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In this paper thermal stresses in a long cylinder of anigotropic material due to
the presence of a source of heat which is situated at a point on the axis of the
cylinder are determined. The free curved surface is assumed to radiate
heat into the surrounding medium at zero temperature.

1. List oF SymBors Uskp

With the axis of Z taken along the axis of the cylinder, which is also
supposed to be the axis of elastic symmetry, the following symbols have been
used in this paper:

(r, 8, 2) = cylindrical coordinates of a point, referred to the origin
at the source;
Oyr, Ogp, Ozz, Trz = Stress components in cylindrical coordinates;
€rrs €9, €22, €rz = Strain components in cylindrical coordinates;
u, 0, w = components of displacement in cylindrical coordinates;
k = a constant depending on the ratio of the conductivity
coefficients %, along and k,; perpendicular to the axis
of Z; A
®1, ag = coefficients of linear thermal expansion along and per-
pendicular to the axis of Z respectively;
¢y = elastic constants;
@p = amount of heat flow per unit area;
T = temperature at any point (r, 9, z);
b = ratio of the surface conductance and the coefficient of
thermal conductivity along a perpendicular to the axis
of Z;
R? = r24{-2%;
R} = r2 22k,
by = (e11+Crg)o1+Caz%e;
by = 20130+ Cgstls;
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A, u = constants;
A = an arbitrary constant;
f(m), A(m), B(m) = arbitrary functions of m.

2. INTRODUCTION

In this paper thermal stresses in a long cylinder of transversely isotropic
material having a source of heat at a point on the axis of the cylinder have
been determined. The strength of the heat source has been found by consider-
ing the total heat flux through a small spherical surface enclosing the source.
The curved surface of the cylinder besides being free from stress radiates
heat into the surrounding medium at zero temperature. Considering the
cylinder to be made of magnesium, numerical values of the hoop stress at
different points on the curved surface along the length have been determined.
It is believed that such a problem has not been considered by any previous
worker of this field.

3. TEMPERATURE DISTRIBUTION
In a steady state, the temperature 7'(r, 2) at any point (r, 6, z) satisfies
the heat conduction equation

02T 19T 02T
—a-;'—z' ;'a—;+k2—a§=0 .. .. .. (3.1)

where k is a constant depending on the ratio of the conductivity coefficients
along the perpendicular to the Z-axis. Mathematically, the radiation condi-
tion can be written as
oT
ST =0 R ¢ X))
onr =a.
The contribution of temperature due to the source is given by

A
Tl:ﬁl‘ . .. . .. (3.3)

where A4 is an arbitrary constant,
and

R} = r2422/k2.

Again the solution of the heat conduction equation in the material is given by

Ty = f m3f(m) Io(mr) eos”-;c—’fm . (34
0,

where I(mr) is the modified Bessel function of the first kind and zero order
and f(m) is a function of the variable m.
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Since

= = —f Ko(me) cos —k— dm .. .. (3.8)

[ef. Gray and Mathews (1895), p. 227, Ex. 7]
we have, from (3.3), (3.4) and (3.5),
T = T1+T2—f [ Ko(mr)4-m3 f(m) ]O(mr)] ©08 —k—dm .. (3.6
as a solution of (3.1).
Applying the boundary condition (3.2), we have

24 m Ky(ma)—h Ko(ma)

m3fm) = —. m Ii(ma)+h Io(ma)

(3.7)

By considering the total heat flux across a small spherical surface of radius ¢
enclosing the source, we get

27
—_\—sh—{%f f (aR)R Eezsinedﬁdqﬁ. .. .. (3.8)
B
T (o
hmf f( ‘) _@sinfdfdp
€~ 0
_ €2 sin 0 o2 _ pofne 00520)}
= 27:A€1ﬂ oezvde [.RI—R(Sln 0+ 7
o wdk o VISR
VI=kE T 1—1—-it’
=4—47 4 , ifk2=1 .. .. .. (3.9)
4w Ak 2
\/77:—1 =1 ‘/k , k> 1.
Again

27 N7 -
. oT. .
1 ——2) 2 edo
el—lbn(.)fo J.()(aR R=E€ s d¢
—aatimez [ [ mEi(ma)—h Ko(ma)
= 44 lim fo o mIy(ma)+h Io(ma)

€=>{)

[m sin 6 I;(m e sin 8) cos (@e ©08 0)

k

- %cos 0 Iy(m ¢ sin 8) sin (%e cos 0)] sin 8 d6 dm

=0. .. (3.10)
Now the value of 4 can be obtained from (3.8), (3.9) and (3.10).

