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In this paper we have obtained the conditions under which a factored Fourier
1

series is summable | B, exp {(Iog w) “}, 248 (o is positive integer and
3 > 0) whenever t~8 ¢u(t) is of hounded variation in (0, #) where 0 < B < 1.

1. DEFINITIONS AND NOTATIONS -

Let A= Aw) be a differentiable, monotonic increasing, function of w
tending to infinity with w. For a given infinite series 2 a,, we write

Afw) = Z AW) =AY G, (r > 0).
n<w

The series Z a,, is summable | R, A, ], ¥ > 0, if

fj d;%}l<w

where A4 is a positive number (see Obrechkoff 1928, 1929),
Now, forr>0,m<w<m1,

3o A} = Gl > )=y Ao,

nsw

Hence, the series £ ay is said to be summable | R, A, 7|, > 0, if

J‘m rA'(w)
4
is convergent.

Dy Z £A(0) = A0)}T 1 X7 )t
n<w

It is evident that summability |R, A, 0| is equivalent to absolute
convergence.

Let f(t) be a periodic funetion with period 2w, integrable in the sense of
Lebesgue over (—=, =). Without any loss of generality the constant term of
the Fourier series of f(t) can be taken to be zero so that the Fourier series of
f(¢) is given by

dw,

2]

i (a4 cos nt4-by, sin nt) = Z An(t).

n=1 n=1
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We use the following notations throughoﬁt this paper. We write, for
B>0and p > 1,

1
mm=eq&wgwfﬁk @=1,2...) (LD
$(t) = Hf@+O+fla—t) .. .. .. .. .. (L2
balt) = at~= j: (t—uy—1d(u)du, (a>0) .. .. .. (1.3)
e(n) = nf(log (n4-1))"? . . .. oo (1)
E(w, t) = :§: (e(w)—e(n))*+~1 e(n) cos nl (L5
K(w, t) = 2: e(w)—e(n) =1 e(n) e(n) cos ub .. .. (L6)
g(w, 1) =f w8 K, w)du .. .. .. .. (L7
h{w, t f w8 K@, «) du .. .. . .o (LB)
F@o, t) = (3%) Flwo, 1), .. . .. .. .. (LY

2. INTRODUCTION
Concerning the Riesz summability of a Fourier series at a point, the
following two theorems are known:
Theorem A*—If ¢,(t) € BV(0, =), then g Ag(x) is summable | R, n, 28],
(x> 0,8 > 0). "
Theorem B (Pati 1957)—1f ¢,(t) log I;GBV(O, ), where « is a positive

Integer, then the series 2‘0 Agn(x) is summable | R, e(w), a8/, (§ > 0).
ne=1

One of the purposes of this paper is to settle the nature of summability
factors required to acquire the same result as in Theorem B under the
hypothesis on ¢(t) in Theorem A, which is weaker than the hypothesis in
Theorem B. 1Indeed, we succeed in proving a result of a still more general
character.

Theorem—Let t~* ¢,(t) e BV (0, =), where a is a positive integer, and let 8
and p involved in the hypothesis, and the factor sequence e(n), satisfy the
following set of conditions:

when 0 <8< 1, thenp-—1=€ . .. ..@2n

when 8 =1, then p—1= 2+£ . .. o (2.2)

* Bosanquet (1936). Summability | R, n, «-8] is equivalent, by a well-known result of
Hyslop (1936), to summability |10, a+3).
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Then > A n(x) e(n) is summable | R, e(w), a+38], for every 8 > 8.
n=1

3. LzmmMmas

For the proof of our theorem we require the following lemmas :

w0
Lemma 1 (Obrechkoﬂ' 1928, 1929)—If the series 2 an is summable

n=1
| R, An, 7] (r ), then it is also summable | B, A4, #'| where 7' > 7.

Lemma 2—If o is a positive integer > 1, then
(e(w)—e(n))*+5=1 (cos nt)eq = Oft—1a+)) ea+3-1{3) log w/w}
n=sw
14 & 1
+0{ {x+8) ea:+6 l(w) (IOg ,w) ac aw-—a}
Proor: This result is contained in the proof of Lemma 8 of Pati (1957)

and is based on Lemma 6 of the same paper.
Lemma 3—If « is a positive integer > 1, then

K@D, t) = O{t—@+D gx+3(1p) w8-1 (log w)t-P}

5 1
+0{t-(a+6) e +8(yw) wh—2 (log w)”rp“;}_
Proor: Let m <w <m-+1,thenfor 1 <n < n' < m,

(e(w)—e(n))*+*=1 (cos nt)@-1)

KUy, t) = O{e(w) e(w) max } !

