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The elastic equilibrium of a semi-infinite two-dimensional elastic medium
containing two Griffith cracks situated parallel to the free boundary is
investigated. Throughout, it is assumed that the equations of the classical
theory of elasticity hold. In-the case of an axisymmetric loading the prob-

" lems are first reduced to a system of simultanecus triple integral equations
involving trigonometric kernels. By the application of finite Hilbert trans.
form these integral equations are reduced to simultaneous Fredholm integral
equations which are finally solved iteratively. Analytical expressions for
stress intensity factors, shape of the deformed crack and the energy required
to open the cracks are derived.

1. INTRODUCTION

Recently, Srivastava and Lowengrub (1968) have developed a finite
Hilbert transform technique for solving triple integral equations involving
trigonometric kernels. Srivastava and Lowengrub (1968a, 1968, 1968b) have
used this technique for the study of certain three-part mixed boundary value
problems in infinite planes and infinitely long elastic strips. As & further
demonstration of the effectiveness of finite Hilbert transform in the investiga-
tion of three-part mixed boundary value problems, we apply it for the stidy
of the problem of finding the distribution of stress in a semi-infinite elastic
medium containing two Griffith cracks situated in a line para.llel to the free
boundary (Fig. 1).

In the formulation of the problems we shall follow the method suggested
by Kuz’'min and Ufland (1965). Two problems in which different boundary
conditions are satisfied are discussed. Each problem is first reduced to a
gystem of simultaneous triple integral equations involving trigonometric
kernel. By the application of the finite Hilbert transform technique developed
in Srivastava and Lowengrub (1968) these triple integral equations are reduced
to simultaneous Fredholm integral equafions which are solved iteratively.
To illustrate the application of the results derived in the following sections,
expressions for stress intensity factors and the energy required to open the
cracks, in the case when shearing stress on the surface of the cracks is zero
and the normal stress-is constant, are derived. The problem of a single
Griffith crack has been dealt with as & limiting case of the problems discussed
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here. The results for smgle crack are in agreement with those derived in an
earlier paper.
2. Tar FOERMULATION OF PROBLEMS

We shall consider displacement field in a perfectly elastic medium. With
regards to its mechanical properties the medium is assumed to be isotropic
and homogeneous. In the problems that we shall consider it is assumed that
there is symmetry about the y-axis. For a symmetrical deformation the
displacement vector U may be taken to have the components (u, v, 0) and the
components of stress tensor will be represented by oz, oy and 74y.

J

of¥—i— x
g}

A

Fig. 1. Two Griffith eracks in a semi-infinite medium
situated parallel to the free boundary

Let us assume that the medium is divided in two domains:
(1) The layer —8 < y < 0 where 5 is measured in terms of the far end of
the cracks from origin which is taken to be the unit of measurement;
(2) The half space 0 < y < . Let the given stresses and components of
displacement be denoted by indexes 1 and 2 in the two layers. We shall consuder

two problems:
Problem 1

'The free boundary is assumed to-be stress free and the stresses on the
surface of cracks are prescribed. The boundary conditions can be written as

oylym-s=0, Tayly=_2=0, forall z e (2D
{a"l”o’ =01e), Tayly=o-=T7u(%) fora <|z|<1l .. (22
oyly =0t = 03(), ”le=0+ = 75(2)

Problem 2
When the free boundary is rigidly clamped and the stresses are prescribed
on the surface of the aracks. In this case in place of conditions (2.1) we have
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Uy _8=0, v]y__s=0, foralle .. o (2.3)

while conditions (2.2) are the same.

In addition, for y = 0, to pass through the region unoccupied by the
cracks, the values of displacements and stress should be continuous. This
requires the following additional conditions:

Uy =U = 0- >
J ly=o0+ =%lyao-> Oylymor =0yly=o- for 0<|z]<a

and 1 <]z|< (24

(Uly—_-w =0ly=o0-s Taply=or = Toyly=o-

It is assumed that 8> 1.