4. THERMAL STRESSES

As the axis of Z is taken along the axis of symmetry of the cylinder,
the stress-strain relations in the transversely isotropic solid in the cylindrical
10



146 J. C. MISRA

coordinate system are given by
()1 = c11(err) T +Ca2(es8) T+ C1g(e22) r—0,T
(é‘é)l‘ = ¢1o(epr) T +C11(€00) 1 +C13(€22)r—0,T .. .o (4])
(22) = cy3(en)r+cis(eon) T+ Cag(€zs)r—b2T
where b; = (cj1FCro)a11Casoty, by = 2¢1301 +C33%,
¢ciy are elastic constants,
(ere)r, (€00)T, (€22)7, (€rz)r are thermal components of strain and
(7)7> (88)1, (22)r, (2); denote components of thermal stress tensor.

Considering the axi-symmetric character of the problem, the correspond-
ing strain components are given by

auT ur
(ere)r = ——, (esd)r =,
aar ;" 5 (4.2)
(ezz)r = ‘;"f , e = _%‘_’__g;_r

where (#r, 0, wr) are the components of displacement due to temperature.
Substituting (4.2) into (4.1), we get

- ou U a
(i) =c¢n ‘57T+012 7T+013 _%T ~b7T

(68)r = c14 %+011 1%-!-013—3‘2} -b,T (
4.3)
_~ d O
(Z8)r = 13 %:,21'013 u—rT+033 —aw;T —bsT
A 0 0
(f2)r = c44 (Fuzz_l__;)_?r)
In the absence of body forces, the equations of equilibrium are given by
)z  AR)r , ()r—(60)r _
or 0z r (4.4)
dR)r , 0B , R)r _ o
o T o T =0
Substituting (4.3) into (4.4), we get
0%y 1 auT ur asz aﬁuT — oT
011(—3722+; - r—z) +(c13+C44) o Tou g = b,
and (4.6)
a’wr 1 aw,T V azuT 1 auT aewT - _31’
44(-533-'"; —a*;)+(013+044)(m+; ¥ +c33 E be e

I0B
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Let us assume

’MT"—-)\%%\’
o6
wT=’La—z)

A and p being arbitrary constants.
Putting (4.6) in (4.5), we obtain

0 19
c11)‘(5 f+ a(ﬁ) F[Acaatplers+cod)] 5 f = bT

0 1 a2
[644M+A(013+044)]( ar‘f p af) +eap 5 f = T

which are satisfied simultaneously, if we take

2%¢ 1 dé 0%

6r2+r 8r+k2 922 =
0%¢ _

kz-a?—

and if the constants A, p are given by the relations
’ A(cgg—k%cy1) +plcig+cae) = bik? }
—Me2(c13+Cq4) +pu(cas—04ak?) = bok®.
Solving (4.10) for A, x we get '
— bik*(c33—Cagk®) —Da(C13-+C4q)
C11€44k4 -+ (Gfg —¢11633+2619044) K%+ 35044

_ _ RP[bik2(ci3t04a) +O5(Ca—cnik?)]
C1104ek4+ (Ci; — 11635 +2013644)k2 + 33044

We can take a solution of (4.8) satisfying (4.9) and (3.6) in the form

k k

b= — f m f(m) Io(mr) cos ———dm——2—4J‘ porct 5 Ko(mr) 008 Z im.
0

147

.7

(4.8)

(4.9)

. (4.10)

. (411

4.12)

Using (4.12) in (4.6) we have the displacement components due to temperature,

24A

Ur = -/\f m’f(m I,(mr) cos T % dm +——f — Ky(mr) cos Tdm
0

24p

wy = gf mlf(m) Io(mr) sin ——d +— J' Ko(mr) sin —k—dm
0

(4.13)
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Also putting (4.13) in (4.3), we have the thermal components of stresses,