= Ofe(w) e*+t¥(w) log w/w gr+1}

8 1
0149 ex49() eawp=? (log )" ™55
(by Lemma 2)
= Oft—*~1 ex+¥(w) wh-1 (log w)t 7}

§ 1
+0{t“°‘+") e* () wh~? (log w)Hé Te _p}.
Lemma 4 (Pati 1957, Lemma 6)—If p is zero, or an even integer such that
2 < p<a—1, then
(6(10)—e(m))e+o=1 (= 1y ne = Ofe*+=(w) log wjw}
nEw

s 1
+0{e¢+"“1(w) w=? (log w)HE- 5‘}.

1
Lemma 5—'5" (ew)—e(n)<+*-1e(n) <1 n) = O ex+9(u) w:+# (log )™ **9},

n<w

—1,
t (cos nt)(a_l) means (aat)(a )(cos nt).
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Proor: 2 (e(w)—e(n))=+8-1e(n) n*~1e(n)

nsw

= 0f ex+0-1(y) -1 e(n)e(n)?
frremen 2, <]

21
= O{e“”(w) w* e(w) (log w) “}

1
- 0{eu+8(w) w8 (log w)‘(p+;)}

gince, for m < w < m-+1, we have

> e = > enyen)=0(L)+ > e(n)e(n)
nE<w n=1
and

m

Z e(n) e(n) <J (%) (%) da+e(w) e(w)
2

=2

w

1
= i—:—'_-— @ (log x)" %e(x) -a% (e(x)) dx+e(w) e(w)

= O{e(w) e(w)w (log w) }—i—O{e(w) e(w)}

= O{e(w) e(w)w (log w) -—i}

Lemma 6—1f p is zero, or an even integer, such that 2 < p < a—1, then

I= f e~y w1 (log w):[K(P) (w, =) | dw

is convergent.
Proor: We have, for 1 <7 <n' <[w],

[ KO (w, m)] =] (=1p2 > (elw)—e(m)+*=" eln) e(n) (—1)"

n|w

(e(t) —e(m))e+>-1 (= L) e
N sw

< e(w) e(w) max

2.1
= ¢(w) e(w)[O{eM-l(w) log w/w}+0{e”‘+5"1(w) (l‘)ﬁ‘ga——} ]

(by Lemma 4)

ST S———S
= Ofe**+3(w) wh-1 (log w)=P}+ O e*+¥w) w?~% (log w) = af,
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Hence
(.o B l+1—p I 5 © e 1—p+§_ )
I1=0 f wh=2 (log w)* dw5+0lf wh=0-1 (log w) " *dw
e € p
= O(1).
Lemma 7—7The integral

w0 l T
J = j e—@+0) () w1 (log w) f uP K(w, u) du | dw
e 0

is convergent.

Proor: In the case g = 0, the proof is trivial. Hence we prove for
0<B<1. Wehave

f wP K(w, u)du = Z (e{w)—e(n))*+3-1 e(n) By,
0 nsw
where

By = ¢(n) r uB cos nu du,
0
And by Lemma 2 of Chandra (1970), we have
| " 4B cos nu du = O(n=1-8),
0

Hence
B, = Of{e(n) n—1-F}

= O{n=1 (log (n+1))7}.

Now, since the series 2 B, is absolutely convergent, it is also summable
| R, e(w), «+3|, by Lemma 1. And hence the result of Lemma 7 follows,

4. Proor¥ orF THE THEOREM
We have

Ap(r) = ;‘—Bf (t) cos ntdt.
0

The series s A, (%) e(n) is summable | R, e(w), a3}, if
fn=1

dw

® 1
= f (log w)

o Wertd(w)

Z {e{w)—e(n))=+—1 ¢(n) e(n)f (t) cos nt dt
n<w ¢

dw

© 1 g
= f e~@H+d(w) w1 (log w)* f B(t) K(w, t)dt
14 0

<< 0,
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Integrating by parts « times, we have

f é(¢) K(w, t)dt = [Z (=11 @,(t) K= D(uw, t)] +(—1) f D,(t) K@, t) dt
0 0 0

p=1

D,(t) KD(w, t) dt = f o 1) £ HE K@) d
fou (0,08t = o | o) 178302 Koo, 1y

= (¢a(m) 7~P[I'(x+1)) f tx+8 K@, t) dt
0

T 4
—_ ﬁ fo d{‘ﬁ“(t) t~ﬁ} fo ux+8 K(a)(w’ u) du

1
I'(a+1)

1 T
T Iat1) fo glaw, t) d{ga(t) t—F}.

Hence, finally, we have

be(m) m=F g(w, m)

kol

f &(t) K(w, t)dt = [ I IL (1)t Klo~2 (1w, t)}

0 0

=172 g, )+ [ it g, .
Now ¢y(7) = 0, K7 (w, =) = 0, whenever r is odd, ¢,(=) »—# is finite and
[[ 1201y <co.