3. Tar EquaTions oF EQUILIBRIUM FOR THE ErLastic FIELD

The basic equations of equilibrium for two-dimensional elastic medium
in the absence of body forces are:

02 02 :
2(1—n)5x—7:+(1 2n) ay2+ax gy 0 .. .. (3
5 02u
(1"2’7)3 2+ 2(1—n) ayz"'ax % =0 .. .. (3.2)
du ' ‘
oy = B (a:ﬁ;) R X

2 ou )
=1 21”(1 ")ay‘*"?axs .- .. o (84

where p = E[2(147), n is Poisson’s ratio and E the Young’s modulus of the
elastic material. Following Sneddon and Elliot (1946), for the solution of
these partial differential equations we introduce Fourier sine and cosine
transforms of  and v. We define

(¢, y) = Flulx, y), x> € R )]
3¢, y) = Falolw, ), & £]. .. .. .. (3.6)

Multiply (3.1) by sin éx and (8.2) by cos £z and integrate with respect to «
from 0 to oo to get

[(1=2q) D2 (2—2n)¢2)ii—£D5 = 0 ce e (87
[(@—2mDi—(1—2)El+ED2=0 .. .. .. (38)

where D = dfdy. From (3.3) and (3 4) we have
Foy = Felrayle, y), x— &} = p[Da—£5) . . .. (3.9)
Gy = Foloy(z, y), t—> €] = I—2_-E.‘2?; [(1—n)D§}éal. .. (3.10)
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4. SOLUTIONS FOR SEMI-INFINITE PLANE

' In the case when the medium is free from disturbances at infinity, we are
interested in the solutions which tend to zero as y — co. Hence the solutions
of (3.7) and (3.8) are

i = (A+Bey)e ¢, 5= (4,+B ¢y)e ¢’ N % )
B = B, 4, = A-+(3—41)B. '

The expressions for the components of displacement vector and stress tensors
are

where

u(@, y) = F| (4+Bty)e ¥, £ L 49
vle, y) = Fo(A1+Bey)e ¢, §->a] e 43
oule, 9) = —2FoJ(A+20—m BB, 0] .. 44
Tay(®, §) = —2pFu[{d +(1—2)B+BEYeE , §>a] .. @B

5. SOLUTIONS FOR THE LAYER —8 <y < 0
The appropriate solutions in this case are
# = [{O+Dé(y+8)} cosh £(y+8)+{E+FE(y+9)) sinh £(y+8)/sinh £8]  (5.1)
3 =[{C1+Dré(y+9)} cosh £(y+0)+{Es+Fié(y+3)} sinh £(y+8)/sinh £8]  (5.2)

where
D= —F, (3—4) D:+C+ E, = 0}

(5.3)

Problem 1

When free boundary is stress free we have to satisfy the conditions
oy = 0, 74y = 0 for y = —3. From (3.9) and (3.10) we have

Toy = sinh sinh 25 HC+D(y+8)é+F —E,—F1£(y+98)} sinh £(y+3)

+{E+F(y+5)E+D—-C1—-D15(y+3)} cosh £(y+8)] .. - (b4)
oy = ot s linh £Q/+){(1—7)(Cy+Ds(y+ )+ Fy)+1(E+ Ply+3)6))
+cosh §(y+ 8){(Er+ D1+ Fiy(y+8)E)(1—n)+n(C+D(y+8)6)}]. (6.5)
The boundary conditions are satisfied provided '
: - E4+D-Cy=0 .. . .. R (2
(1—n)(B1+D1)+70 = 0. .. .. .. (8.7)

These equations with (5.3) lead to the relations
E=(1—2)D, C,=21—n)D }

(5.8)
E,= —Q1-29)D;, C=—2(1—y)D,

4B
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Consequently, the components of displacement and stress tensor are
u(@, ) = Fi| (cosh £(y-+8){Dly+8)é—2(1—n)D}+-simh £(y+5)