F)r= (% —)\cu—-bl) [f m3 f(m) Io(mr) cos -—dm+——— f Ky(mr) cos —dm}
0

+)\ 011-61z [f m2 f(m) I;(mr) cos —dm-— ?ﬂﬁ -ﬁKl(mr) cos —dm]
0

(68)r = (""_01_3 -Acu—bl)[f m2 f(m) Io(mr) cos —dm-{-—-f Ko(mr) cos Tdm}
0

_ Men—¢r) f m2 f(m) I;(mr) cos e dm— 24 1° —Kl(mr) 008 % dm
r . k ™ J, k

mz 24

()= (F]:: Acls—bz) [j m3 f(m) Lo(mr) cos —~ f Ko(mr) cos T dm]
0

R)r = —L—-“ [f m3 f(m) Iy (mr) sin Tdm— ——f Ky(mr) sin — dm]
(4.14)
5. ErasTro STRESSES

Let us now find out the complementary displacements (u), and (w)e,
and the complementary stresses (#)c, (68)e, (%2)c and (7). in the absence of

temperature.
The strain components (err)c, (€s)e, (€z2)e, (erz)e are given by
(ere)e = a( )c {es)c = %)_c’ (ezz)e = a(;;)c s
5.1
a(“)c 0(w)e &1

(ef'z)c - az + ar .
Again the stress components are given in terms of the strain components by

(e = caalerr)c+C12(€00)c+C13(€zz)e

(88) = cya(err)ctcra(es)e+cas(ezs)e

. (5.2)
(z2)e = c1glepr)etc1a(en)c+cas(ezz)e
(2)e = culerz)e -
The equations of equilibrium, in the absence of body forces, are
A)e , AR (Tf)c—'(w)c
or 0z
and N X))

9(72)c a(zz)c (F2)e

6r+az r=0"
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Let us assume
o
(#)e = "a%/f ]
and R (- 23
o

(w)e = 85;-

Substituting (5.2) into (5.3), we have with (5.1) and (5.4)

0% 10
( arf+ p a;/,,) +least+s(cist+ea)l 55 f .. .. (8.5)
and
10 02
(13 Cos+8 c44)(a;£+r a‘f) +8 335 5 f . .. (b.6)
A non-zero solution of (5.5) and (5.6) exists if
8(c13+Cas) 044 8 Cog 2
= = . .. .. 7
11 §caat(Crstoas) © (say) 6.7)
Eliminating s from (5.7), we have
C11CaaP* (2018004 025 —€12059) P2+ Caz0s = 0. . .. (6.8)

The nature of the roots p} and p% (say) of equation (5.8) depends on the values
of the elastic constants ¢;. It has been found that these are real when the
material considered is magnesium but are conjugate 1magma.nes in the case of
zine (vide Elliott 1948).

Then i, and 5 are the solutions of

22 . \
(972+r ar+p‘ az2)'/" 1=1, 2, ‘e .. (6.9)

Now the complementary components of displacement become

(o = 52 (1-+a)
5 (5.10)
(w)e == (s1¥1+33¢)

where s, and s, are the values of s corresponding to pf and pz respectively.
Let us take solutions of (5.9) in the form

w0
¥y =f m A(m) Io(r—n% r) cos %—zdm
0

and 6.11)

e = f m B(m) Io(m—k—p’r) 008 %zdm
0

where A(m) and B(m) are the arbitrary functions of the variable m.



150 J. ¢. MISRA

Caloulating now the elastic components of displacement and stresses, we have

(e = %f m’[m (m )Ix( )+sz<m>I,(—— )] c0s 2 dm
1]
(@)e = —%fo m2[81 A(m) 10(7_)_170@_1_ r)+32 B(m) I?(rn_lfg r)] :sinw—;gE dm

-]

—_ 1
(r7)e = 5 [(cupl-clgsl) A(m) Io( )+(011p2—61382) B(m) Io( )] cosy—n]; dm
. o 0
cu—ciz [ 2
- —I—I—E;Lg fo mz[pl A(m) I, (ﬁ% r) +pg B(m) Il(?}i‘:& r)] cos —'%— dm
(66) =2 wm” (c1202—c138;) A(m) I +(C1205~C1552) Bm) 1, P24} | cos = dm
c=72 1277 = C15%1 0 k +(c1205 = 1552 o\ 7 7

