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The present paper ig concerned with the determination of dynamic thermal
deflection. of a simply supported rectangular plate of thickness - of which
one face is at the zero temperature while the other face has prescribed tem-
perature. The solution is obtained in the form of a double trigonometric

series.

INTRODUCTION

It has been pointed out by Boley and Barber (1957) that the analysis of
the behaviour of various types of structural elements subjected to elevated
temperatures is often of paramount importance in the design of high-speed
aircraft or projectiles and that in order to perform a practical analysis of this
kind, it is necessary to examine the importance of the role of inertia. In fact,
the agsumption that the inertia may be disregarded does not seem reasonable
for structural elements exposed to rapid heating, as may be encountered,
for example, in high-speed propulsion units or in problems of thermal shock.
A thermoelastic analysis in which inertia term is retained will be referred to
as a ‘dynamie solution’. The authors mentioned above have discussed thermal
vibration of a simply supported rectangular plate under a uniform step heat
input over one face with the other face thermally insulated. They have
assumed that the temperature is propagated only along the thickness, which
is, in fact, valid for a very thin plate. In the present paper a more realistic
problem has been considered. " The temperature is supposed to satisfy the
general quasi-static heat conduction equation in the plate and thermal vibra-
tion of simply supported rectangular plate of thickness subjected to a non-
- uniform temperature distribution on one face with zero temperature on the
other has been discussed. Results of two other cases corresponding to the
constant temperature distribution and temperature prescribed at & point on
one face of the plate have been briefly presented.
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FORMULATION OF THE PROBLEM
Governing Equations

Let us consider a free simply supported rectangular plate occupying the
space

.

0<w¢<a, 0Sysh —bs:es

Lol

We assume that the temperature 7' is given by

T(x, y, 2, t) = (z+g) Z Zf""‘(t) . 8in @,x sin B,y

where
mar naw
=T Bp=T o ()
Smn(t) will be determined from the heat conduction equation. In this case, it
is found that the temperature on the face z = —A/2 is zero.
As a particular example, we consider the case
1, _n="Tole—2).y.b=y) .. .. .-
2
t=0

T, being a constant.

This expression satisfies the condition that the temperature is zero at the
edges of the surface z = /2.

Heat conduction equation being
or T T 107
0x2 ' 0y? ' 02 k' ot
We have
d frunlt
l’é_ti_) = — o+ Ba?) - foun(t).
Hence
Fonll) = pimnn g 0)

pmn being a constant and k is the thermal diffusivity. The constant u,,, can
be found from the nature of the temperature prescribed on the upper face.
Now initially,
Tot(a—z). y(b—y) =h 2 X ppy . sin o,z . sin By,
m n
By Fourier’s method, we get

647,020
#mn=;s.—mom; mn=1,3,85,...

Hence the temperature distribution is given by

‘ 252 & e . :
T(o,v,2,0 = (s+]) SHEE > LY Hp—
. m°n
m=18...8=138...
I2B
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where
Viun = k(@ -+5n").
The above result gives
)
Mr=ak 2T dz
h
T2
> - sin %y . BiL ﬁ Y,
S5 mem
Mm=1,38... =138
where
A 16 Ta®*h%el
o = o

3 n® ’
«, B denoting coefficient of linear thermal expansion and Young’s modulus of
the material of the plate respectively.

Differential equation for normal deflection w(z, y, t) of the plate is (cf.
Boley and Weiner 1960, p. 384, 407).

0 W _ V12MT
=y R 7}
En?

D= 20— denoting bending rigidity of the plate and p the density of the

DV fwph Ll

material of the plate. The constant » denotes Poisson’s ratio of the plate.