X {(1-2q)D—=Dy(y+)&})feinh 86 >2] .. .. (59)
o(e; y) = Fe| (cosh &(y+8){2(1—n)D+Ds(y+8)¢}—sink £(y+3)
X (D(y+8)6+(1~20)Dg})fsink 8836 > .. .. (510)
0y(@: 9) = 24P o[ (sinh £(y+8){D+Dy(y+8)£}— Dly+9)¢ cosh £(y+3))
' xf/sinhfb‘;f-»w] SR £ 1)
Tay(®, Y) = —2u9'fs[(sinh E(y+3){D,—D(y+-8)€}+ D1ty +8)¢ cosh f(y+8))
x.f/sin}1§8;§——>x]. .. .. .. .. .e .. (5.12)
Problem 2
In this case we have to satisfy the conditions 4 = 0, v = 0 for y = —38.
These conditions imply that
0 == Cl == O, B = (3—47]) D, El = —(3—47])_1)1- .o (5.13)

Hence we have
w(e, 3) = Faf(D(y+3)¢ cosh £(y+8)+{(3—4n)D—D(y+8)}

XSinhE(y+8))/sinh§8;£—->x] R (: % 7))
o(e, y) = Fel (Di(y+8)% cosh £(y+8)~{(3—47)D,+D(y+3)¢}

xsinh £(y+8))fsinh €836~ .. .. .. .. (615)
oy, y) = —2puFo| sinh &y+8){(1—2m)D—Da(y+3)¢}+cosh £(y-+9)

x (Diy+)¢+Dy2—20)})¢fsinh 8836 > .. .. (5.16)
reala, 9) = — 20| (sinh £(y-+8)(Dly+8)6—Da(1—20)}+cosh £(y-+3)

x {Dy(y+3)—2(1—n)D))gfeinh ;6> .. .. (517)

6. REDUCTION OF THE PROBLEMS TO A SYSTEM OF SIMULTANEOUS
TrirLE INTEGRAL EQUATIONS

Problem 1

We still have to satisfy the boundary conditions for y = 0. For the
sake of simplicity we assume that =;(x) = 74(%) = (%) and oy(x) = oo(z) =
~p(x). Fora <z <1, we have ’
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J‘ [D,£8+D—Dgs coth £8]¢ cos &x dE
0

nP(x)

= f TAH21=mBY os o d = — T (6.1)
f [Dy—Dgd+D,£8 coth £8)¢ sin £x dé
V]
(" . _ ()
= fo [A+(1=29)BJé sin £ df = — g (6.2)
where .
P(x) = (2/n) 2(1—) p()[p, T(x) = (2/a)t 2(1—2y) v(z)/p.
For0<zx<aand 1l < 2 < o, we have
[ : [D1£8+D—D£S coth £8+4 +2(1—n)BJ¢ cos £x d = 0 L (83)
| : [Di—DES +Dy£8 coth £5— A —(1—2n)B)E sin éx dé = 0 c .. (64
| : [{DE8—2(1—n)D;} coth 84 (1~2q)D—DfS— Al sinfx df =0 .. (6.5)

[ : [{2(1—7)D+D£8} coth £5—Dgd—Dy(1—2n)— A — (3—49)B] cos &« dé = 0.

(6.6)
From (6.1) to (6.4) we have

Y = D(1—z coth 2)+D,Z = —[A+2(1—4)B] .. (6.7)

Z = —Dz+D,(14z coth z) = A+(1—29)B. .. (6.8)

Let us write
M = D(z coth z+1—2y9)—D;(2+4(2—2y) coth z)—A4 (6.9)
N = D(2(1—9) coth 2—2)+D;(z coth 2—1+429y)—A—(3—49)B  (6.10)
where z = £5. With the help of the above equations we have
4(1—9)Y = N+ I(z)N+J ()M . .. (6.11)
—4(1—n)Z = M+ K(z)M+L(z)N . .. (6.12)
where 4
I(z) = —(1+4+22+422%)e7%, K(2) = —(1—22+422%)e7%, J(2) = L{z) = —2¢% %
Equations (6.1), (6.2), (6.5) and (6.6) together with (6.9) to (6.12) lead to a