Hence it will be sufficient, for the proof of the theorem, to show that

@ 1

f e~ 4 (w) w1 (log w)*| K (w, m)|dw <0, .. .o (4.1)
€

for p is zero or an even positive integer < a—1

© 1

f e~+8)(w) w1 (log w)*|g(w, =) |dw < o .. .. (4.2
e
© 1

f e~H(w) wl (log w)*|g(w, t)] dw = O(1), .. .o (4.3)
e

uniformly in 0 < ¢t < =.
The proof of (4.1) has been established in Lemma 6. Also, since

g(w, t) = g(w, m)—h(w, 1),
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we have
@ 1
f e—(a+5)(w) w1 (lOg 'lU)a Ig(’W, t) | dw
e
T 1
< f e~@ i) () w1 (log w)* | glw, t) | dw
€
@ 1
+ f e=@+8)(w) w=1 (log w)* | g(w, ) | dw
[
w 1
+ J e~ (w) w (log w)* | h(w, ) | dw,
where

k kA _
,=Z(10g z) and A = (=) 1—p+8/a).

Hence, the theorem will be established if only

@ 1

Jy = f e=@+)(w) wl (log w)* | g(w, 7) |dw <0 .. .o (44)
4 1

Jo = f e~ () w1 (log w)* | glw, t) | dw = 0(1) .. .. (4.5)
w 1

Jg= J- e~@td(w) w1 (log w)* | h(w, t) | dw = O(1) .. .. (4.6)

uniformly in 0 <t < o.
Proor oF (4.4): Since

glw, ) = | " w8 Koo, ) du,
0
integrating by parts « times, we have

@

glw, n) = Z ¢y K=, 77)+C’f uf K(w, u) du,
i=1 0

where ¢; and C are constants, not necessarily the same at each occurrence.
Hence for the proof of (4.4), it is sufficient to prove that

o 1
Ji,1= f e~ ) w1 (log w)* | KN w, 7) | dw < oo .. (4.4qa)
e
where p is zero or an even positive integer < «—1 and

® 1
Jy, 0= f e~(=+)(4) w1 (log w)? dw <oo. .. (4.4b)
€

f uf K(w, u) du
0

6B
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The proofs of (4.4a) and (4.4b) have been established in Lemma 6 and
Lemma 7 respectively.

Proor oF (4.5): By the second mean value theorem, we have

11
glw, 1) = t‘”BJ‘ éaz‘b (K=, w))du, (0 <n<t)
n

> (elw)—e(m)<+=1 e(n) =1 e(n)

n<w

= 0{ o8

%

1
= O{t‘”ﬁ e*+5(w) w+B (log w)—(m-;)},
by Lemma 5. And hence

Jy = 0s t“'Hgf w*tF—=1 (log w)~P dw !
U e f

= Offz+6 1748 (log 7)"P}
=0(),
uniformly in 0 <<t <.
Proor oF (4.6): Integrating by parts, we have

h(w, t) = [ur+8 K@=D(w, u)]; —(a+F) f uxtB=1 Kle=N(p u) du
¢

= q2t8 K~ap, 7)—t2+8 K@=y, §)

T

— (ot +B) f ux A1 Kle=D(p, u) du
¢

= m+8 Kle=N(y, 7) 4-O{tf~1 ex+(w) wi-1 (log w)1~P}

1-8
+0{ﬁ“8 e +3(1w) wf—? (log w)l_p" T}

K

+O{e°‘+a(w) w1 (log w)l“l’f up—2 du}

t

w

5 1
+0{e"‘+‘s(w) 08=? (log W)H;—;‘_pf up—8-1 (lu}
¢

by Lemma 3. Therefore,
h(w, t) = O{ | K*=U(w, #) | }
+O{tB—1 ex+8(w) w1 (log w)l ™7}

1-8
+0{tﬂ‘6e°‘+5(w) w8 (log w)"”‘_a’} .. .. (46a)
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where 0 <8< 1, and for 8 =1,

h(w, t) = O{ | Kl*~V(w, 7) | }+0i10g ?e”ﬁ(w) (log w)r-» %

‘ 1_p 12
+0Y a0 w1=2 ex15(u) (log w) B } ... (48D
Therefore, for 0 < g < 1,

® 1
Jg = O{f e=@+9) 1 (log w)* | K@=(w, 7) |dw}

«© 1
+0{tﬂ—1f (log w)‘;‘ﬂ-p wh—2 dw}

i o]

8
+0{zﬂ—6 f (log w)z ! ypo-1-s dw}

=J3,1+0(1)+0(1)
= 0(1),

since the boundedness of J; , follows from Lemma 6. And, for 8 =1, by
(4.6b),

® 1
J3=J3 1+0{10g ]gf (log w)z " g2 dw}

®© 8
+0{t1—5J (log w)= TP e dw}

= 0(1),

completes the proof of the theorem.
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