Initial and Boundary Conditions

(i) Initial conditions:

for N -
0sz<a 0Zy<>b
(ii) Boundary condition: The plate being simply supported,
w0, y)=wla,y) =0, foralyin 0Ly<b
w(z, 0) =wx,b) =0, foralz in0Lz<a

*w My
‘a—‘z—’f+“]._:7)‘5=0, at c=0,a . .. (6)
8“w MT
ay, )D =0, at y=0,5
SoLuTION OF THE PROBLEM
We assume
[+ -]
wz, g, 0= > D dmld).sinonr.sinfy. .. ()

m=x1,38,5... =1,8,6...
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Inserting the above result in (4), we deduce the differential equation
satisfied by ¢y, (2) as

& ¢m<t) Molag4B3) . e~ Ymn -t
+)‘,,m¢mn( ) = oh{1—v). mn? .. .. (8
with
¢mn(0) = ¢mn(0) =0. .o . ‘e (9)

Solving the equation by the use of Laplace transforms,
Gmalt) = /\o(“fn'l'ﬁi) [’)’mn - 8in (Mg - 7) __ cos (Ams - 1) e Yma-l ]
T =) | p Rt Ven) () Rt via) )
Hence the thermal deflection w is given by

o

X % (Oti. +B:)
w(z, Y, t) = ph(l—l’) : . 12 z m3n3/\mn(A,2n,,+'Y,2nn)

»8,6... =1,3,56...

X {Yun - €I (Ans - &)= A - COS (Agun - £)

A - €Y 8 sin @2 sin By B 4 ()]
where
2 _-D 2 2 \o
Amn - ﬁb(am-*'ﬁn)

’ Ymn = k(¢m2+pn2)-
It is found from (3) and (10) that the boundary conditions (6) are obviously
satisfied,

Discussion
(i) The expression for normal deflection shows that after a long time

there is a vibration with period 2m
”

_|D , (m %
= 177 (4 35)

This result is independent of temperature which only affects the amplitude.
The lowest frequency u is given by

1 /D 1 1
"‘E«/p—k'”(a‘“’ﬁ)'

(ii) Dropping the inertia term, we get the static solution from the equation

where

Dvl‘w+711M)T 0 .. .. .. ..Qy
under the boundary conditions (6).
The solution is given by
A = & Sl 4, sin Buy. e~ Ymn-?
W%, ¥, §) = 5 . (12)
D(l"")m=1§,;;, ”sgm_ m3n¥(tm” 4B’
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ApprrioNarn Resvrrs

The method can be applied to the other cases also. For example, we
consider the following cases:

@) [T] = Ty=constant, for0=z=a, O0Zy=>h

=3
t=0
with
[T]z=0,a, = 0, fOI‘ > 0.
y=0,b
The results are given by
o0 [}
- lGTo sin U . SID Bny —Ymn .}t
T(CE, Y, 7, t) = (Z ) z Z T e
m=13%... n=1, 3.
< —  sin auz. sin B sin @, . sin By ¢
Mr= )‘o 1 . e“?’mn .
where
. 4 «ERT,
Ao = 3’ . "2 .
Hence

& 2 (o +£2)
. w(x, y, ph(].—") Z z mn. hmn(A:;n+yizn”)

m=18... n=1,38...
X {¥mn - B0 (A« 1) =Amg + €08 (A - £)
Ay . 6" Ymn "}. §in &, . 8in B,y

@) (7], _» = Todlx—£)8(y—n)

z
t=

oMYy

where T, is a constant and 8(x) denotes Dirac’s delta function.
Also

O<é<a, O<yp<b
The final results are given by

B 4T, -~ <
T(x,y,z,t)=(z+§).a-ﬁ: E Esina,,,f.sinﬂ,,.'q.sinoc,,,:v.sinﬁ,,y.e
m=1 n=1

—¥Ymn .t
(-] oo

MT=/\,,Z zsina,,,g.sinﬁ,,.q.sina,,,x.sinﬁ,,y.e
m=1 n=1

~¥mn.t

where )
aBT, . b
ho= g5
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Hence
o h X X (e 4BE) sin anf  sin B n
u’(fb Y, t) —ph(l—‘l’) "Zl “ Am”. (Ai"'-’-‘y:"')
X {'Ymn .8 (Ags . ) =App . COS (Amaot)
+ Ay . 67 Ymn t} . 8in ey . sin B,y
where

2 D 2 2
Amn - ;,7‘ (a'm +B:) ’
Vmn = k{(0tm® +Ba®).
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