MIXED PROBLEMS IN TWO-DIMENSIONAL THEORY OF ELASTICITY 159

system of simultaneous triple integral eq;ations

me(f)siﬁgxdf=0 C (63
l V<< l<e<<®

fo N(g) cos ¢z dE =0 ce e L (B14)

f [N(€)+1(z)N(E)+ M(£)J (2)]¢ cos fx df = — gP(x) (6.15)
0
© a<lr<l

f [M{&)+K(z) M (£)+L(z)N(£))E sin éx df = gT(m) (6.16)
0

Problem 2

The conditions (2.2) and (2.4) and exactly similar procedure, as for problem
1, lead to the system of simultaneous triple integral eqns. (6.13) to (6.16) with
the functions I, J, K, L having the following values:

1) = 2(b+2-+-2)e B3 —4n),  K(2) = 2(bta-+e2)e 2/(3—dn),
J(z) = L(z) = 2(z2+-c)e™2/(3—~4),
where b = 1(5—129492), ¢ = 2(1—9}(1—29).

7. Some Userur RESULTS

We list here for ready reference some integrals that we shall use in
the future sections. All these are well-known results and can be found in
Gradshteyn and Ryzhik (1965).

fo sin zy sin axd;x=§10g Z—:‘%} (7.1)
J co8 zy(1—cos ax) do =1 log|l— ‘_{2 (7.2)
o z y
b
f {(P—at)(p2—t2)Hdt = F [’5’ q] p=Fp .. .. (18)°
b \
f 18{(12—a?)(b2~12)}} dt = BE [g q] =bE .. .. (14)

~ where ¢ = 1—q?/b2 and F and F are elliptic integrals of the first and second
kind. Tt is quite simple to derive the following integrals:

j‘ ! 1t n2{(a®—2?)(BE—2Y )P}, 0<2<a
5 =10 ya<z<b (1.5
[E-NE=RE=2) {--fr/a‘%{(a:”—az)(96’-47")}‘r yh<z< oo
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® (12—B2E/F) log | (t42)/(t—
f ( {(leagﬁgz(jf))}/f ] P (x—nb/2F), a<z <] .. (1.8)

dt——(1+a2—2x2) a<z<l. .. (17

1§22 —a2—1 1) log | 1—1#3/a2|
f {(P—a)(1—)}

In addition, we shall use the following theorem on finite' Hilbert transform
given in Tricomi (1951). '
If p(y) e L2(a, b), then the integral equation

hia) , _
nf_ z—Yy dz = P(y), y€ (1 b) . . .. (7.8)

has the solution
= .__f s(Z;:Z)(S—Z; p(y) dy+0/{ (z—a)p—m)F .. (71.9)

where C is an arbltrary constant.

Using the above theorem we find that the solution of the integral equation

;f xhx)d =py), yela, 1) .. - .. (7.10)
is given by '
Ma?) = — $p)1+Of{(a2—a?)(1—a2)}t .- . (11D

where

22—a?)(1—y2 d
Hip(y) =2 f e el R

8. SoLuTION OF THE SIMULTANEOUS TRIPLE INTEGRAL EQUATIONS
Invorving TRIGONOMETRIC KERNELS

We have to solve the integral equations

f‘”mg) sin £z df = 0 : e L L@®Y
° d<z<l, l<a< oo ‘ |
fo N{f)cos fx df =0 .. ‘e .. (8.2
| e+ aeo e+ €61 oon b e = — 5 Pl e
0 .
o a<e<l
f [M(€)+E (€)M () + LEN @) sim 2 df =3 1) . (B4
0

where I, J, K, L, P(z), T(x) are known functions and M(¢) and N(¢) are
unknown functions to be determined. For solving these equations we shall use
finite Hilbert transform technique given by Srivastava and Lowengrub (1968).
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The method of solution given here does not give a closed form of solution.
It is, however, possible to reduce the above set of integral equations to & pair
of simultaneous Fredholm integral equations of the second kind which can
be solved by iterative method provided 8 > 1 and the integrals

j”unz(u)du,n_—.o, 1,2, ...
]

and similar integrals for J, K, L are convergent.
Let the trail solutions be

M) = (t)(l——cosft)dt L 88)

f

g)..-f h(t2 sin £t dt. N (- X))
Equations (8. 1) and (8.2) are satisfied provided

f@dx:a fh(ﬂ)dt._.o, N (X

-~ Equations (8.3) and (8.4) can be written as

25| Wi geae— —Pw-2 [ menm@-rren s cos o at
] - 0 i

25| @ con o at =~ 42 [ triE M@+ Lig N 0 b 2.
0 [i]