+c-‘—17c“——r““fo mz[plA(m Il(——— )+p23(m 11( )]

X cos %dm

(5.12)

1 [ V
@) =1 o m? [(6131’?—0388 1) A(m) I 0(@% r ) +(c13p;—caase) B(m) Io (7—'%2 r)]

mz
X cos T dm

(FR)e= — %29 , mﬁ[(l—l-sl)pl (m) Il( )+(1+32)p2 B(m) Il( )]sxn———dm ;

(5.13)
Now the resultant displacements and stresses can be calculated as
u = (u)r+(u)e |
. 5.14
w = (@)r+ () o
. (5.15)

= (f)r+(72)c .
In order that the boundary surface of the cylinder may be free from radial

and shear stress, we have
P=0=7R v e e .. (516)
a
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[ 7 (cuvf— 01381)10( )+p2 (€12—c11) I1( T )] (m)4
[Ic2 (cpl— 01382)10( )+ > (012 —cy) Ix(—kp—z“)] B(m)

+ | (582 —dess ) {22 tmar s o) I}

AMeip—eqn)

24
+ poyn {-;Kl(ma)—m3f(m) Il(mw)}] =0 .. .. .o (8.17)

and

|a-+sum 1("22a) | om0 1 ("220) | 20

"'“‘ [2‘4 Ky(ma)—m3 f(m) I( ma)] =0. .. .. .. .. (518)
Solving (5.17) and (5.18), we get
Aq(m)
Alm) = A 3(m)
and
_ Ag(m)
Blm) = 3 gtm)
where

A 2
Afm) = : [kz (e11P3—c1852) IO( )+———~ (12—cu1) Iy (T{E a)]
x [2—1’4 ky(ma)—m3 f(m) Il(ma)] - [(1 +82)pg I ("fkﬁz ):, [(."‘_z;_s —’\011—61)

{ o(ma)-+m?3 f(m) Zof ma)} Ae1z—cn)

ma

x4 22 K yma) —m fm) Iy }]

Ag(m) = [(1 +s)pidy (7'%?-1 “)] [(E]% —)‘011—51){ "2;A K¢(ma)+ms f(m) Io(m“)}

+_.__._.__._)‘(61:';0“){ 24 K (ma)—m3 f(m) I,(ma) }] -Z” [ 5 (6111’1 €1351)

on(mpl )+ID1 (012—011)11( ,f) “)] [g:;q Kl(m)—msf(m)ll(ma)],
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Asg(m) = [ 7 (cupl—-c1s81)lo(% a) + (ze—cu) Il(T )]

X [(1 +382)p2 11(7"'1%0—2 a)] - [(1 +81)P1 Il(mfcp—l a)]

[kz (enpy— 01232)10( )+p§c (19— 011)11(7%‘?3 G)]'
With these values of A(m) and B(m) the stresses are known completely.

6. NuMERICAL RESULTS

Let us consider the case of magnesium for which the roots of the equation
(6.8) are real. The elastic constants are given by (vide Hearmon 1946)

¢1y = 0-565 % 1012 dynes/cm?
€1z = 0-232 % 102 dynes/cm?
¢33 = 0-181 X 1012 dynes/cm?
cgg = 0-887 X 1012 dynes/em?
Cqy = 0-168X 10'2 dynes/em?.
Also the coefficients of linear thermal expansion along and perpendicular to
the Z-axis are given by (vide Forsyth 1954, p. 147)
a3 = 27-7 X% 107% cm/°C
= 266 X 10~6 cm/°C.
It is found (Fishenden and Sounders 1950) that the coefficient of heat transfer

for pure polished metals i 0-7x 1074 cal/cm?2.
With the above values of the elastic constants, we find

A = 0-2093Q,
b, = 26-805 x 106
by = 25-840 % 108
= —52-18 X106

p= 17777 % 106

83 = 2:1410

85 = 0-5547.
The integrals have been calculated numerically and with a = 1, variation of
the stress [(@). . anx 10710] for different values of Z is given in the following
table:

zinem +01 +03 +0:5 +0:7 +0-9

(80)y = % 10720
Qo 7-8181 7-3674 7-0739 6-3546 5-4348
dymes/em? cal
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