— | ..(3.10)
s
is
5 _ Oolo(pr) -
- Pry ..(3.11
= s () 3-11)
The inversion theorem gives
' - Jo (ro,) (_ % )
6y(r,2) =8, [1 ~ 22 7 T, (an) €Xp PR Z s ...{3.12)
fi=1
where the «, zre the positive roots of J, (a) =0.
In obtaining 6, (r, z,t) we define the following auxiliary problem :
i, g LTE L 00]
7 + .R*é; AN + 7 or «.(3.13)
f; =cos ot when z =0 ...(3.14)
6, is finite at r 20}
2 ...(3.15
0, =0atr=1. (3.15)

Here we note that the auxiliary problem is similar to the original problem
for 6, except that the periodic condition is shifted by =/2.

Let us define a new temperature function @, (r, z, ¢) such that

0,=0, + ib,, ’ ...(3.16)
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then the problems given by eqns. (3.5) and (3.13) can be combined to give the
following problems:

0, re. 10,

Er + R Pl w7 v ..(3.17)

#, =€ when z =0; ...(3.18)

€, is finite at r =0,

t,.=0atr=1. } ~(3.19)
We now assume a periodic solution of the following type

bc(r,z,2) = €** . Y (r, 2). ...(3.20)

Introducing the definition given by equation (3.20) into equation (3.17)
we get

: o _17Ey 10y

iy + R <2128 2 ar] (3.21)
Boundary and inlet conditions for this problem become

Y =1 when z =0; (3.22)

¥ is finite at r =0,}

y=0atr=1. ..(3.23)

Let
b= e*. y.d. ..(3.24)

Multiplying (3.21) by e¢=* and integrating w.r.t. z between 0, co and using
(3.22), (3.24), we get

d%/l 1 d¢ _ oy
Sty e -PR(s+ 2)# = — PR .(3.25)
The solution of (3.25), with =0 at r =1 and § = finite at r =0, is
_ 1 [1 _!;_(EL’;] ...(3.26)
s+ o

where
q> = PR (s + %

Inverting (3.26), we get

V(rz) =2 zi(;la&) e"P[ (PR R ]

A =1
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Therefore
= 2si @ Jo (ra) (_ o
05(r,z,¢t) =2sin (wt R z) z T @) eXp PrR%) ..(3.27)
n=1
Thus

oo

= — Jo (rtw) - _ %
9(r,z,z)_9,,[1 2 z e exp( ¥ ]

n=)

+ 2sin (cot — = ) z :Jfrz::) exp (——gﬁ!z) ...(3.28)

6 (r,z, t) gives the dimensionless temperature distribution in a circular pipe
when the inlet temperature has been changed periodically. The solution
represents the exact solution of energy equation for slug flow assumption.

CONCLUSIONS

The expression (3.28) gives the temperature distribution as a function of time
and space in the form of infinite series, each term of which includes an exponential
term in z. This means that each mode of temperature distribution decays expo-
nentially along the pipe and the decay is inversely proportional to P and R.
Therefore for a given flow regime as Prandtl number and Reynolds number increase,
decay decreases. It is also observed that phase lag along the pipe is linear and
slope of this is w/R. Thus, as the inlet frequency is increased, phase lag increases
and as Reynolds number is increased, w/R decreases. These are now verified by
experiment which is still under further investigations.