Substituting the value of M(£) and N(¢), changing the order of integration
and after using (7.1) and (7.2), we get

J;"(‘Z)dt_-m) f tz)f 1(¢5) sin &t cos £z dé.dt

2 [y .
;ITJ J(£8) cos Ex(l—cos EydEdt .. (8.8)

J‘ tg(t)dt_ 2T )__.__f h(t2) f L(£8) sin £z sin &t df di
0

_;" f 2_:_) J' K(£3) sin £x(l—cos £) dE dt. .. (8.9)
a 0
Usmg (7. 11) we get
h(e?) = d(a)+ f ()R, x) di+ f g(”s )dt+C/X .. (8.10)

g(a8) = () + J' 90 Rutt, =) att f{h(te)sl(.t, %) dt+0,/x @11
% e ‘ . ’
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where C and C; are arbitrary constants, and

R(t, ) = g & f I(£8) sin &t cos Ly df],“ X = {(22—0a?)(1—22)}}
L Y o

st =241 |7 eos st1o0s 1 df], $(a) = HIPY)]
L Y 0 :

oo

Bt, ) =-# f E(£) sin £y(1—cos £) df], h(@) = H[T(y)]
LY 0

a

s o =28 |
LY 0

L(£8) sin &y sin & df].

Integrate (8.10) as such and (8.11) after dividing by z with respect to =
from a to 1, because of (8.7) we get

0—f¢y)dy+f t2f tydydt+fq()f8(ty)dydt+0ﬁ’ (8.12)

Eliminating O, C; from (8.10), (8.11) and (8.12), (8.13) we get

1 1
h(a?) = ¢1(x)+ J h(tz)x(t, x) dt+ f 9—‘?1“(:&, xydt .. .. {(8.14)
0(a2) = () + f 00) (6, ) di+ f (T 2) s . (815)
where
bale) = $l0)— g f $0) . ato) f Hy) dy

) = Rt 2= iy [ Bt 9)d
, 1 M
I'(t, ) = S(¢t, z)— X f 8@, y) dy
. 1
xilt, 2) = Ruft, 2)— o f Bl gy

TIy{t, z) = 84ft, a:)n.._j 81, y)dy

a4
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In the above expressions one can make the substitution £ = u and express
sine and cosine functions in power series, after some calculations carried out
with the help of results given in section 7, one gets

Xt 2) = 2[5 7ot 4+ 2 (e -4y BiP -2
+3m2(1—x2)—-E’/F+2a2E'/F—a2}+O(8“°)] . (816)
It 2) = 22 (70 (87 o) 1 T2 (54 3=308) (B F—at
+6x2(1—x2)—-2E’/F+4a2E/F—2a2}+0(8‘7)] . B
xalt. 7)== [K“’” (1 4a2)[2— 22} +0(8- 6)] . (818
Iy(t, 2) = [L°’” {(1-+at) 2o 422 {eoam (14 +or —a2)
+(1—-a2)2/8}+0(8‘7)] e 19
where
1, = f: wd(w) du, I, = -é.l-! f: w3 I(w) du, Jo = } f: w2 () du
Jy=— % f : () du, Ko =} [ : WK () du, Lo = | : weL(u) du, Ly = — %

X f ® wAL(u) du.
0
The values of these constants for the two problems under study are:
Problem 1
' I, = —3/2, I, =15/16,J,= —3(4, J, = 15/32
Ky = —21/16, L, = —3/2, L, = 158

Problem 2
Iy = (2b+5)4(3—4n), I = —(b+T)8(3—4n), Jp= (c+3)/4(3—4n),
Jy = —(2+5)/32(3—4), Ko = 3(b+3)/8(3—4n),
Ly = (c+3)/23—4n), Ly = —(2-+15)/32(3—d).

Suppose that the solutions of (8.14) and (8.15) can be written in the form

Mat) = ho(ot) 4L ) B oy L 20)

y(x’)—g(xz)+g‘g”2)+g*§fz)+ +g‘§f)+0(8‘ﬂ). .. (821)
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Substituting these values of h(z?) and g(x2) in (8.14) and (8.15) we get
ho(@?) = ¢y(x), bi(22) = 0

oI, 1
ha(a?) = =2 (B/F ~2?) f the(t2) dt

1
hale®) = 2B/ P~% | 1) &

1
hy(a?) = ;Xf [To(E]F —a2)ho(t2) 4+ 1, {(12+ 3/2 —~3a2/2)(E | F —a2)

+30%(1 —02) — B/ F 4202 [ F —a%ho (12) 4+ J o (B F — a2)go ()]t dt

1
o(a?) = 5 | aB]F ~athy(9) 4 Jy{62%(1~22)
(12 4-3—3a2) (B[ F— 22) —2E| F +-4a2E|F —2a2}g,(t2) ]t dt
Gola?) = (@), 92(a%) = 0, ga(a?) =0

2L, , (14a? 1
gslz) = ;’Xfl x? (-—i;—a—- —x2) f the(t2) dt

Z

| 2K, 14-a2 L
gu(a?) = _;Xg xz( -; —“32) f tgo(t2) dt

1 2 )
outet) = 7 [ oot (5% ) e L { 240) (142 —0)

+(1—a2)2/8} ho(t’!)]t @

The method given here can very well be applied to any system of
simultaneous triple integral equations involving trigonometric kernels. The
technique for solving simultaneous triple integral equations involving Bessel
functions which are likely to occur in three-part boundary value problems of
solids will be publighed elsewhere.

We shall study the case when the cracks are opened by constant normal
internal pressure and the shearing stress on the surface of cracks is zero. So
that

p(y) = constant = 7p and =(y) = 0. Hence P(y) = (2n}¥(1—n)p/u = P, and
T(y) = 0. This gives ‘

golat) = g,(a2) = go(2%) = gy(2?) = hy(a®) = hy(?) = hy(2?) =0
ho(a?) = P(E[F—a*)X ’
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ho(a®) = -—IoPoc(E/F—zz /12X

hy(a?) = [I2 o BF —a2) + 21 (vt +Ba2+y)]

0% p2(222—a2—1)

ga(x?) =

Io(2%) = T [LoTyer(a? 41 =20%) 44Lya?(ot-4 D2 4]

where :
(1—a?)®
a=1+a2—-2E/F, B= T —a?2—1, y=a2+pE/F
=05 oo - a~>2(1 RS s )+2(1 ane]

9. Tae StrEss INTENSITY FACTOR

It is of interest to workers in fracture mechanics to calculate the stress
intensity factors at the ends of the cracks. They are given by the relations

Xe= lm (a—afoy(, 0] .. .. . (9.1)
x = lim (z—1)Hay(x, Ul .. .. 99
r—>14 >1
§a=thlr£ (@~ )4 7y(w, 0 e (9.3)
= lim (z=1)Hrylz, 0)] .. .. .. (94)
x-»1 4 >1
We have
(”")*(1—:)%‘% L f N(§) sin £z dé+ f [(E8)N () + T (£8) M (£)}€ cos éx dE.

Substituting the values of M(¢) and N(¢) from (8.5) and (8.6) we get

(27)¥(1 —n)oylz, 0) - J‘ tk(tz) ) dt+ f h(t2) f N I(£3) sin &t cos gx dE dt

" Bz
1 (t’) «
+ f i—t— f J(£8) cos £x(1—cos £t)d¢ dt. .. (95)
a vo
Similarly - '
1 w
(2m)HQ =)y, 0) - f tg(t?-) dt— f g@ f K(£8) sin £x(1 —cos E)d¢ dt
N g2 R 2 Y

—jh(t*)JmL@S)ainfxsinftdfdt._ e (99)
& 0
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Substituting the values of A(f2) and g(t2) and evaluating the integrals with the
help of the results given in section 7, we get

E|F —a? I T2
oy, 0o <cr<a= [({(az_iz) 1?_3,;2)}} l) (1-—- QLB:_FZ%-Z)
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Hence the stress intensity factors are
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When a - 0, the two cracks merge into a single crack of two units.
Then B — 1, F — o0, /\..—1/4 0= —1/2, a =1, 8= —1,y=0. Hence we
have

CI, I Al
x=\_1/”.§[ 2§2+ 1+0(8‘°)] .. .. .. .. .. (9.15)
§=m[s—g 2856+251+0(8 7)] .. - .. .. (9.16)

10. SHAPE oF THE CRACK

We shall consider only the case when free boundary is stress free. The
other case can be dealt in like manner. With the help of the relations
given in section 6 it is easy to show that the components of displacement can
be expressed as

u(w, 0) = (Z’W—)f [M §)((1—17 +{(1—n)(1—2£8) +§282}e"2§8)
+NE(F=) +{G—n)(1—2£8) + 2252}~ %) sin £x de .. (10.1)
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+ NE((L=n)+{(1—n)(1+2£8)+ £282)e— %) | cos £x dE. .. (10.2)

Substituting the values of M(¢) and N(¢) from (8.5) and (8.6) we get for
a<r<<]
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Substituting the value of g(t2) and A(t2), after some calculations carried out
with the help of results given in section 7 we get
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sin § = {(L—a9/(1 =)}, Dig) = 2 FI(1—a2), $]—E[1—a2}, .

For a single crack the components of displacement vector are

I 1
[u(z, 0)]o<x<1=1’{f[(2n—1)( 28"2) M L - n)(l—xz)*+0(3“4)]

(10.7)
41, 2I;—21 1,22
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1 1 -4 L
—(5—47) ( 8§)+ 7 ~v2+i')+ 2 3 (1—2%)(1—27)+4-0(8~ )}
(10.8)

11. CrAck ENERGY
The energy required to open the crack is given by
-pl

W=j » v(x, 0) de. . . .. (1L

Substituting the value of v(z, 0) from (10.4), after some calculations we get

=22 0-n{ e T L (2+157)}
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For a single crack the energy required to open it is obtained from the above
expression by tending a - 0. Hence we have

o T 1, I, 31 1 I\, 7(1—4
2W =~g;[(l—n)( ~ sxitasi— ;5;)—(5—477) (5—5;3)+—(-1’

2483
Lo(1—2n)
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Added in proof: The iterative procedure adopted to solve the integral
equations needs some justification. We have called equations (8.14) and (8.15)
simultaneous Fredholm integral equations, although their kernels X(f, x),
I'({t, ), etc., do not belong to L2 class—the type of kernels which as a rule
is called regular. In spite of this, all fundamental Fredholm theorems are
applicable to these equations, if they are stated in a suitable manner. This will
be shown by reduction of (8.14) and (8.15) to simultaneous Fredholm equations
with bounded kernels which are L2, Multiply (8.14) and (8.15) by X and put

H(a®) = X . h(z?) and G(x?) = X . g(2%)
and replace the variable { by a new variable 9 by letting
{2 = a? cos? 44 sin? 8.
After some manipulations we get

(2 /2
H(2®) = Xbs(w)+ j H(2)(6, x) d6+ f G2ym(8, x) db
Ha2) = Xy (x)+ f G(t2ym'(8, ) df+ f H(t2)n'(6, w)
From (8.16) we derive that
%(0, x) = [%—g (B/F—«®)+ 81 \’((a;2 cos? g4 sin2 §— 3 a3+ )(E/F—-:c’)
+30%(1 —a3)— E[F+202E)| F-—az}]

and similar expressions for m(f, z), etc., can be obtained. The above integral
equatlons have kernels which are bounded and L2 (0, #/2),



